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Preface

These notes are personal study materials based primarily on Joseph Polchinski’s String Theory.
While they derive insights from multiple sources, Polchinski’s text served as the primary roadmap
and foundational framework for this project.

The central goal of these notes is to make the subject of string theory more accessible, both
for my own mastery and for any other students navigating this demanding field. To achieve
this, I have made every effort to derive all calculations explicitly. By filling in the "missing
steps" and technical nuances often omitted in standard texts, I hope to ensure the material is
easily parsable and the underlying mathematical narrative is transparent.

I welcome feedback, corrections, or discussions regarding the content of these notes. Please
feel free to reach out to me via email.

Contact:
chandra.pp@alumni.iitg.ac.in

Disclaimer: These are pedagogical study notes. While I have strived for accuracy, any errors in
the calculations or physical interpretations remain entirely my own.
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Chapter 1

1 A first look at strings

1.1 Why strings?

String theory is an ambitious attempt to provide a unified "Theory of Everything," incorporating
all fundamental forces of nature—gravity, electromagnetism, and the nuclear forces—into a single
quantum mechanical framework. The primary motivation for this shift from standard physics
lies in the inherent limitations of Quantum Field Theory (QFT) when applied to gravity.

In QFT, elementary particles are treated as zero-dimensional points. This assumption leads
to severe ultraviolet (UV) divergences because interactions occur at a single point in spacetime,
resulting in mathematical singularities. While theories like the Standard Model can be "renor-
malized" to manage these infinities, point-particle gravity is famously non-renormalizable. At
the Planck scale (10733 cm), the point-particle description of gravitational interactions simply
breaks down.

String theory solves this problem by replacing point-like particles with one-dimensional loops
and strands of string. This extension "smears out" interactions in spacetime. From a world-
sheet perspective, what appears as a sharp, singular vertex in point-particle diagrams becomes
a smooth, continuous topology in string theory. This smoothing effectively removes the UV
divergences that plague point-particle gravity.

Furthermore, string theory is a uniquely constrained theory. It does not just allow for gravity;
it necessitates it. The spectrum of string excitations naturally includes a massless spin-2 particle,
which is identified as the graviton. Thus, general relativity emerges as a necessary low-energy
consequence of the theory rather than an added assumption.

While the theory requires higher dimensions (e.g., D = 26 for the bosonic string) to main-
tain Lorentz invariance, it remains our most promising route toward a complete and consistent
unification of the physical laws.

1.2 Action principles

The string moves in D-dimensional flat spacetime with metric n,, = diag(—, +,+,--- ,+).

First, let us review the classical mechanics of a zero-dimensional object. For a relativistic
point particle, we can describe it using D — 1 positions as functions of time X(X°). However,
this hides the covariance of the theory. Therefore, it is better to introduce a parameter T
along the particle’s worldline and describe the motion in spacetime with D functions X*(7).
The parameterization is arbitrary: different parameterizations of the same path are physically
equivalent. That is, for any monotonic function 7/(7), the two paths are identical:

X'M(r (1)) = X"(r) (1.2.1)

The simplest Poincaré-invariant action (which does not depend on the parameterization) is
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proportional to the proper time along the worldline:

Spp = —m/dT (—XHX,)? (1.2.2)

where X#* = 8(§(T " . The variation of the action (after integration by parts) is
0Spp = +m/d7- %(—XVXV)_I/Q 2X,0XH = m/dT u, 0X"

SO

0Spp = —m/dT U, 6 X (1.2.3)

where

ut = XH(—XVX,)"? (1.2.4)
is the normalized D-velocity. Thus, the equation of motion @* = 0 describes free motion. The
normalization constant m is the particle mass.

By introducing an auxiliary field on the worldline, a worldline-independent metric v,-(7),
this action can be transformed into another form. It is convenient to use the einbein n(7) =
(=7~ (7))Y/2. This is defined to be positive-definite. We use the General Relativity term "tetrad"
in any dimension (even though its root means "4"). Then:

1 I
Shp = B /dT (7] XX, — 77m2) (1.2.5)

This action has the same symmetries as Spp, namely Poincaré invariance and reparameterization
invariance. For the latter, the transformation of n(7) is:

0 (r')dr' = n(r)dr (1.2.6)

Proof.

—1 2
= XX, )

2/

1

2/ dT or Or dTnm

1 dr _,/dr'\20X*0X ,
:2/ (d' (E) or’ 377_"m2>

1

7

,18X 0X,, , 2)

16X“6X dr 2)

or’ or'
O
Varying with respect to the einbein n(7) yields the equation of motion:
y 1 1 o, 9
dSp, = 2/d7’ (—FX“XM -m )577
— n? = —X"X,/m? (1.2.7)

Using this to eliminate 7 from (1.2.5), Sll:)p becomes Spp. SI’)p can handle massless particles,
whereas Sy, cannot. Although Sf)p and Sy, are classically equivalent, S;,, is difficult to path-
integrate due to its complicated form. Conversely, Sg)p is a quadratic in derivatives, making
the path integral quite easy to compute. One can infer that any attempt to define a quantum
theory for Sy, will lead to results equivalent to the path integral of Sl’)p. We take the latter as
the starting point for the quantum theory.
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A one-dimensional object sweeps out a two-dimensional worldsheet, described by two pa-
rameters, denoted X*#(7,0). We still insist that the action depends only on the embedding in
spacetime, not on the parameterization. The simplest action is the Nambu-Goto action, which
is proportional to the area of the worldsheet. Introduce the induced metric hqp, where a, b range
over (1,0):

hap = 0 XH0p X, (1.2.8)
Then the Nambu-Goto action is:
Sng = / drdo Xna (1.2.9a)
M
_ 1 1/2
Na = 27‘(‘0/( det hgp) (1.2.9b)

where M represents the worldsheet, and o/ has dimensions of L?, representing the Regge slope.
The relationship between the string tension 7" and the Regge slope is:

1

2ma/

T

(1.2.10)

Now consider the symmetries of this action. Transformations of X* (7, o) that satisfy Sng(X') =
Sna(X) include:

1. Isometry group of flat spacetime (D-dimensional Poincaré group):

X'M(r,0) = A, XV (1,0) + . (1.2.11)

2. Two-dimensional coordinate invariance (called diffeomorphism invariance, abbreviated as
diff):
X1 o) = XH(1,0). (1.2.12)

The NG action is analogous to Spp. Similarly, we introduce a worldsheet-independent metric
Yab(T, o). Henceforth, the "metric" refers to v, (unless the induced metric is specified). Let v,
have Lorentz signature (—,+). The action is:

SP[X>'7] =

1/2,. ab
1 /M drdo (—7)/?4%9, X 3, X, (1.2.13)
where v = det~?. This is the Brink-Di Vecchia-Howe-Deser-Zumino action, or the Polyakov
action. It was proposed to generalize local worldsheet supersymmetry. Polyakov emphasized its
advantages, especially for path-integral quantization.
Equivalence with Sng: Variation with respect to the metric:

1 - a Ci
0390 [X, 7] = = /M drdo [57“(—7)1/ hab — 2 (=) T2 (=170 heary d]
_ 1 _ N\1/25_ ab 1 cd
- 4ﬁa/[\4d7d0( ’Y) 57 (hab 5 Vab”Y hcd) (1214)

where we used:
v = 17**6%ab = —77a07** (1.2.15)
0,Sp[X, 7] = 0 implies:
hab = 3YabYhed (1.2.16)

Dividing both sides by (—h)'/2:

-1/2 _ %’Yab’Ythcd

Ne=ror v Yab(—7) "/ (1.2.17)

hab(_h)
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Thus 7 is proportional to hg,. Using hab’yab(—’y)l/2 = (—h)lm%b'yab derived from (1.2.17), we
eliminate 4, from Sp:

SP[X7’Y] i

/ drdo (=) 2hay® = / drdo (=h)Y? = Sng[X]  (1.2.18)
M M

Ao 2nd/
Sp has the following symmetries:
1. D-dimensional Poincaré invariance:
X'*M(r,0) = A", X"(1,0) + at
Vab(T,0) = Yap (T, 0) . (1.2.19)

2. Diff invariance:

X'M7' o'y = XM(1,0)

do'c ao./d
@W%d(T’, 0'/) = ’}’ab(T, O') . (1220)

3. Two-dimensional Weyl invariance:

X'M(r,0) = X"(1,0)

Vau(T: 0) = exp[2w(T, o) |7 (7, 0) (1.2.21)
Proof.
1
Sp=—1— /M drdo (—7)!/2y/*0, X", X,
1 2w 1/2 —2w,.ab
= ind /M drdo e™(—7) 12e Y hab
= Sp
]

Weyl invariance, the local scaling of the worldsheet metric, has no counterpart in the NG for-
mulation. Its appearance can be understood through the equation of motion (1.2.17) relating
the Polyakov and NG actions. Eq. (1.2.17) does not uniquely determine 74, but only a local
scaling. Thus, Weyl-equivalent metrics correspond to the same embedding in spacetime. This is
an additional redundancy in the Polyakov formulation. The variation of the action with respect
to the metric gives the energy-momentum tensor:

T(r,0) = ~n(—7) V25 Sp =~ (X1, — a0 XX, (1.2.22)
ab

Proof. Using a7 = —7*6745, we have:

57 hab — 367 Yy hea = =710V hed + 370 6Vab Y hca
- _57abhab =+ %fyab’ythcd(SP)/ab

) 1
Sp = (_7)1/2(_hab + %,yab,ycdhcd)

0Yab Y

-
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The energy-momentum tensor is conserved (V,7% = 0), which is a consequence of diff
invariance. Weyl invariance implies:

o
’Yabmsp =0= Taa =0 (1223)
a

Proof. S ~ f Vap T, and for a Weyl transformation 6745 = 2wyap, 50 T4 = 0. [

The Sng and Sp actions define 2D field theories on the string worldsheet. In string theory,
we see that amplitudes for spacetime processes are given by matrix elements of the 2D quantum
field theory on the worldsheet. Although the physical world is 4D spacetime, most mechanisms
used in string perturbation theory are 2D. Eq. (1.2.12) defines X*(7,0) as scalar fields, with
1 acting as an internal index. From a 2D perspective, the Polyakov action describes massless
Klein-Gordon scalars X# covariantly coupled to 7y,. Thus, Poincaré invariance is an internal
symmetry.

Variation with respect to v, gives the equation of motion:

Ty =0 (1.2.24)
Using integration by parts, the variation with respect to X* gives:

0= (=7)"*y" (20 X"00,X,,) = =205 [(—7)"/*** 0 X1 X,

= 0al(—7)"*70, X¥) = (=) 2V X" =0 (1.2.25)
Proof.
0 = (—7)20.y 8, X" + Y0, X+ Do (—7) '/
= (—)[Ba(v*0X*) + (=) ?0u(—7) 70 X #]
_ (_7)1/2[va(,}/ab8qu)] _ (_,y)l/Qva,yabvau _ (—’)/)1/2V2XM
where we used V, = 9, + (\/%—7&“/—7). Note that X* is a scalar, so O, — V. O

For a worldsheet with boundaries, there are also surface terms in the variation of the action.
Specifically, let the coordinate region be:

—o<T<00, 0o/ (1.2.26)

Taking 7,0 as time and space variables, then:
l
5Sp = —— / T ar / do (=) /25 X" V2X
2ra! J_ o 0 a
1 [e.e]

B R e o A (1.2.27)
2o J_ o Hlo=o

The boundary term vanishes if:

1.
87 X" (1,0) = 7 X" (1, £) = 0 (1.2.28)

This is the Neumann boundary condition. A more covariant form is:

n%0, X, =0 on oM (1.2.29)
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where n® is normal to the boundary M. Ends of open strings move freely in spacetime.

Remark. This boundary condition is invariant under Poincare transformation. It
can be shown as:

8. X!, = 8u(ALX, + b)) = A9, X, =0
——

XH(r,0) = XH(1,0), 97 XH(r,l) =0 X"(,0) (1.2.30a)
Yab (75 £) = Yap(7,0) (1.2.30b)

This field is periodic, has no boundary, and forms a closed string.
3. The last possible boundary condition has endpoints fixed at

XH(r,0) =X} XH(1,0) = X} (1.2.31a)

The first two conditions are the only possibilities consistent with D-dimensional Poincaré
invariance and the equations of motion. The NG and Polyakov actions are perhaps the simplest
actions with the given symmetries. But simplicity is not the correct criterion; symmetry is key.

Now we generalize the Polyakov action, requiring that the symmetries are preserved and
that the action is a polynomial in derivatives. Global Weyl invariance, i.e., w(r,0) = C' (where
C is a constant), requires that y?® appears one more time than -y, to cancel the variation of
(—7)1/ 2. Additional upper indices can only contract with derivatives, so each term must have
two derivatives. Coordinate invariance and Poincaré invariance allow:

1

X= Mde o(—)'?R (1.2.32)

where R is the Ricci scalar. Under a local Weyl scaling:

(_7/)1/2 R — (_7)1/2 (R B QVQCU) (1.2.33)
Proof.
e e €
= - oo T gy OO
e2w e w e
R avpewaaw o (VUapw) W
i A T e
But

V€ 0,w = 06" 0w — F;}er@,\w = (—vpa,w — ana,\w> e

Then the last two terms become:

_QgPU
e2w

(=000 = T30 + WV B0
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In (1.2.33), the variation is a total derivative because for any v we have (—7)Y/2V,0® =
da](—7)?v%]. Thus (1.2.32) is invariant for a worldsheet without boundaries. With boundaries,
there is an extra surface term.

We can include y in the action:

Sp = Sp — \x

1, A
=— /M drdo (—v)'/? <4m,7 b0 X 0, X, + 47TR>

(1.2.34)

This is the most general (diff x Weyl)-invariant and Poincaré-invariant action. Sp looks like the
Hilbert action [(—v)Y/2R for the (gravitational) metric minimally coupled to D massless scalar
fields. However, in 2D, the Hilbert action depends only on the topology of the worldsheet; its
variation is Rgp — %'yabR. In 2D, the symmetries of the curvature tensor imply Ry, = %vabR.
The Hilbert action is invariant under continuous transformations of the metric, but has global

effects.
Remark. In 2D, we have Rypeq = % (YacYod — YadYbe) and as a result:
R R
Rap =Y Rycba = B 7 (YacVod — YadVoc) = Bl (5g7bd - 527bc)
R
1.3 The open string spectrum
Introduce light-cone coordinates in spacetime:
et =272 (0 £y, o i=2,..,D-1 (1.3.1)

Spacetime coordinates are written as X*, and fields on the worldsheet are written as X*(7,0).
In these coordinates, the metric is:

atb, = —a*tb” —a b +a't! (1.3.2a)
a_=—-a", ay=-a, a=ad (1.3.2b)
Let the worldsheet parameter 7 be the spacetime coordinate X . Then X plays the role of
time, and p~ is the energy. The longitudinal components X —, p* act like spatial coordinates
and momentum, as do the transverse X, p’. Starting from the point particle, using Sgp: Fix

the worldline parameterization via:
Xt(r)y=71 (1.3.3)

The action becomes:

1 . o
Sto =5 /dT (—277_1X_ XX an) (1.3.4)

Remark. Here we used X”X# = XtX- - XtX~+ XX{= 2X + X'X°.

The canonical momentum p,, = 0L/ DX is:

p-=-n"" pi=n'X' (1.3.5)
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Using the metric p' = p; and p* = —p_, the Hamiltonian is:
H :p_X_ —i—piXi —L

= —n ' X5+ pip’ + 07 X — Jnpipi + $ym” (1.3.6)
Pt +m? pipt +m?
T ot T 2t

There is no py X term because X is not a dynamical variable. Furthermore, 1 does not
appear in the action, so p, = 0. Since n = —1/p_, we should not treat n as an independent
canonical coordinate.

For quantization, impose canonical commutators on the dynamical fields:

[pi, X7] = —id], [p-, X 7] =—i (1.3.7)

The momentum eigenstates |k_, k%) form a complete set. The remaining momentum components
are determined by other quantities. The gauge choice associates T with X, so H = —p, = p~.
The negative sign between H and p4 is because the former is active and the latter is passive.
Thus, (1.3.6) becomes the relativistic mass-shell condition. We have obtained the spectrum of
a relativistic scalar.

Turning to the open string. The coordinate region is —co < 7 < 400 and 0 < ¢ < [. Choose
the gauge to remove Polyakov redundancies. Let:

Xt=r (1.3.8a)
Bo Yoo = 0 (1.3.8)
det yap = —1 (1.3.8¢)
How to obtain this gauge? First, choose 7 according to (1.3.8a). Note that f = 74, (— det Wab)_l/Q
transforms as:
f'do’ = fdo (1.3.9)

Define the invariant length di = fdo. Define the o coordinate of a point proportional to the
invariant length from o = 0 to that point. The proportionality constant is determined by keeping
the right endpoint at o = [. In this coordinate system, f = di/do is independent of o, though
it may depend on 7. Finally, perform a Weyl transformation to satisfy (1.3.8c). Since f is
Weyl-invariant, 0, f remains zero. Combined with (1.3.8¢), this implies 0,755 = 0, so (1.3.8b)
is also satisfied.

For ~.,(7,0), we can solve the gauge condition (1.3.8c). Since 7, is independent of o, the
only independent degrees of freedom in the metric are now 7,,(7) and v,-(7,0). The inverse

metric is: ( ) (7- ) 1
TT ,}/HT =, T To\T, 0
" oo Y 3.10

|:ng ,YUO:| [/\‘/TO_(T,O-> ’Y(J'O:'L(;) (l f’y 0(170)):| ( )

Proof.

[’YTT ’}’-rcr] [’YTT ’YTU] _ [ —Yrr Yoo + '730 YrrVro +7707;cf1 (1 - 730)]
Yro Voo 'YTU ’YUU —YooVro + Yoo Vro ’ng +1-— 772—0

Then use (1.3.8c) given by VrrYee — V2, = —1. O

Thus, the Polyakov Lagrangian becomes:

1

ViV e%

— 295 (0 Y T — 8- X0, XT) + 5 (1 — vzg)aaxiagxi]

l
L= / 40 Yoo (20,27 = 0, X0, X')
0

(1.3.11)
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Proof. Expand the Polyakov action (1.2.13) by components:
1 4
L=—-——+ do [_Vacr (aTXuaTXu) +277'cr (aTX'uachu) +7;;(1 - 772'0) (aUXHaaXM)}
4ol 0 ————— ~——— ————
(1) 2) (3)

where

()= -XTX" - XTX" + XX =20, X" +9,X0, X"

(2) = -0, X109, X~ — 0, X 9, X" +0,X9,X"

=—0,X —0:X 0pT+ 0, X'0: X" = — (8,Y — 8, X"0,X")

(3) = —0, X 0o X" — 0, XT0, X 4+ 0, X0, X" = 0,X'0, X"

Q.E.D. 0l

Here we split X~ (7,0) into two parts: 2~ (7) and Y~ (7,0). = (7) is the average value of X~
at time 7.

l
2 (1) = % /0 do X~ (7,0) (1.3.12a)
Y (r,0) =X "(1,0) —x (1) (1.3.12b)

Y~ does not appear in terms containing time derivatives and is thus non-dynamical. It acts
like a Lagrange multiplier, constraining d,7,» to be zero. Under gauge (1.3.8), the open string
boundary condition (1.2.28) becomes:

YroOr XH — 420, X =0 at 0 =0,/ (1.3.13)

Proof. 9°XH = 4790, X" = 17T, XF 47770, X1 = 7200 XP470 (1 — 2,) 0o X" = 770 XH—

Yrr0s X* Q.E.D. O
For p = +:

Yo =0 ato=0,/ (1.3.14)

Since 0y,vr0 = 0, vro vanishes everywhere. For u = i, the boundary condition is:
9o X'=0 atoc=0,/ (1.3.15)

Imposing gauge conditions and including the Lagrange multiplier Y ~, the Lagrangian is:

4

¢ 1 o
L=t + 1 /O do (70087X28TXZ—fywla,Xza,X’) (1.3.16)

The conjugate momentum to x~ is:

0L L

_ — + — = —
P=="P =50~ 2rad 7 (1.3.17)

As with the einbein 7 in the particle case, 7v,, is momentum rather than a coordinate. The
conjugate momentum density to X*(7,0) is:
oL 1 pT

Il = _ = o0 Xt =29, X" 1.3.1
50X~ 2mar 1Y i? (1.3.18)
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Thus, the Hamiltonian is:

0
H=p 0,2~ — L —I—/ do IL;0,. X*
0

I o 0:X10,X1 £
// do <70087X’87X’ — M) —l—/ do il
0 0

=p-0rx~ —p_0rx~ —

4o Yoo pT
/ l ,.Y—l 4 9 ) )
= / do 4ma/TI7 — 122 / do ((2m’H’) - 8(,X’6(,XZ)
drapt /o dra Jy
4 ¢ Iy 1 i i
= W/(; do <27TO[ 1’11 + %(%X 8UX > (1319)

This is precisely the Hamiltonian for D — 2 free fields X?, where p* is a conserved quantity. The
equations of motion are:

_ OH 0H Hpto(p™)~! H 0H
aT = = — = — = — 5 87_ + = — = 0 1320
* Op_ opt opt pt p ox~ ( 2)
. O0H Y4 , - , 0H c 4
g g - = — HZ g ! H’L HZ = ——— = 2 v 1 2
0. X ST~ 2p° 2 2ra’cll®, 0O, T, a5 X", (1.3.20b)

where ¢ = ¢/(2ra/p™). This leads to the wave equation:
IPX' = 292X (1.3.21)

Choose /¢ such that ¢ = 1. Thus p* is conserved, and the total string length ¢ remains constant.
X+ also satisfy the wave equation. X~ requires some calculation. Under (1.3.15), the general
solution to the wave equation is:

i oo .
. . 1 .
X' (r,0)=2"+ I%T +i(2a) 1/2 Z Ea; exp (— mzm-) cos mga (1.3.22)
Tato
The reality of X requires o ,, = (afl)T. Define center-of-mass variables:
) 1 ¢ )
(1) = g/ do X*(7,0) (1.3.23a)
0

. e pt [t .

p'(1) = / do II'(7,0) = f/ do 0-X"(1,0) (1.3.23b)
0 0

These represent the average mass and total momentum. These are Heisenberg operators. In

(1.3.22), they are Schrodinger operators ' = 2%(0) and p' = p*(0). For quantization, impose
commutation relations:

(27, pt] =in~ T =—i (1.3.24a)

[(X%(0),1F (0/)] =676 (o — o) (1.3.24b)

Written in terms of Fourier components:

(2%, p] = i6" (1.3.25a)
[al,, ad] =mé96,, (1.3.25b)
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Proof. Equations (1.3.24b), (1.3.25a), and (1.3.25b) form a logical loop; knowing any two allows
derivation of the third. Assume the latter two are known to prove the first. Introduce the

notation:
/ I
2=

iy
From (1.3.18) and (1.3.22), we have:
i + . .
i p pr. n1/2 r1 mine TINCeT nmwo
I PP s _ _
(1,0) £+€2( ) Zn"< €>exp< 7 >cos 7
P 1 ! Tiner nrwo
=7 + (20/)1/2 . Z vy, €Xp (— ;i ) cos — (1.a)

where we used:

—1 1 1
9g/) /2 Z1TC 90/ 12 _
( ) /¢ ( ) 20/7Tp+ (2a/)1/2p+
Then:
. . 1 . ) 1 ] . . ; /
(X117 = 7 [2°,p] + % nm/ Lo <—MZCT) cos nza (i, o] exp <_m'rzc7'> o mzo
Let [of,, o] = mbym, . Given:
+00 ,
27_‘_5(01 —0)= Z ein(o’=o) _ 4 + Z ein(o’—0)
n=-—00

The latter term becomes:

) 11 miner nmwo TINCT —nmo’
— -y —exp|— cos —(—n)exp | + cos
n

{ { 14 14 14
. /
= %Z/ COS 77/7;0’ COS n720

_ ﬁzl {einw(odra’)/f + efinrr(o'Jro")/f + einﬂ'(afo")/é + efinﬂ'(afo")/ﬁj|

7

(2775(%(0 +0')/0) =1+ 276 (m(0c — ') /€) — 1)

T
_ V) =~ L is(o — o
= g—l-gé(ﬂ(a o’)/t) £+Z(5(O' a')

Note §(o — 0’) = 6(0’ — o), giving a factor of 2; and o, ¢’ > 0 makes 6(7 (o + ¢’)/¢) = 0. Since
[2¢, p'] = i, we have: o
(X", II'] =id(0c — o)

Q.E.D. O
For each m and 7, the modes satisfy the harmonic oscillator algebra:
ol ~mt%a, ol ~m%at, m>0 (1.3.26)

where [a,a!] = 1. The state |0; k) (where k = (k*, k")) is annihilated by lowering operators and
is an eigenstate of the center-of-mass momentum:

ptl0sk) = kT|0; k), p'|0s k) = K'[0; k) (1.3.27a)
ol |0;k) =0, m >0 (1.3.27b)
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General states are obtained by acting with raising operators on |0; k):

D—1 oo Nzn

Nk = T] 11 (N N |0; k) (1.3.28)

Nin
anlnN

Independent states can be labeled by center-of-mass momenta kt, k* and occupation numbers
N;yn. Center-of-mass momentum represents the point particle degrees of freedom, while oscil-
lators represent infinite internal degrees of freedom. From a spacetime view, each choice of
occupation numbers corresponds to a different particle state or spin. States (1.3.28) form the
single open string Hilbert space . In particular, state |0;0) is the ground state of a single
string with zero momentum, not the vacuum state without strings. We call the latter |[vacuum).
Operators acting on it cannot create or annihilate strings, but only act on the state space of in-
dividual strings. The n-string Hilbert space 77, is formed by the product of n spaces of (1.3.28);
wave functions must be symmetric, as all these states have integer spin (to be proven). In the
free limit, the total Hilbert space of string theory is:

= |vacuum) & 4 & B D . .. (1.3.29)

Substituting (1.3.22) into (1.3.19) yields:

pz‘ z'
H = = 2p+a <Zanan+A) (1.3.30)

Proof. First, split the string Hamiltonian (1.3.19) into two parts:

/¢ 0 ¢ ¢ . .
H d ', Hy=-——— d X'0,X".
= 9p+ X 2pt(2ma’)? /0 7 85 X0
Using (1.a), we have:
L ¢ miceT nwo mmo
HH:%? ; do 62 /£2Z ay, exp(—T(n+m)> cO8 —5— cos —
n 2p' Z/ i TINCT nmwo
—_— ay exp | — cos
(20/)1/2 /2 n €XP 14 ¢
pipi ros TiCcT
=t e ; alal exp(—T(n + m)) (Bmom + O —m) /2
Using (1.3.22), we have:
. . 2 / 1/2 ) .
0,X" = (i) ag) T Z, a, exp<—mZCT) sin m;g )
Then:
/ —2a/72 [t o TiceT . nmo . mmuo
Hy = a2 /0 do Z a,,an, exp(—T(n + m)) sin —— sin —
n,m
1 o mieT
= Z agab, exp(— 7 (n+ m)) (6nym — On,—m) /2
n,m
So:

g roL TiCT
H = H+ Hx = 0t s > ohag, oxp (= (n+m) )
n,m
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' 1 S
- 2pt + dpta! Z Xm®m
m

And:
. . _1 . . 0 . . 1 . . 0 . . s . . . .
Z al oy = Z al o+ Z al o = Z ayal, + Z al oy = Z(a;‘la’_n +a',ay)
n n=-—00 n=1 n=00 n=1 n=1
© . . © .o e . . e
= ZZa’_naﬁl + Zné“ = 2220/_710431 + (D - Q)Zn
n=1 n=1 n=1 n=1
Since i =2,3...,D —1,thus A= (D —2)> > n/2=(D-2)((-1)/2. Q.E.D. O

In this H, the operator ordering is ambiguous. We have placed lowering operators on the right
and raising operators on the left. The constant A in Hamiltonian arises from the commutators.
In the detailed treatment of light-cone quantization, the constant is determined as follows: the
choice of light-cone gauge obstructs the theory’s Lorentz invariance. By seeking the generator
of Lorentz transformations M*” and verifying its algebra with p* and other operators, only one
case is consistent: A = —1. The corresponding spacetime dimension is D = 26.

In light-cone quantization, we do not wish to dwell too much on this. We will obtain the
values of A and D using conformal gauge methods. It will show us why incorrect values of A
and D in the light-cone method lose Lorentz invariance. First, we consider the operator ordering
constant in the Hamiltonian to originate from the sum of zero-point energies of each oscillator
mode. For a bosonic field like X#, this is w/2. The expressions %w (aaT + aTa) and w (aTa + %)
are equivalent. In H:

o0
APz, (1.3.31)
2 n=1
where D — 2 comes from the sum over transverse directions. This zero-point energy diverges.
Using renormalization techniques:

o
S n 1 (1.3.32)
12
n=1
To obtain this, insert a smooth cutoff factor:
exp (—efy;j/?\kgy) (1.3.33)
where k, = nw/l. The factor fy;,l /% ensures invariance under o reparameterization.
D-2 1/2
+
A— —5— Znexp [—en (71'/2p o/f) }
=l (1.3.34)
D—2 (2pTa 1
pu— - T O
2 ( 12" (6)>

The first term of the cutoff is proportional to the string length ¢ and can be canceled by coun-
terterms in the action proportional to [ d2a(—’y)1/ 2. In fact, Weyl invariance requires it to be
canceled, leaving only the cutoff-independent second term:

2—D

The finite residue is an example of Casimir energy, which arises because the string length is
finite. For a point particle p~ = H, so:

. 1 2—D
2 + it —
m*=2p"H —p'p " <N+ 51 ) (1.3.36)
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where N is the level:
N=> ) nN (1.3.37)

The mass of each state is determined by its excitation level. Consider some light string states.
The lightest is: oD
’0;k>7 m® = 240/
If D > 2, m? is negative, and this state is a tachyon. In field theory, the scalar potential is
%m2¢2, S0 a negative mass squared implies that the "no-string" vacuum is actually unstable,
similar to symmetric states in spontaneous symmetry breaking. Whether the bosonic string has
any stable vacuum is a complex question, and the answer remains unclear. For superstrings,
there are "tachyon-free" theories. We will continue to use the bosonic string as a model for
developing string techniques, ignoring this instability.
The lowest excited state of the string is the excitation of the n = 1 mode once:

2 26-D
Y

(1.3.38)

ol 1|0 k), m (1.3.39)
Lorentz invariance imposes requirements on D. For massless and massive particles, the spin
analysis is different. For massive particles, in the rest frame p* = (m,0,--- ,0). Then the internal
states form a representation of the spatial rotation group SO(D — 1). For massless particles,
there is no rest frame; we choose a frame p* = (E, E,0,---,0). Then SO(D — 2) acts on the
transverse dimensions leaving p* invariant, and internal states form a group representation. For
D = 4, a massive particle is labeled by spin j, an SO(3) representation, so there are 2j — 1
states. A massless particle is labeled by helicity A, an eigenstate under a single generator of
SO(2). Lorentz invariance requires only this one state, but CPT symmetry imposes A and —A.
In D dimensions, a massive particle has D — 1 spin states, while a massless particle has D — 2
states. In the first level, we only find D — 2 states ai_ll(); k), so it must be massless.

A=-1, D=26 (1.3.40)

This is a striking and important result. Only when the spacetime dimension D = 26 is the
spectrum Lorentz-invariant. The classical theory is Lorentz-invariant for any D, but there is an
anomaly: except for D = 26, quantization does not preserve Lorentz invariance.

Light-cone quantization picks out two directions, leaving SO(D — 2) acting on the transverse
dimensions. For the transverse directions, the spin generator is:

oo
-~ 1 .
S = —i E E(ainaﬁl —al ) (1.3.41)
n=1

It is antisymmetric in 4, j, and together with Lorentz invariance, forbids zero-point energy con-
stants for massless states.

Proof. S% is defined as S¥ = f(f do X*II9 — XJIII*. Note that at this point p; = 0, so:

TICT

14

mmo

X'V — XII* = %Z/ﬁa;afnexp<— — (i <> J).

n,m

(n+ m)) cos ? cos

From this, it follows:

.. r1 .
S =4 E Eazaﬁn exp(—
n,m

TiCT

(r+m)) (Bsm + bn,-m) /2 = (i 4 )




CHAPTER 1. 1 A FIRST LOOK AT STRINGS 15

—lz —a Lol 12— (i j)

Q.E.D. O

For a massless particle, by choosing the momentum direction to be the "1" direction selected
by quantization, the entire SO(D — 2) spin symmetry is made manifest. For massive particles,
only an SO(D — 2) subgroup is obvious within the SO(D — 1) symmetry of light-cone quanti-
zation. But this is still useful. Under the action of SO(D — 2) on the transverse directions, the
vector representation of SO(D — 1) breaks into an invariant and a (D — 2)-vector:

v=(v,0,...,0) + (0,0%...,0P71) (1.3.42)

Thus, if a massive particle is in the vector representation of SO(D — 1), when we examine
its transformation properties under SO(D — 2), we will see a scalar and a vector. Higher
excited states of the string are massive, forming full representations of SO(D — 1). At level
N, the maximum eigenvalue of the spin component S23 is N, obtained by acting N times with
a2_1 + ioz?il. Therefore:

523 <1+ a'm? (1.3.43)

We start by checking the Eigenvalue of S22 for the state (a2, +ia2,,)|0; k) for a given
m:

(a2, +ia,,)[0;: k) = —zZ —a?,ap)(a?,, +ia’,,)[0; k)

" (0?08, — P a2 (02, +iaP,,)|05 k)

= —i(a2 adia®, —ad a?a?, )0;k)
= (a2, +ia3,,)|0;k) (1.53)
2]

where we have used [al,, ad)] = MY 6,100 and of,|0) = 0. So this state has spin one.

Consider now

3 2

SB(a2,, +ia>,)?|0; k) Z — a2 ,a2)(a?,, +ia2,)%|0; k)

— — (0,08 —aP 0% (02, +iad.,)?0: k)

m
= —E(aQ_maf’n —a? a2 (a2, a2, +iat, o3 +iad, ar,
3
a0 —m)’o k>

- 2( aO_p& 2—m + la2—m Eim + 7’O‘E’imaz—m - ag—m —m)’o k>

=2(a?,, +ia?,,)?[0; k) (1.54)
Similarly we find

5§%(a?,, + i, )N|0;k) = N(a?,, +ia®,,)N|0; k) (1.55)
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Any other state at level N will contain at least one less factor of o2 ,, +ia2,, and as 23
only has non-zero Eigenvalue on that specific combination, it will give a spin lower than
N. Using the mass-shell condition (1.3.36) on D = 26, i.e. @'m? = N — 1 we thus find

SB<N=am?+1 (1.56)

QED.

The slope in the inequality is called the Regge slope. Meson resonances follow this form of
linear relationship, i.e., o ~ (1GeV)~2. For this reason, string theory was originally a theory
of strong interactions in the 1970s. Now, as a theory of quantum gravity, o’ is on the order of
M ]32, and the mass of massive particles is on the order of Mp. It is so large that at current
experimental levels, these particles only appear as virtual states. Therefore, we are particularly
interested in the massless string spectrum. Most known particles have mass, but it is so small
compared to Mp that it is zero to first approximation, becoming non-zero due to small symmetry

breaking.

1.4 Closed and unoriented strings

Light-cone quantization of the closed string is very similar to the open string. Again, impose
gauge conditions (1.3.8a)-(1.3.8¢c). For the open string, these completely determine the gauge.
For the closed string, some additional coordinate freedom remains:

o' =0+ s(1) mod ¢ (1.4.1)

Since 0 = 0 can be chosen as any point on the string, most of this residual freedom can be fixed
by an extra gauge condition:
Yro(7,0) =0 (1.4.2)

i.e., the line 0 = 0 is perpendicular to the lines 7 = C' (where C' is a constant). Except for a
global translation, this completely determines the line o = 0. Thus, (1.3.8) and (1.4.2), except
for a 7-independent translation of o, fix all gauge freedom.

o' =0+ smod/ (1.4.3)

The analysis now parallels the open string: Lagrangian, canonical momentum, Hamiltonian,
equations of motion, etc. General periodic solutions to the equations of motion:

; 1/2
Xi(T,U):xi+£zT+i ﬁ/ !
pr 2

x i {O;j‘exp [—W} +5§;exp [WH (1.4.4)

n=-—oo

n#0

In the closed string, there are two sets of independent oscillatory solutions o, &, corresponding
to waves moving left and right along the string. In the open string, boundary conditions at the
ends mix these. The independent degrees of freedom are again transverse oscillations and center-
of-mass variables for both transverse and longitudinal directions:

oy, a3t pt e pt (1.4.5)
with canonical commutators:

[27,p"] = —i (1.4.62)
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(2%, p] = i6" (1.4.6b)
[ain, a%] =m0 6y (1.4.6¢)
(G, ad] =mé95,, _n (1.4.6d)

Starting from the state |0,0; k), which has center-of-mass momentum k* and is annihilated by
al, &t for m > 0. General states are:

D—1 oo ; V2
(GL,)Nim ,
|N,N; k) [HQ H1 nNmN ‘nNmN NE |0,0; k) (1.4.7)

The mass formula is: o
m2 —_ 2p+H _pzpz

(1.4.8)

a/

== [Z (oz_nozn + a_nan) +A+A

n=1
:3(N+N+A+A)
Oé/

We split levels and zero-point energies into two parts: left-moving and right-moving. Summing
zero-point energies gives:

. 2-D
A=A="= (1.4.9)

Due to the residual gauge freedom, i.e., the o translation in (1.4.3), there is an additional
constraint. The operator generating ¢ translations is:

V4
P= —/ do I1°9, X *
0

2 > o -
= —7” [Z (o' ol —at,al) +A-A (1.4.10)
n=1
2 .
= (N-N)
14
States must satisfy: .
N=N (1.4.11)
The lightest closed string state:
2—-D
0,0;k), m?*= o (1.4.12)
is also a tachyon. The first excited state:
g 26— D
ol 1@ 110,05k), m?= o (1.4.13)

As with the open string, these states do not add up to a full representation of SO(D — 1), so
the level must be massless: .
A=A=-1, D=26 (1.4.14)

State (1.4.13) transforms as a 2nd-rank tensor under SO(D — 2). This is a reducible represen-
tation. It can be decomposed into a symmetric traceless tensor, an antisymmetric tensor, and a
scalar. That is, any tensor e” can be split into:

2 D -2

S B y 1, .. . 1 .
e’ = 5 <e” +elt — 25”ekk> + = (€ —elt) 4 ——— gl ekP (1.4.15)

These three separate terms do not mix under rotation.
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Remark.

1.4.15) =

<Oél_16~¥]_1 - Ck] 10~4Z_1) + md”@’ildﬁl

o=

4.
ol &+ & et — 72 9ok &k, ) +
—1%-1 —1%-1 D 9 —1%-1

N | =

At any energy level, Nj, and N, are independent except for the N = N constraint. There-
fore, the closed string spectrum at m? = 4(N — 1)/a/ is the product of two pairs of open string
levels m? = (N —1)/d/.

Light cone quantization was gauge fixed version, even thought II° £ 0, but 7% = 0 which
implies ITI° and II* are not independent. Since X° comes with wrong sign, we need to eliminate
I1°. 2D diff invariance removes two classes of normal modes from the spectrum. If we attempted
to build a covariant theory without this invariance, we would have to generalize the transverse
commutators (1.3.25) to:

v

[ah,, ar] = mnt 6y, —p (1.4.16)

Lorentz invariance forces the timelike oscillators to have a wrong-sign commutator.
Y] =m0t 0y, —n, so [a,,a%,,] = —m, anda®,, = a?,ﬁ. Because {0]a,a,10)
—m(0]0) < 0, a2,|0) is a negative-norm state.

Remark. [ah,, o

States with an odd number of timelike excitations will have a negative norm. This is inconsistent
with quantum mechanics. In fact, the theory of (1.4.16) predates the string theory we describe,
which was discovered by requiring that negative-norm states cannot be produced in physical
processes. The commutator (1.4.16) arises from covariant quantization of string theory, where
coordinate invariance appears as a constraint to eliminate negative-norm states.

The appearance of massless vectors in open string theory, and massless symmetric and an-
tisymmetric tensors in closed string theory, is significant. General principles require a massless
vector to couple to a conserved current, thus the theory has gauge invariance. In all fundamental
string theories, this is our first example of a massless gauge particle. Actually, this particular
gauge boson, called the photon, is not very interesting because the gauge group is only U(1),
and all particles in the theory are neutral. In Chapter 6, we will discuss a simple generalization
of open string theory, adding Chan—Paton degrees of freedom at the string endpoints. This leads
to U(n), SO(n), and Sp(n) gauge groups. Similarly, massless symmetric tensor particles must
couple to a conserved symmetric tensor source. The only such source is the energy-momentum
tensor (with other possibilities in special cases; coupling consistent with it requires the theory to
have spacetime coordinate invariance). Therefore, the massless symmetric tensor is the graviton,
and general relativity is included as a small part of closed string theory. The massless antisym-
metric tensor is called a 2-form gauge boson. In section 3.7, we will see that there is a local
spacetime symmetry associated with it. In 4D, massless string states excited by 2nd and 3rd
direction oscillators are identified by their helicity A = §23. The photon has A = 1, the graviton
A = 2. Closed string scalars and antisymmetric tensors give A = 0 states, called the dilaton and
axion, respectively.

We conclude this section with unoriented string theory. Everything discussed previously was
oriented string theory. we have not considered the coordinate transformation:

o=0—-0, T =171 (1.4.17)

This changes the orientation (chirality) of the worldsheet. This symmetry is generated by the
worldsheet parity operator Q. Performing (1.4.17) twice gives the identity, so 02 = 1, and
eigenvalues of Q are £1. From the mode expansions (1.3.22) and (1.4.4), we see that in the open
string:

Qal Q! = (—1)"a’ (1.4.18)

n
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In the closed string:

(1.4.19a)
(1.4.19b)

By fixing © = +1 for the ground states |0; k), |0, 0; k), we define the phase of Q. Later, we will
see this choice is made so that €2 is conserved under interactions. Thus:

Q|N; k) = (—=1D)N|N; k) (1.4.20a)
Q|N,N;k) = |N,N; k). (1.4.20b)

There is a consistent interacting string theory, the unoriented string theory, in which only states
with 2 = 41 are retained. Focusing on massless states, the open string photon has {2 = —1 and
is thus forbidden in the unoriented theory. Acting on massless tensor states in the closed string,
the parity operator Q changes e into e/*. Thus gravitons and dilatons appear in unoriented
theory, but the antisymmetric tensor does not. Note that both open and closed string tachyons
survive in unoriented theory, so we have to work harder to remove them.

Two other constraints arise when studying interactions: First, it is possible to have consistent
theories with only closed strings, or both closed and open strings, but not with only open strings.
Closed strings can always be produced in open string scattering. Second, oriented or unoriented
open strings can only couple with the same type of closed strings. We list possible combinations
and their massless spectra. Let G, By, ®, A, denote the graviton, antisymmetric tensor,
dilaton, and photon. Then:

1. Oriented bosonic closed string: G, B, ®.
2. Unoriented bosonic closed string: G, ®.
3. Oriented bosonic closed and open strings: G, B, ®, A,.

4. Unoriented bosonic closed and open strings: G, ®.

All of these have gravitons, dilatons, and tachyons. Massless oriented open strings will be U(n)
gauge bosons, while massless unoriented open strings will be SO(n) or Sp(n) gauge bosons.



Chapter 2

Conformal field theory

2.1 Massless scalars in two dimensions

We start from D free scalar fields X#(c',?) in two dimensions. In anticipation of application
to string theory, we call this two-dimensional space the worldsheet. The action is

S =

1
— / @ o (X" X, + X" X,,) (2.1.1)

This is the Polyakov action (1.2.13) where the worldsheet metric 7, is taken to be the flat
Euclidean metric 64, with signature (+,+). Most string theory calculations will be performed
on the Euclidean worldsheet. At least for flat metrics, the relationship between Euclidean
amplitudes and Minkowski amplitudes is given by standard analytic continuation. We will use
the Minkowski flat metric for the index pu.

Canonical quantization of the action (2.1.1) is straightforward: finding the spectrum, vacuum
expectation values, and so on. What we did in Chapter 1 was to complete these in the light-
cone gauge. Here we will take a different route, first studying various local properties, such
as equations of motion, operator products, Ward identities, and conformal invariance, and only
then the spectrum. We will use the more effective path integral formalism. We will primarily use
path integral representations to derive operator equations; these equations can also be obtained
in the Hilbert space formalism. Adopting complex coordinates

2

zzal—i—ia, z=oc!

—io? (2.1.2)

is very convenient. We will use a bar to represent the conjugate of z and other complex variables,
and for longer expressions, an asterisk. Also define

1 1
0, = 5(81 — 182) R 0; = 5(81 + 282) . (2.1.3)
These variables satisfy
622’:1, 622:0, 6521:0, 852:1 (214)

When there is no ambiguity, 0, is abbreviated as  and 9; as 0. For a general vector v, define
in the same way

_ 1 1
v? =0l i, v =0l —i?, v, = 5(1)1 —iv?), wr= 5(1)1 + iv?) . (2.1.5)

For complex indices, raising and lowering indices is accomplished via

1 _

- ZZ zz z
2 Y

92z = Gzz = 9:2:=9:2=0, g7 =g=2=2, ¢ 29220 (216)

20
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In matrix form:

Guv = , (192 152) (2.1.7)

d%z = 2dotdo? (2.1.8)
The factor 2 comes from the Jacobian, d2z|det g|'/? = do'do?. We define

Also note

/sz 6%(2,2) =1, (2.1.9)

so that 6%(z,2) = 6(c')é(0?). The divergence formula in complex coordinates is

/ d?z (9,07 + 0507 = 27{ (v*dz — v®dz) , (2.1.10)
R OR

where the integration contour runs counterclockwise around the boundary of the region R. In
this sign convention, the action is

g 1 /2d20_81XM61XM—|—82XM82XH _ 1
2o’ 4 2T

,/d2z OXr9X,,, (2.1.11)
The classical equations of motion are

08 -
—F =0 00XH(2,2)=0. 2.1.12
5XM<Z72) :> (Z7Z) ( )
Here f(z) refers to those functions that are analytic (equivalently, holomorphic) in z. Writing

the equations of motion as B -
J(0XH) =0(0X*) =0, (2.1.13)

it follows that OX* is holomorphic and dX* is anti-holomorphic (holomorphic in ), thus we
have 0X*(z) and 0X*(Z).

Under the Minkowski continuation o2 = io?, the holomorphic field becomes a function of
0% — o', while the anti-holomorphic field becomes a function of ¢ + ¢'. Thus there is the

following correspondence:

2

holomorphic = left-moving , (2.1.14a)
anti-holomorphic = right-moving . (2.1.14b)

Vacuum expectation values are defined by path integrals,
(Z[X]) = / (dX] exp(—S)F[X], (2.1.15)

where Z[X] is any functional of X, for example a product of local operators. In order for
the path integral over X° to be a convergent Gaussian integral, it is defined through analytic
continuation X — —iXP. We do not normalize (#[X]) by dividing by (1). The path integral
of a total derivative is zero. Then,

5
0= /[dX] mexp(—S)

5S
_—/[dX] exp(—S)m
__[_9% (can be simplified using (2.1.12))
— 5%, (2.7) can be simplified using (2.1.
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1 _
- —,<68X“(z, z)> . (2.1.16)
T
If we have additional arbitrary insertions "---" in the path integral, the calculation is the same

as long as those additional operators are not inserted at z. Therefore
<65X“(z,2) . > ~0. (2.1.17)

We can view the additional insertions as preparing arbitrary initial and final states (we can do
the same thing for situations with boundary conditions). The path integral formula (2.1.17)
thus corresponds to the operator equation

DOXH(2,2) =0 (2.1.18)

which holds for all matrix elements of the operator X*(z,z) in the Hilbert space formalism.
Therefore we call the relationship established in the sense of (2.1.17) an operator equation. The
equation (2.1.18) is the Ehrenfest theorem translating the classical equations of motion into
operator equations.

The notation "---" in the path integral (2.1.17) implies that the insertions are away from z.
Now consider the case where the insertion is exactly at z:

0= /[dX] 5X,:(Sz,z) [exp(—S)X”(z',Z')]

= /[dX] exp(—29) [77’“’(52(2 -2 z-7)+ %8285)(”(2, 2) XY (2, 7))
T

1
= (6 (z— 22— 7))+ —0.0: (XH(z,2)X"(¢,7)) (2.1.19)
T
That is, the equation of motion holds outside of the coincidence point. Inserting "---" in the
path integral once more:
1
—0,0: (XH(z,2)X"(¢,2)---) = = <52(z —2z=2)) (2.1.20)
T
thus )
wﬁzﬁgX“(z, 2XV(,Z) = 6% (2 — 22— 7)) (2.1.21)

holds as an operator equation. In the Hilbert space formalism, the products in the path integral
appear as time-ordered products, and the é-function comes from derivatives acting on the time-
ordered product. This connection is further developed in the appendix.

In free field theory, it is useful to introduce normal-ordered operators. The normal-ordering
of an operator is denoted as :47:, defined as follows:

XH(z,2): = XH(2,2) 1, (2.1.22a)
/
X (21, 21) XY (22, 72): = X (21, 71) XV (22, 22) + %nﬂ“ In|z10[2, (2.1.22b)
where
Zij = 2 — Zj (2123)

The mode function for closed string (2.7.4) with w = o! +i0? (refer (2.6.3)) can be given
as:

/ / 1 .
XM (w,w) =z — i%p“(w + @) + i/ % > - <a¢;e—2mw/L + age—mw)/L) . (2.1.24)
n#0
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with now w ~ w + ¢L. Using a conformal transformation, we map all the operators from
the cylinder to the complex plane:

5 = e27rw/L 7 7 — eQwﬁ/L

we finally obtain the expansion by simply replacing w by z.

/ / 1
XH(2,2) = oM — i%p“ In(2Z) + i4/ % Z —(akz""+akz™"). (2.1.25)
n
£0

The propagator could be calculated by assuming |z| > |2/| and considering the product

/ ! 1
XH(w,w) X*(w', @) = [m“ - i%p“ In |2|* + 44/ % mz#o E(@%zim +a%57m)}

o ~a/ o /12 3 o 1 ml—n | —=puzl-n
X [ﬂs — 5P In|z'|*+1 EZE(O[”Z +aobz )}

n#0

We will move annihilation operators (ag,ar with & > 0) and 7y to the right to reach
normal ordering; non-vanishing c-number contributions come from [z#,p"] = in** and

[, 0] = M0 G pyin 0, [, O] = MNMY Opygn 0. Let’s first focus on these terms

/ /
(x“—igp“ In |z]2) (:EV - igp” In |z'|2)
2 2
o ne o 2 a’\? 2 "2
= zhz¥ — i;:c“p” In|2'|* — zEp“a:” In|z|* — (§> pp”In|z|” In 2|
/ /

’\ 2
— it e =i (@"p — i) |2 = () PP InfeP In P

s

/ / 19 /

= zghz¥ — i%x“p” In|2’|% — i%x"p“ In|z|? — (%) p*p’ In |22 In|2/|? — %n’“’ In |z|?
/ ’ I\ 9 /

= ghz¥ — i%x“p“ In|2'|? — i%:ﬂ”p" In |z|2 — (%) p*p” In|z|? In |2|? —%77’“’ In |z|?

normal ordered
/

/ /
=: (:U“ - i%p" In |z|2) <:C” - i%p” In ]z'|2> D= %n‘“’ In|z|?.

The zero-mode reordering produces the c-number —%,17’“’ In|z|?. Next, we'll consider
holomorphic oscillator pieces

o 1 o 1
3o = b am o /& Lo -n
i/ > Z —OmZ and 4/ 5 Znanz .
m#0 n#0
We can split the sum in two parts,
1 — 1 =1
Z Ea;‘lz_m = Z %a‘n‘lz_m 4 Z Eaﬁnz_m.
m#0 m=—00 m=1

The only non-normal-ordered combination producing a c-number is the product of the
m > 0 part from the first bracket with the n < 0 part from the second bracket. That
term is
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[e'e) [e'e) =il
. Jal\? 1 no—m 1 v_I—-n o 1 wov _—m_J/—n
(/5) (X potez™)( X para™)=-5 3 X ~aharzs

m=1 n=-—00 m=1n=—oo
Using ah,a =: ahal, : +[ady, al] =: ahal, : +mn§pyn 0. The only contributing com-
mutator in the sum over n occurs when n = —m. Isolating that, we have:

P L Sy S ST

Thus the holomorphic oscillators give the c-number

1 /2/\m
HEN

/

WE

@
2

3
I

By identical steps for a@,, modes we obtain

o =1

525F>
m=1

Collecting the zero-mode, holomorphic and anti-holomorphic c-number contributions:

o/l s o1 \m o X1 F\m
ikt + 3 XSG + 3 X R6)

We can use —In(1 —x) = > °_, 2™ /m to simplify the series expansion (valid for |2/| <

|21):

/

SLE (-, A --n(-2)

m=1
So the total c-number becomes

a/

=——1In
2

/

/ / 2
—gln]zﬂ2 ~ % z(l—z—)‘ :—ﬁln]z—z/|2.
2 ) %

Therefore

X*(w, @) X" (0, &) = X¥(w, ©)X* (w, @) : =50 In|z - 2]

Readers may be familiar with the normal ordering defined by raising and lowering operators.
These two definitions will be connected later. The key point of this definition is the property:

81512X'u(21,§1>Xv(22,22)12 0 (2.1.26)
The above comes from the operator equation (2.1.21) and the following differential equation:

01 |z|* = 2162 (2, 2) (2.1.27)

Since In|z|? = Inz + In z, the above equation is obvious for z # 0. The normalization of the

d-function can be easily verified by integrating both sides using (2.1.10).
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1 i’ 024

Figure 2.1: The figure above shows the product of four local operators. The OPE represents
the asymptotic behavior as z; — 2o as a series. In this process, a pair of operators at 21, 29 is
replaced by a single operator at zo. The radius of convergence is the distance to other nearest
operators, represented by the dashed lines in the figure.

2.2 The operator product expansion

The basic objects of study in string perturbation theory are path integral expectation values of
products of local operators:

(i (21, 21) sy (22, 22) -+ - i, (2m5 Zn)) (2.2.1)

where <7 is some basis of the set of local operators. It is very important to understand the
behavior of this expectation value in the limit where two of the operators approach each other.
A systematic description of this limit is given by the operator product expansion (OPE). As
shown in Figure 2.1. The OPE states that the product of two local operators close to each other
can be approximated to any precision by a sum of local operators:

di(o1)ly(o3) =Y (o1 — 02) i (02) . (2.2.2)
k

This is an operator statement, meaning it holds in a general expectation value:

(i(o1)(02)---) =Y Fij(or = 09) (p (02) ) (2:2.3)
k

where the distance between o1,09 is smaller than the distance to all other operators. The
coefficient function ckij(al —09) determines the dependence on the separation, and also depends
on i, j, k, but is independent of other operators in the expectation value; the dependence on the
latter only appears in the expectation value on the right side of (2.2.3). These terms are typically
arranged in decreasing order of magnitude in the limit o1 — 9. Except that the coefficient
functions are not simple power series and can be singular as o1 — o9, this is analogous to an
ordinary Taylor series.

We will now use the special properties of free field theory to give a derivation of the OPE
for X* theory. In Section 2.9, we will give a derivation for any conformal invariant field theory.

We have seen that normal products satisfy the equations of motion (2.1.26). This indicates
that the operator product is a harmonic function of (z1,21). A simple result from complex
analysis is that a harmonic function is locally the sum of a holomorphic function and an anti-
holomorphic function. In particular, it means it is not singular as z; — z2, and can be freely
expanded in a Taylor series in z19 and Z12. Therefore,

/

a
XH(21,21) X" (22, 22) = —577‘“’ In|z1o 24 : XV X" (22, Z2):
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[eS) 1 i
+ Z g [(212)k :X”@’ﬂ){”(zz, 22): —|—(212)k :X'UakX#(ZZ’ 22):] (224>
k=1

Remark. Here (2.1.22a) and
:X“(Zl,zl)XV(ZQ, 22)2

0 1 B
= XV XM(22, %) + ) o [(m)k XV XH (29, 22): +(Z12)% : XV OF XH (29, 22);]
k=1

are used. Because of the equations of motion, the terms with mized derivatives 00 are
zero.

Equation (2.2.4) has the form of an OPE. Like the equation of motion (2.1.26) that derived
it, this is a statement about operators. For any vacuum expectation value of the product of
XH(z1,21)X" (22, Z2) with fields at other points, its behavior as z; — 2z is an infinite series,
where each term is a known function of z12 and (or) zj2 multiplied by the expectation value of
the local operator that replaces this pair of fields.

The OPE is usually used as an asymptotic expansion, where the first few terms give the
dominant behavior when the separation is very small. Most of our applications will be of this
type, and we usually write the OPE as clearly singular terms plus unspecified non-singular
remainder terms. Instead of using =, we will use "~" to mean "equal in the sense of differing
only by non-singular terms." In fact, the OPE converges in conformal invariant field theories. In
certain applications, this is very important to us: it makes it possible to reconstruct the entire
theory from the coefficient functions. As an example, the radius of convergence of the free field
OPE (2.2.4) in any given expectation value is equal to the distance from it to the nearest of the
other insertions in the path integral, as shown in Figure 2.1, and the convergence can be proven
by standard complex analysis theory.

Various operators on the right side of the OPE (2.2.4) include the product of fields at
the same point. In quantum field theory, such products are usually divergent, and thus need
to be appropriately truncated and renormalized, but the normal-ordering here makes it well-
defined. In free field theory, normal-ordering is a convenient way to define composite operators.
In interacting field theory, normal-ordering is of little use because composite operators have
additional divergences caused by interaction vertices connected to them. However, the field
theories we are interested in are mostly free field theories, or theories related to free field theories,
so more details on normal-ordering are given here. Normal-ordering of any number of fields can
be defined recursively as

:X’“(zl,él) .. 'XM"(Zn,fn)Z
= XM (21,21) - XF (20, Zn) + Z subtractions, (2.2.5)

where the subtractions refer to picking one or more pairs of fields from the product of fields and
replacing them with %a’n“i“j In|z;;]?. For example,

XM (Zl,Zl)Xuz (ZQ,ZQ)XM3 (Z3,23)2: XM (Zl,Zl)XM2(ZQ,22)XM3 (23,23)

/
+ (37]‘““2 In|z19|2 XH3 (23, 23) + 2 permutations) . (2.2.6)

This definition can be compactly summarized as

/

« 1) 1)
WF = — [ d%21d%2,1 2 F 2.2.7
eXP<4 / 214729 n|2512‘ 6Xp’(2'1,21) 5Xu(227§2) ; ( )
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where .# is any functional of X. This is equivalent to equation (2.2.5): the double functional
derivative in the exponent contracts each pair of fields, and summing the exponent of multi-
ple pairings cancels out the fractions in the derivative action. An application of this formal
expression is to apply the inverse of the exponent on both sides, which gives
o/ ) )
F =exp | —— [ d®21d%2y In|210|? T
p( 1 / R T AL AN

=F:+ Z contractions , (2.2.8)

where the contractions are the inverse of subtractions: picking one or more pairs of fields from
:.#: and replacing them with —%0/77’”“3' 1n|zij|2. For any functionals .% and ¢ of X, their OPE
is generated by

TG =79 + Z cross contractions (2.2.9)

The cross contractions now refer to contracting a field in .# and a field in ¢ and summing over
them. This can also be written as

/

0
1 F Y= exp <—O;/d2z1d222 ln\Z12\2

5X%(z1,21) 0 XGpu(za, Z2)

) TG (2.2.10)

where the functional derivatives only act on fields in % or 4 respectively. As an example,

0XH(2)0X,,(2):0' XV (2")0' X, (2):
=:0X"(2)0X,(2)0 X" (20 Xy (2'):

/
4500 nlz — ) DX ()0 X, ()

/ 2
+2-n, (—288' In|z — 2/ 2)

Da'? 20/ ,
~ — . GICALD. AT
2z =24 (2 —2')? X Xu(#)
20/ '8/2XM / 81X /.

The second term after the equal sign comes from the four ways to contract a single pair of fields,
while the third term comes from the two ways to contract two pairs of fields. In the last line, we
write the OPE in standard form by performing a Taylor expansion inside the normal ordering:
each operator in each term is at 2/, and arranged in order of singularity.
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Remark. The second term after the equal sign comes from

/

XM (2)0X,u(2) = B XY ()T X () : = 0 (‘O;”W 5 — z'\2> 80X, (2)8X, (2):
/
= —% (83' In|z — z/|2> :0X,,(2)0' X*(2):

while the third term comes from

{ f 1 \
P OXH(2)0X u(2) = O XV (NI X, (2) :

/ /
=00 <—O;77’“’ In|z — z'|2> 00 <—O;nuy In|z — z'[2>
o 2
= "N (—286’ In|z — z'\2>

Because n*n,, = 6 ,, so nn,, = 6, = D, and then using 00'In|z — 2/'|* = (z — 2/) 72
and
OXH(2)0' Xy ()0 XF(N)O' X W(2): + (2 — 2) : 0P XH(2)0' X u(2):

(2.2.11) is obtained.

Another important example is
F =l X2 g = otk X(00) (2.2.12)

The variations 6/6 X% and §/ 6Xg yield the factors ik, and ik, respectively, so the general
result (2.2.10) becomes

/
1ot X (2:2), k2 X (0.0), — oxpy <O;k1 ko In ‘Z‘z) etk X(2,2) gik2- X (0,0),
— ‘Z|O/k1-k2 :e’ik1~X(Z,2)eik:2~X(0,0): ) (2213)

To derive the OPE, Taylor expansion in the normal ordering gives

etk X(2.2). ik X (0,0), — ]z\a/kl'kr" e kth2) X001 L O(2, 2)]: . (2.2.14)

Remark. The general result (2.2.10) here is

ik X (2,2) .. gik2-X (0,0)

5 5
SX W (21, 21) 0XGu(22, 22)

o
1— 2/d2Z1d22’2 ln|212\2

::eik1 -X(Z,f) eikz‘X(0,0) .

+ oo ) :e’ikl‘X(Z,E)eikQ'X(0,0):

/
X <1 = a2/d221d222 ln|212|2 X ik1u52(z = Zily B = Zl)lk‘552(0 — 29,0, —52) + .. >

::eikl-X(z,Z)eikQ-X(O,O): <1 + O;,kl . kQ In |Z|2 + .. ) _ ’Z‘a’kr]@ :eikl-X(z,Z)eikg-X(0,0): )

Note that OPEs such as (2.2.2), (2.2.4) are non-symmetric with respect to o1 and 2. These
OPEs can be reshaped into a symmetric form by expanding around (o1 + 02)/2. The coefficient
functions in the symmetric form satisfy, under the exchange of two operators:

Ckij(al - 02>Sym = :l:ckji(UQ - Ul)sym s (2215)

where the sign is negative when 7 and 7 are both anti-commuting.
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2.3 Ward identities and Noether theorem

Worldsheet symmetry plays an important role in string theory. In this section, we first derive
some general results for symmetry in field theory.

Consider a field theory in d-dimensional spacetime with action Sy, where ¢, (o) labels a
general field. Suppose it has the symmetry

Qs/a(o') = ¢a(0) + 6¢o¢(0) ) (2'3'1)

where d¢, is proportional to an infinitesimal parameter e. The product of the path integral
measure and the weight exp(—29) is invariant:

[d¢] exp(—S[¢']) = [dg] exp(—S[g]) - (2.3.2)

In field theory, a continuous symmetry implies the existence of a conserved current (Noether’s
theorem) and Ward identities (which constrain operator products of the current). To derive these
results, consider the field variation

(bla(U) - ¢o¢(0) + p(O’)(S(ba(O') (2'3'3)

This is not a symmetry, but [d¢] exp(—S) is invariant when p is a constant, so its variation must
be proportional to 9,p:

[dg'] exp(—S[¢])
= [d¢] exp(—S][¢]) [1 + % /dda 9'/%j%(0)Bup(c) + O (¢*) (2.3.4)
The unknown coefficient j%(o) comes from the variation of the measure and the action. Take p

to be non-zero only in a small region. Outside this region, consider a path integral containing a
general insertion "---". This insertion is invariant under (2.3.3):

/[d¢] exp( [¢I]) s — /[d(f)] exp(—S[¢]) - -

— 22—; ddo' gl/Zja(J)aap(U) —+ 0(62) _ QLM /dda g1/2p( ) <va]~a(0) o > (2.3'5)

thus we have
Vaj®=0. (2.3.6)

Proof. We use the fact that 9,(g/%v?(c)) = ¢'/?V,v%(c) as shown here

LHS = 0,(y/gv®) = (0a/9)v" + \/g0sv*

1
ﬁgg acagbcva + \/§3ava

—f( g €OaGpct® +8v>
For the RHS we find
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RHS = /gVv® = /g (8ava 4 ngvb)

1
=g [%va + §(gacr9agcb + 9"OpGea — 9 Degap)”

1
= <8ava + 2gacabgmvb)

The second and last term of the connection cancel after interchanging the dummy indices
a and c. This is now equal to the LHS.
To derive (2.3.5) we start from (2.3.4), which implies

1€

0= o d% g2 §%(0)dup(0)

= —— [ d% 0.(4"%j%(0))p(0)
2T

_ ¢ [ gty gii2y, o

= o /d gg va] (O’)p(U)

Ol

To derive Ward identities, let p(o) be 1 in region R and 0 outside R. Additionally, introduce a
general local operator o7 (o) at a point oy within the path integral region R. Inserting arbitrary
operators "---" outside R gives

5. (00) + —— / Ao g2V % (o) (00) = 0. (2.3.7)
271 R

Proof. Similar to (2.3.5), we now have

0= / [dg] eS¢l (W(ao) + % / d%o j“(a)aap(a);z{(ao)) .

then using integration by parts, (2.3.7) can be obtained. O

Equivalently,
2
Vaj(0)d (00) = g~ /26%0 — Uo)i—:&&%(ao) + o total derivative . (2.3.8)

Divergence theorem gives

2
/ dA ngj®et (00) = =8/ () , (2.3.9)
OR 1€

where dA is the area element, and n, is the outward normal vector. In 2-dimensional flat space,
this is 5
7{ (jdz — Gd2)e (20, 50) = 2767 (20, 50) (2.3.10)
OR €

Here we have dropped the indices j = j,, 7 = js. We use j instead of 7 because j is not the
conjugate of j. The Minkowski density jo is generally Hermitian, (j,)" = %(jl —ijo)f = j..
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Proof. The proof of (2.3.9) used

[ dlo 29,50 = [ dlo0,(gV2%) = [ danast,
R R OR

Using the two-dimensional Stokes’ theorem fR d?z (8ZUZ + 85112) = i§aR(vde — v*dz)
(2.3.10) is obtained. O

Importantly, the Noether theorem and Ward identities are local properties, and do not
depend on distant boundary conditions, nor on whether they are invariant under the symmetry.
In particular, because p(o) is only non-zero in R, only symmetry transformations in R need to
be defined.

In conformal invariant theories, usually j, is holomorphic and js is anti-holomorphic. In
this case, the currents (j.,0) and (0, jz) are separately conserved. Thus the integral yields the
residue in the OPE:

) _ S o _ 1 _
Res,—s, j(2)9 (20, Z20) + Resz_z, 7(2) 4 (20, 20) = Eé%(zo, Z0) (2.3.11)

Here Res, Res refer to taking the coefficients of (2 — 29) ™! and (2 — Z5) ! respectively.
An example: Returning to the massless free scalar field, and consider spacetime translations
dXH* = ea*. Under 0X*(0) = ep(o)at,

1
4o

€ay,

08 = 2ma/

/d20 2(60°XM)0, X, = /d% "X 0up . (2.3.12)
This is equivalent to taking the Noether current in (2.3.5) as jo(0) = a,jl, where

i = iaaXﬂ . (2.3.13)

The OPE of the current and the exponential operator gives

7 (z) R X0.0), I;—# R X(0.0), (2.3.14a)
z
F(2) X 00, % h X 0.0), (2.3.14b)

Proof. Explanation for (2.3.14a): from (2.3.13) it can be obtained that j* = j% = L0, X",
SO

i

: ZgaX“(z)(k LX) :
n=0

TL‘ CM/
n=0
- ozi : Z% OX"(2)(k - X(0)); [[(k - X(0)); :
A J#i
B é : Z%naX“(z)(k: - X(0)) (k- X (0)" L
n=1

oo n

= 5 (—0;/77“”8111(2'2)> ky : Z ﬁ(l{: - X0t

n=1
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_ i (RN
o 2 z )

n=1
_ K ikx(0)
=5, ¢ s
O
Another example: worldsheet translations do® = ev®, then §X* = —ev®9, X*, the Noether
current is
Ja = iv"Tap (2.3.15a)
1 1
T = —= :<8aX“8bX,L — 25ab80X”8‘3Xu>: . (2.3.15b)
Proof. Proof of (2.3.15a):
oo =ev®, XM =-0,X"50" = —ev?9, X*
2 le'
05 = / 02507 X0, X,
1 2 a
== /d g0 X100, X,
_ 1 2 a 1% le%
= 27ro//d 0 (—ev?0,X") p(0)0% 0, X
_ e /d208aX“p(a)8b3qu
2mad!
The last integral can now be evaluated as:
/ d?00y (0. X" p(0)) ° X, = / d*00, X" X, 0pp(0) + p(0)9p0a X'" X,
= / 200, X" X, 0pp(0) — Dup(0)0pX"° X,
— ()8, X Dy X+
= / 209, X" p(0)0 X+
1
- / P60, X1 X ,05p(0) — Bapl0) O X O X
Hence
ev? 1 i€ a
7 /d202 [OGX“aquabp(J) —8ap8bX”6qu] — %/dQZ] (0)0a(p)
O]

2.4 Conformal invariance

The energy-momentum tensor (2.3.15b) is traceless: T, = 0. In complex coordinates, this is

9Ty = g% Tow +29°°Tos + g°° Tox —> Toz=0. (2.4.1)
=0 =0
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The conservation law 0%1,;, = 0 implies that in any theory with 7T,* =0
OT,, =0T =0. (2.4.2)

Therefore ~
T(z) =T..(2), T(z) = T5:(2) (2.4.3)

are holomorphic and anti-holomorphic respectively. For massless free scalars
1 - .
T(z) = > :0XH10X !, T(z) = = 0XH0X 1, (2.4.4)

according to the equations of motion, they are indeed holomorphic and anti-holomorphic.
The tracelessness of Ty, implies a much larger symmetry. The currents

Jj(z) = (2)T(2), 7(2) = iv(2)*T(2) (2.4.5)

are conserved for holomorphic v(z).

[ Proof. Denote j, = iv*T,,, jz = iw?*Tss. So Vaj® = 0j, + 0jz = 0. O

For free scalar theory, the OPE is obtained
T(2)X"(0) ~ %axu(m, T(2)X"(0) ~ ééxu(()) (2.4.6)
then the Ward identity gives the transformation
SXH = —ev(2)0XH — ev(2)*0XH (2.4.7)
This is the infinitesimal coordinate transformation z’ = z + ev(z). The finite transformation is
XM (,2) = X"(2,2), where 2’ = f(2). (2.4.8)

(2.4.8) is called a conformal transformation.

Proof for (2.4.7): from (2.3.11)

1 - ;
—IXH* = Res,—yz, 0T (2) X (20, Z0) + Resz— 5,00 T (2) X* (20, Z0)
i€

Using (2.4.6), (2.4.7) is obtained.

Conformal invariance should not be confused with diff invariance. We are in flat space, with
no independent metric field used for variation. So the transformation z — 2’ really changes
the distance between points. We don’t just happen to have this invariance; it is a non-trivial
statement about the dynamics. For the scalar action (2.1.11), the conformal transformations
of @ and O exactly cancel out the conformal transformation of d?z. The mass term m?X*X "
is not conformal invariant. Ultimately, there must be a close connection with the diffx Weyl
symmetry of the Polyakov string.

Consider the special case

2 =(z, (2.4.9)

¢ is any complex number. The phase of { is the rotation of the system, while its magnitude is
the rescaling of the size of the system. This scale invariance is often viewed as an approximate
symmetry in particle physics, and statistical systems near critical points are also described by
scale-invariant field theories.
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For generalized conformal transformations, examine its effect on ds? = ggpdo®do® = dzdz

/ =/
ds? = d2/d7 = 92 4,45 (2.4.10)

As shown in Figure 2.2, we see that the conformal transformation turns an infinitesimal square
into an infinitesimal square but adjusts its size. An anti-holomorphic function 2’ = f(z)* has
the same property but changes the orientation. Most systems invariant under (2.4.9) are usually
invariant under the much larger conformal invariance. A theory with this invariance is called a

conformal field theory (CFT).

(@) (b) (c)

Figure 2.2: (a) Two-dimensional region. (b) The effect of the special conformal transformation
(2.4.9). (c) The effect of a more general conformal transformation.

Conformal Invariance and the OPE

Conformal invariance imposes a strong constraint on the form of the OPE, especially the OPE
of the energy-momentum tensor. Examine the OPE of T and a general operator /. Because
T(z) and T'(Z) are (anti-)holomorphic except at coincidence points, the corresponding coefficient
functions must also have this property. The OPE of T and 7 is thus a Laurent expansion, where
the terms are integer powers of z, though the power may be negative. Furthermore, all singular
terms are determined by the conformal transformation of /. To see this, we write a general
expansion for the singularity

= 1

T(2)4/(0,0) ~ Wﬂ(’”(o, 0) (2.4.11)
n=0

similar for T’; the operator coefficient 7 (™ is left to be determined later. Under an infinitesimal
conformal transformation 2z’ = z + ev(z), when the z="~! term in the 7.7 OPE is multiplied by
the z™ term in v(z), a simple pole appears in v(z)T'(z)</(0,0). Therefore the (2.3.11) form of
the Ward identity implies

5. (2,2) = —e i % [8"1}(2)42/(”)(2, 2) + 0" (2)* ™ (2, %) (2.4.12)
n=0

Thus the operator <™ is determined by the conformal transformation of <. It is convenient
to take operators that are eigenstates under the rigid transformation (2.4.9) as a basis

(2 )= (2, %) (2.4.13)
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(h,h) are called weights. h -+ h is the dimension of <7, which determines its behavior under
rescaling, and h — h is the spin, which determines its behavior under rotation. The derivative
9. raises h by one, d; raises h by one. The Ward identity for the transformation (2.4.13) and
the Ward identity for translation 0.7 = —ev*9d,47 determine the part of the OPE

T(2)7(0,0) = - + Z—};d(o, 0) + %8%(0, 0) 4 (2.4.14)

Similarly for 7.

Remark. The variation caused by the transformation (2.4.13) is
0 = %l(za 2) - JZ{(Z, 2) = ‘QZI(Z//C7 EI/C) - ejZ{(27 E)
Let ( =1+ ev, then 2’ /(1 + ev) = 2/(1 — ev) Then

o =2, %) — w0 (') — 070" (Z) — A (2,2)
=[(1+ev)"(1 + €)™ — 1]/ — ev2'0/’ () — 020’ (Z)

Particularly important are tensor operators or primary fields (0. The general conformal
transformation acting on them gives

O'(,7) = (0.2)(0:2)"O(2, %) . (2.4.15)
The OPE (2.4.11) reduces to
T(2)0(0,0) = §0(0,0) + 230(0,0) +een, (2.4.16)

The more singular terms in the general OPE (2.4.14) are gone.
Take free X# CFT as an example once again. Some weights of typical operators are

Xt (0,0), OXt  (1,0),
ax®  (0,1), PXH(2,0), (2.4.17)

otk X o'k2 o/k2
: : 1 1 .

Remark. Note that X* has conformal weights h = h = 0, yet its two-point function in
(2.1.22b) does not take the standard form
C
(91(21, 21)P2(22, 22)) = = =

(21 — 22)(271 — Z2)P

Therefore, X* is not a primary field. Nevertheless, although X" itself is not primary, the

operator : e*X(=2) . s Indeed, its two-point function from (2.2.13) takes the expected
form.:
< . eik~X(z,Z) 35 6ip~X(w,1Z)) . > _ |Z _ w|a’k~p< . eik-X(z,E)eipX(w,w) ; >
= |z — w|**? Pk + )
1
= —— 2.4.18
’Z . w’a'kQ ( )

where in the second line we have set p' = —k. where we used

<07 0| ei(kl‘H@)'fEeO/(kl ln‘z|2+k2 ln‘w‘Q).p |0’ 0> _ <0, 0| ei(k1+k2)-1‘ |07 0> — <O, 0’07 kl 4 k2>
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= 6(k1 + k).

Except for 9?X#, all quantities transform as tensors. More generally, general products of
exponentials and derivatives

:(Hiamixm) (Hjéan”J')eik'X: (2.4.19)

have weights
o'k? o'k?
( 1 + > .my, T + Zﬂj) . (2.4.20)
For any pair of operators, applying rigid transformations, rescaling, and rotation on both

sides of the OPE completely determines the dependence of the coefficient function on z

_ _ hy—hi—h; _hy—hi—h,; _
(2, 2) (22, 2) = ) 2y s (22, 2) (2.4.21)

k

where ckij are now constants. In all interesting cases, the weights appearing on the right side of
the OPE (2.4.21) have a lower bound, so the singularity in the operator product is constrained.
More general conformal transformations impose further constraints on the OPE: they completely
determine the OPE of all fields with the OPE of primary fields.

Note that in general, the conformal transformation properties of normal products are not
determined by the naive transformation of the product. For example, the transformation rule
(2.4.7) for X* would naively imply

setk X = —ev(2)0e*X — ev(2)*9e* X (naive) (2.4.22)

making it a (0,0) tensor. Since defining the operator product at a point requires renormalization,
this modification is a quantum effect. In particular, it enters here because the subtraction of
In|z12]? in : : has a clear dependence on the coordinate system.

Conformal Properties of the Energy-Momentum Tensor

The OPE of the energy-momentum tensor with itself is obtained from (2.2.11)

T()T(0) = ZLZ — 2 OXP(2)0X,(0): + T(2)T(0):
129 gz ) (2.4.23)
~ o+ A T(0) + 10T (0)

A similar result exists for 7. The OPE of T'(z)T(%') must be non-singular; it cannot have a
singularity at (z — 2’) because it is anti-holomorphic in 2’ over a non-zero interval. Similarly,
it cannot have a singularity at (z — z’). The same result holds for any OPE of a holomorphic
operator and an anti-holomorphic operator.

Thus T is not a tensor. And the OPE (2.4.23) implies the transformation rule

16T(2) = —%Gg’v(z) — 20,0(2)T(2) — v(2)0.T(2) . (2.4.24)
In a general CFT, the transformation of T'(z) is
1T (2) = —1%33@(2) —20.0(2)T(2) — v(2).T(2) , (2.4.25)

where ¢ is a constant called the central charge. The central charge of a free scalar field is 1.
For D free scalar fields it is D. The transformation (2.4.25) is the most general form, which is
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linear in v. This is consistent with the symmetry of the TT" OPE, where the three z subscripts
are required by rigid transformation, rescaling and rotation invariance. Scaling, rotation and
translation symmetries determine the coefficients of the 2nd and 3rd terms. Furthermore, by
examining the commutator of two such transformations, it can be proven that d,c = 0. This is
a general result in quantum field theory. Operators that are independent of position must be
c-numbers. The corresponding T'T" OPE is

c 2 1
y + ;T(O) + ;aT(O) (2.4.26)

The finite form of the transformation rule (2.4.25) is

T(2)T(0) ~

(0.2)2T'(¢) = T(z) — %{2/, 2}, (2.4.27)
where {f, z} represents the Schwarzian derivative

200, — 3002
% N

There is a corresponding form for T. In general CFT there may be a different central charge é.
The non-tensor behavior of the energy-momentum tensor has several important physical conse-
quences. It should be emphasized that "non-tensor" refers to conformal transformations. Under
coordinate transformations, the energy-momentum tensor will have the usual tensor properties.

(2.4.28)

2.5 Free CFTs

In this section, we will discuss three types of free field CFTs—linear dilaton theory, bc theory,
and (v theory. bc theory will be used in the next chapter to gauge-fix the Polyakov string.
These three theories have wide applications.

Linear Dilaton CFT
This type of CFT is based on the same action (2.1.11). But the energy-momentum tensor is

1
T(z) = —— :0X"0X,: +V,0° X+ (2.5.1a)
- 1 - _ _

T(z) = —— OXMOX: +V, 02 XH (2.5.1b)

where v, is some fixed D-vector. Calculating the TT" OPE, one finds it is exactly the standard
form (2.4.26). But the central charge is

c=¢=D+6a'V,V, (2.5.2)
The TX* OPE and Ward identity (2.4.12) imply the conformal transformation
SXH = —evdX" — ev* IXH — go/V“ v + (9v)*] (2.5.3)

This is a different conformal symmetry for the same action. X* no longer transforms as a tensor;
its variation now has a non-homogeneous part. Incidentally, free massless scalar fields in two
dimensions have a large class of symmetries—much more than we happened to mention.

The energy-momentum tensor plays a special role in string theory. In particular, it tells us
how to couple with a curved metric—different values of V# can be viewed as different CFTs.
The vector V* picks out a direction in spacetime, so this CFT is not Lorentz invariant, and we
have little interest in it. In Section 3.7 we will see a physical interpretation of the linear dilaton
CFT, and we will encounter it in some technical applications later. A different variation of the
free scalar CFT is to take some X* to be periodic; we will address this in Chapter 8.
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bec CFT

The second type of CFT has anti-commuting fields b and ¢, and action

1 _
S=_— /d2z boc . (2.5.4)
27
For any given constant A, such that
hy =X, he=1-—2AX (2.5.5)

If b and ¢ transform as tensors with weights (hp,0) and (hc,0), (2.5.4) is conformal invariant,
and thus we have another class of CFTs (which we will see in Chapter 10 are secretly the same
as the linear dilaton). The operator equations of motion can be obtained by the same method
as (2.1.16), (2.1.19)

dc(z) = 0b(z) =0 (2.5.6a)
Ib(2)c(0) = 276%(z, %) (2.5.6b)

The bb OPE and cc OPE satisfy the sourceless equations of motion. The normal product of bc

b(21)c(22):= b(z1)e(22) — ;2 (2.5.7)
Since

=1 1
- =0= =202, 2 2.5.
8Z 82 w07 (2, 2) (2.5.8)

(2.5.7) satisfies the naive equations of motion. (2.5.7) can be obtained by integrating over a
region containing the origin and using integration by parts. The normal ordering of ordinary
products of fields is combinatorially the same as X* CFT, being the sum over contractions or
subtractions. We must be careful: since b and ¢ are anti-commuting, exchanging fields will flip
the sign. The operator products are
1 1
b(z1)c(z2) ~ —, c(z1)b(z2) ~ — (2.5.9)
212 Z12

Two sign flips were performed in the second OPE, one coming from anti-commutation and one
from z; <+ 2z9. Other operator products are non-singular:

b(Zl)b(ZQ) = 0(212) s c(zl)c(zQ) = 0(212) . (2.5.10)

These are not only holomorphic, but also have a zero because of the antisymmetry.
Noether’s theorem gives the energy-momentum tensor

T(z) =:(9b)e: —AI(:be:) (2.5.11a)
T(2)=0. (2.5.11b)

(2.5.11) can be proven by giving the OPEs of T with b and T with ¢, which has the standard
tensor form (2.4.16) given by weights. The 77" OPE is the standard form (2.4.26). where

c=-32A-1)%*+1, ¢=0. (2.5.12)

This is a purely holomorphic CFT, and also an example of ¢ # ¢. Of course there is a corre-
sponding anti-holomorphic theory

_ 1 [ 2ias
S = 27r/d z boe, (2.5.13)
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which is the same as above under z <> Z. The bc theory has a ghost number symmetry b =
—ieb, ¢ = iec. Corresponding Noether current

j=—bc (2.5.14)

The components are holomorphic and anti-holomorphic respectively, the latter being 0. When
both holomorphic be fields and anti-holomorphic be fields are present, ghost numbers are sepa-
rately conserved. The following current is not a tensor:

1-2x 1

T(2)(0) +5i(0) +0j(0). (2.5.15)

23

This implies the transformation rule

2)2 —1
e 10j = —vdj — jov + v, (2.5.16)
whose finite form is 2.
. ) 2 —-10zz
(azz/)]Z/(z/) — ]z(z) + 5 0.2 (2517)

The case where b and ¢ have equal weights is hy = he = %, then central charge ¢ = 1. Here
we usually use the notation b — ¢, c — ¢. For this case, bc CFT can be split into two in a
conformal invariant way

b =2712(y +ith), b =272 (hy —inhy) (2.5.18)
5= i /sz (m&z}l n wéw) (2.5.18b)
T = *%1#181#1 - %1,!)281/)2 . (2518C)

Each v theory has central charge 1/2.

The be theory with A = 2, with weights (hy, he) = (2,—1), will arise from gauge-fixing the
Polyakov string as Faddeev-Popov ghosts in the next chapter. In more general string theories
in Volume II, the 1 theory will appear more widely.

py CFT

The third type of CFT is much like the be theory but the fields commute, 3 is a (hg,0) tensor,
7 is a (h,0) tensor, where

hg = A, hy=1-=X\. (2.5.19)
The action is .
= — [ d%zBoy. 2.5.2
S o / z B0y (2.5.20)
Via the equations of motion B B
0v(z) =0B(2) =0 (2.5.21)

one can see that these fields are also holomorphic. The equations of motion and operator
products are derived in the standard way. Because the statistics are changed, some signs in the
operator products are different

1 1

B(z1)v(22) ~ ~ v(21)B(22) ~ " (2.5.22)

The energy-momentum tensor is

T =:(08)y: —A(:p7:) , (2.5.23a)
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T=0. (2.5.23b)
The central charge differs only by a sign
c=32 -1%*-1, ¢é=0. (2.5.24)

The B+ theory with A\ = %, weights (hg, hy) = (%, —%), will appear as Faddeev-Popov ghosts

from gauge-fixing the superstring in Chapter 10.

2.6 The Virasoro algebra

So far, in this chapter, we have studied the local properties of two-dimensional field theories.
We now examine the spectrum of this theory. Spatial coordinates may be periodic, as for closed
strings; or have boundaries, as for open strings. For the periodic case, let

ol ~ ol +2or. (2.6.1)
Let the Euclidean time coordinate be
—00 < 0% < 00 (2.6.2)

so that these two dimensions form an infinite cylinder. Complex coordinates are again useful,
and there are two natural choices, one of which is

w=oc'+i0?, (2.6.3)
such that w ~ w + 27. The other is
z = exp(—iw) = exp(fz'o'1 + 02) (2.6.4)
I I
w1 |
I | Z
I I
I I
i b i
; ; @
I - I
I - I
I I
I I
I I
(@) o 2n (b)

Figure 2.3: Closed String Coordinates

In w coordinates, time corresponds to moving 02 = Imw. In z coordinates, time moves
radially, and the origin is the distant past. These coordinates are related through a conformal
transformation. For the canonical interpretation of the theory, w coordinates are natural, but z
coordinates are also quite useful, and most expressions are written in this frame of reference.
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For holomorphic or anti-holomorphic operators, we can perform a Laurent expansion

L . L
T..(2) = Z ZTTQ’ T3:(2) = Z 5mrj:2 (2.6.5)
The coefficients are called Virasoro generators. Given by contour integrals

dz

where C is any contour around the origin counterclockwise. At 02 = 0, the Laurent expansion
is an ordinary Fourier transform

oo
Tww(w) = — Z exp(imo’1 - mUQ)Tm (2.6.7a)
m=—o0
o ~
Tog(w) = — Z exp(—ima1 - mJQ)Tm (2.6.7b)
m=—o00
where ~
c - - ¢
T =L —=bmog; s Tu= L —0mog; - (2.6.8)

The additional offset in Ty comes from the non-tensor transformation (2.4.27)

c
Tow = (0wz)*Tss + T (2.6.9)
In the w = o' +i0? frame, the time-translation Hamiltonian is
2m 1 =
do
H = / —— To9 = Lo+ L(] - CQ—ZC . (2610)

Note the +2 in the Laurent expansion, which is canceled by the conformal transformation of T
in the Fourier transform. Similarly, the Laurent expansion of a holomorphic field with weight
h will contain h in the exponent. Cut open the path integral on a circle where time Imw =
In |z| is constant. The Virasoro generators become operators in the usual sense. Because of
holomorphicity, the integral (2.6.6) is independent of C, so in particular, it is invariant under time
translation. That is, they are conserved charges, charges associated with conformal invariance.

G e o (0

(@) (b)

Figure 2.4: Contours

An important fact: the OPE of currents determines the algebra of the corresponding charges.
Examine general charges @;,7 = 1,2, given as contour integrals of holomorphic currents

Qi{C}t= Ej@ (2.6.11)
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Examine the combination

Q1{C1}Q2{C2} — Q2{C2}Q1{C3} (2.6.12)

The contour is shown in Figure 2.4a.

1 C1 —Cs

(b) (¢)

Figure 2.5: Deforming Contours. By deforming Cs and C] is follows that C; — (3 is equivalent
to a contour around zs.

The order of factors is irrelevant because they are just integration variables in a path
integral (unless the two charges are anti-commuting. In that case there would be an extra sign
and all commutators would become anti-commutators). When we split the path integral for an
operator interpretation, the operator order is determined by time order, here ¢; > to > t3. The
path integral for the combination (2.6.12) corresponds to the matrix element

Q1Q2 — Q2Q1 = [Q1, Q] (2.6.13)

Now, for a given point zo on the contour Cs, we can deform the difference in contours C4, Cs,
as shown in Figure 2.4b, so the commutator is given by the residue of the OPE

dzo

(@1, Q2[{Ca} ch 5 Reszioz j1(21)j2(22) (2.6.14)

2

Proof. We start from (2.6.12) but change the indices of the charges to letters to avoid
confusion. It is the radial ordering of the contours that determines the ordering of the
corresponding operators, therefore Q,(C1)Qp(C2) — Q4 (C3)Qp(C2) object as operators on
the Hilbert space is same as QaQb — Qan = [Qa, Qb] as (' is the most outward contour,
i.e. the largest time, and C'5 is the most inward contour, i.e. the smallest time. Now we
also have

Qa(C1)Qp(C2) — Qp(C2)Qa(C3) = Q(C2)[Qa(C1) — Qa(C3)] = Qu(C2)Qa(Ch *( Cs) ;
2.6.15

by the contour deformation of fig. 2.5. But, on the one hand the transformation of an
operator is given by the commutation relation with the corresponding charge, 0Q = [@, 4]
and on the other hand we have from (2.3.11) that §A(z) = 5= § dw j(w)A(z) with j(2)
the conserved current. Using a transformation under (), on an operator @) for a point
on Cy and the definition of the charges (2.6.11) we get

0Qp{C2} = [Qu, Qu[{C2} = Qu(C2)Qu(C1 — C3)
d d
2 272;21}{0 » %ja(zl)jb(zz)

But the latter part just picks up the residue of the OPE j,(21)js(22) when z; — 2. Thus
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dz ) .
IQp{Ca2} = 272 Res., 2z, Ja(21)b(22) (2.6.16)
Cs T
and so we find
A A dzo . .
[Qa, Q) = omi Res;, 2, Ja(21)db(22) (2.6.17)
Co YIW)

Which is the relation that allows us to pass from OPEs to the commutation relations of
conserved charges. O

Contour discussion allows us to pass back and forth between OPEs and commutation re-
lations. Let us emphasize that for conserved currents, knowing the singularity in the OPE is
equivalent to knowing the corresponding charge commutator algebra. Replacing the conserved
charge Q2 {C2} with an arbitrary operator, the same discussion applies:

[Q, JZ{(ZQ, 22)] = Res;, -2 j(zl)le(Zg, 22) = %(542/(22, 22) (2.6.18)

This is exactly the familiar statement: charge () generates the corresponding transformation.
Similarly, for contour integrals of anti-holomorphic currents

dz

HCl=—¢ —j 2.6.19
Q{C} D omi ) ( )
Ward identity and contour discussion imply
~ L B 1 3
[Q, ,527(2’2, 52)] = Resz, -3, ](2’1),52{(2’2, 2’2) = ;5%(2’2, 22) (2.6.20)

Applied to the Virasoro algebra (2.6.6),

Resz, sz, z{”HT(zl)ngT(zz)

2 1
= Res Zmtl nl _© + —T(z0) + —0T(z
z21—22 ©1 2 22%2 Z%Q ( 2) 219 ( 2)

= %(83Z?+1)Z§+1 + 2(8,2;”+1)Z£1+1T(22) + Zgn+n+26T(22)
- %(mg —m)z5 T (m— )25 T (29) + total derivative (2.6.21)

where j,,(2) = 2™1T(2). Then the 25 contour integral on the right gives the Virasoro algebra:

(Lo, L] = (m — 1) L + % (m® = m) G —n (2.6.22)

L,, satisfies the same algebra with central charge ¢. Thus any CFT has infinitely many conserved
charges, 1.e., Virasoro generators. They act in Hilbert space and satisfy algebra (2.6.22). Focus
on a few simple properties first. Generally, dealing with eigenstates of Ly and Ly, generator L
satisfies

[Lo, Ln] = —nLy, (2.6.23)

If ) is an eigenstate of Ly with eigenvalue h, then

LOLn‘w> = Ly (Lo — TL) ) = (h —n)Ly[t) (2.6.24)

So Ly|¢) is an eigenstate with eigenvalue h — n. Generators with n < 0 raise the eigenvalue
of Ly, while n > 0 lowers it. Three generators Ly , L+q form a closed algebra without central
charge:

[Lo, L1] = —Ly, [Lo,L_1)=L_1, [Li1,L_1]=2Lg (2.6.25)
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This is the algebra SL(2,R), which differs from SU(2) by a sign. For a holomorphic tensor field
O with weight (h,0), the Laurent coefficients are

o0

Oz)= Y zﬂTﬁ (2.6.26)

m=—0oQ

From OPE (2.4.16) the commutator is obtained
[Lym, Op] = [(h —1)m — n]Opyi, - (2.6.27)

Again, n > 0 mode lowers Lg, n < 0 mode raises L.

Proof. Proof of (2.6.27): in (2.6.20) let j,,(2) = 2™TT(2) and j,(z) = 2"*"~1O(2), then
Resz, oz 21T (21) 251 O(22)
h 1
= Resz, 2, z{”“zé”rh_l (20(,22) + 8(’)(22))
“lz 12
(8zgn+1)zg+h710(22) + Z£n+n+hao(z2)

h
h(m + 1)28 1 =10(29) — (m 4 n + B)27 10 (29) + total derivative

Using (2.6.26), the first term becomes
h(m + 1251 0(25) ~ h(m + 1) Y 02y 17 ~ h(m + 1)Oprin
The second term becomes

@
—(m 4 n + )Pl Z qth ~—(m+n+h)Onin
2

Adding the two yields (2.6.27). O
For open strings, let
O0<Rew<wm < Imz>0 (2.6.28)
where z = —exp(—iw). The coordinate region is shown in Figure 2.6.
w
z
1 T
(@) o n (b)

Figure 2.6: Contours

At the boundary, energy-momentum satisfies

Tpn™? =0, (2.6.29)
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where n® and t® are the normal vector and tangential vector respectively. To see this, examine
a coordinate system where the boundary is a straight line. The appearance of the boundary
breaks the normal translation invariance, but not the tangential one, making the current T,;t®
still conserved. Then the boundary condition (2.6.29) is a statement that the current out of the
boundary is zero. In the current case, this becomes

Tww: WW Resz,ﬂ' -~ TZZZ 22,111’121:0. (2630)

It is convenient to use the "doubling trick". Define T, in the lower half z-plane as the value of
T:> at the image point 2/ = z in the upper half plane:

T.:(2) =Tz (7)), Imz<0. (2.6.31)

Equations of motion and boundary conditions are summarized as: T, is holomorphic throughout
the complex plane. Because the boundary condition couples T" and T, there is only one set of
Virasoro algebra:

1
L, =— (dz 2T, —dz 2T ) — j{dz 2T, (2)
2mi Jo
In the first line, the contour is a semicircle centered at the origin; in the second line, we use the
"doubling trick" to write L,, as a closed contour. Once again, these L,, satisfy the Virasoro
algebra

c
[Lims Ln] = (m — 1) Lipyn + 5

T (m?® —m) Gm,—n - (2.6.32)

2.7 Mode expansions

Free Scalar

In free field theory, the field decomposes into harmonic oscillators, and the spectrum and energy-
momentum tensor can be given in mode form. We start with closed strings. In the theory of
XH# 0X and 0X are anti-holomorphic. So there is a similar Laurent expansion:

— (2.7.1)
m=—o0

1/2 oo
o/)/ ah

OX"(z) = —¢<2

S (N
2. omri 8X“(Z)=—@<2)
Equivalently,

1/2
alt — <2,> j{;ii SMOXH(2) (2.7.22)

1/2 =
att = — <j,) 7{;'2 ZmOXH(z) . (2.7.2b)

™

The single-valuedness of X* implies off = &, furthermore, the Noether current of spacetime
translation is 10, X*/a/, so spacetime momentum

1/2 1/2
pt = ! (dz jt —dz ") = 2 : ah = 2 / ah (2.7.3)
27 Jo of 0 0 o

Integrating expression (2.7.1) gives

XH =\ .O/ ) 2 . o /2 o0 1 Qm dm 974
(Z,Z)—$ —ZEp H|Z’ +1 E m_z_:oca Zim—i_gim . ( )
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Whether starting from standard canonical commutators, or from contour discussions or the X X
OPE, one can give

o, ] = [ady,, Gp] = M, —nn" (2.7.5a)
[, p¥] = i, (2.7.5b)

Other commutators are zero. The spectrum starts from the state |0;k) with momentum k*,
which is annihilated by all n > 0 lowering modes o}, while other states in the spectrum are
given by the action of raising modes (n < 0) in all possible ways on |0; k).

We now wish to expand Virasoro generators in mode operator form. Substituting the Laurent
expansion of X* into the energy-momentum tensor (2.4.4) and collecting terms of a given order
in z, gives

Ly, ~ = b - (2.7.6)

"~" means neglecting the order of operators. When m # 0, the expansion (2.7.6) is well-defined
and correct—the mode operator in each term commutes so the sequence is not important. For
m = 0, place the lowering operators on the right and introduce a normal-ordering constant:

o0

_ a'p’ " X
Lo + Z (o aun) +a™ . (2.7.7)
n=1

4

We encountered the same problem in Section 1.3, where we dealt with it in a heuristic way.
Now there is a finite and explicit definition on the left, defined by Laurent coefficients in the
:: ordered energy-momentum tensor, so the normal-ordering constant is finite and calculable.
There are several ways to determine it, the simplest is using the Virasoro algebra,

2L0’0,0> == (LlL_l - L_lLl)’0;0> == 0, (278)

thus
a*=0. (2.7.9)

Here we have used the known forms of L1, L_1: each term either contains a lowering operator
or p*, thus annihilating |0;0). From the OPE, we determined the central charge of the Virasoro
algebra. It can also be directly derived from the mode operator expression of the Virasoro
algebra.

Introduce a new notation. Symbol : : represents creation-annihilation normal ordering: place
all lowering operators on the right of all creation operators. Note there is a negative sign
when exchanging anti-commuting operators. For this reason, we include p* among the lowering
operators and x* among the raising operators. In this notation, we can write

1
L,, = 3 Z sk o (2.7.10)

n=—0o0

We have now introduced two forms of normal ordering, namely conformal normal ordering : :
and creation-annihilation normal ordering : :. The advantage of the former is that the operators it
produces have simpler OPEs and conformal transformation properties; the latter may be more
familiar to readers, and it is more convenient for dealing with matrix elements of operators.
We now present the relationship between the two. Start by comparing time-ordered products
and creation-annihilation normal products. For the product X*(z,z)X"(2',Z') with |z| > |7/,
substitute in the mode expansion and move the lowering operator in X*(z, z) to the right:

XMz, 2)XV(2,2) = XM(2,2) X" (2, 7)) :
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/ e m >m
O | a2 L A
|l )t
m=1
/
=: X"z, 2) X" (2, 7): —%77“” In|z — 2/|? (2.7.11)

Since |z| > |2/|, the left side is time-ordered and the sum converges. Define the relationship
between the time-ordered product and the conformal normal product given by (2.1.22) (definition
(2.1.22) uses path integral language, so the products on the right are time-ordered under the
operator system). This is the same as (2.7.11), making

s XH(2,2) XV (7)) =0 XH(2,2) XV (¢, 7): (2.7.12)

This relationship does not hold in a general CF'T, and in fact, some combination of p* and lower-
ing operators gives a simpler result. This also does not hold for the w form of conformal normal
sequence of operators. From (2.7.12) the mode expansion (2.7.10) can be written immediately,
and the second derivation of a® = 0 is given.

The creation-annihilation normal product of more than two X* has the same combinatorial
factors as the :: ordering. That is, they are both obtained from time-ordered products by
summing over all contractions—Wick’s theorem in field theory. To convert the normal ordering
of an operator from one form to another, use the difference of two-point functions for contractions
and sum over them. That is, if we have two orderings,

[(XH(2,2) X (2,21 = [XH*(2,2) XV (2, 2)]2 + " Az, 2,2, 2) (2.7.13)
then for a general operator %

5 5 _
5XH(z, ) 5Xu(z’,z’)> 7l

1
[F]1 = exp (2 /sz 4?2 A(z,2,2',7) (2.7.14)

For a linear dilaton CFT, the Laurent expansion and commutator are invariant, while the
Virasoro generator contains an extra term

9 N 1/2
Ly =5 Z : a%—naun P+ (O;> (m + 1)Vuaﬂm : (2.7.15)

bc CFT

Fields b and ¢ have Laurent expansion

bz) = > % o)=Y Zmi% (2.7.16)

Precisely, if \ is an integer, they are just Laurent expansions. The half-integer case is also
interesting, and we will deal with it carefully in Chapter 10. The OPE gives the anti-commutator

{bms Cn} = O - (2.7.17)

First examine states annihilated by all n > 0 operators. The oscillator algebra of by and cgy
generates two such ground states |[|) and [1). They have properties

boll) =0, bol[t) =), (2.7.18a)
coll) =11, colt) =0, (2.7.18Db)
ball) = balt) = call) = enlt) =0, n>0. (2.7.18¢)
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Ordinary states are obtained by acting on these states with n < 0 modes, but due to anti-
commutation, they can act at most once. For some later reasons, it will be convenient to group
bp with lowering operators and ¢y with raising operators, so we pick ||) as the ghost vacuum |0).
In string theory we will have a holomorphic be theory and an anti-holomorphic bé theory. Each
has A = 2. And the closed string spectrum contains the product of two pairs of theories. The
Virasoro generators are

Lm = Z (MA —=n) : bpCmn * + 5m,0ag . (2.7.19)

n=—oo

The ordering constant can be determined like (2.7.8), which gives

2Lo|d) = (L1L—1 — L1 L1) )

= (boen)[(1 = Mb_reo]| 1) = A1 = ) - (2.7.20)
Thus a8 = ZA(1 — A) and
= A1 =N
L, = A—n):bpem—n i+ ———0mo - 2.7.21
The constant can also be obtained by solving for the relationship between :: and ::. For the
ghost number current (2.5.14), j = — :bc:, the charge is
1 2m
Nt = —— dw jy
2wt Jo
- 1
= (c-nbn — b_ncn) + cobo — 3 (2.7.22)
n=1
It satisfies
[N& by] = —bp, [N& cn] = cm s (2.7.23)

thus ¢ minus b number is excitation. The ground states have ghost number :l:%:

Ney =2l NE) =) (2.7.24)

This depends on the value of the ordering constant, but can be guessed: the average ghost
number of the ground state should be zero and the ghost number changes sign under b < c.

Open String

For open strings, Neumann boundary condition becomes 9, X* = 9z X* on the real axis. There
is only one set of modes, the boundary condition requires aly, = &4y, in the expansion (2.7.1). The
spacetime momentum integral (2.7.3) only integrates a semicircle, so the current normalization

1S

alh = (2a/)Y2pt . (2.7.25)
Then the expansion for X* is
d\Y? L ol
XH(z,2) = 2" —ia/p’In|z|* +1i <2> mz:oo ﬁm(zfm +z7™M). (2.7.26)
M0

Also
o
Loy=a'p’+> o, - aum. (2.7.27)
n=1
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Commutators as usual

[ah ar] = mopy, —yn"", [z#, p”] = in"" . (2.7.28)

For bc theory, the boundary conditions related to strings are
c(z)=2é2), bz)=bz, Imz=0, (2.7.29)

which is the z coordinate form where the boundary is on the real axis. Then we can use the
doubling trick to write the holomorphic and anti-holomorphic fields in the upper half plane in
the form of holomorphic fields in the entire plane

c(z) =), bz)=bZ), Im(z)<0,2 ==%. (2.7.30)

So for open strings, each b and ¢ has a set of Laurent expansions.

2.8 Vertex operators

In quantum field theory, on one hand, there is the state space of the theory; on the other
hand, there is the set of local operators. In conformal field theory, there is a simple and useful
isomorphism between them when quantizing the CFT on a circle. Examine the semi-infinite
cylinder in w-coordinates,

0<Rew<2wr, w~w+2r, Imw<O0, (2.8.1)

under z = exp(—iw), this semi-infinite cylinder is mapped to a unit disk. As shown in Figure
2.7.

-----

(a) (b)

Figure 2.7: (a) Semi-infinite cylinder in w-coordinates, with initial state |./) and charge Q. (b)
Conformal equivalent unit disk, with local operator &/ and contour integral of Q).

For free field theory, it is easy to get the detailed form of this isomorphism. Suppose there is
a conserved charge @) acting on state |.2/) as in Figure 2.7(a). By using the OPE to calculate the
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contour integral in Figure 2.7(b), the corresponding local operator can be found. Corresponding
to the identity operator, we equate the state |1). When there is no operator at the origin, 9 X*
and X* are holomorphic and anti-holomorphic inside the contour of @ in Figure 2.7(b). Define
the contour integral (2.7.2) of a4, and a4y, for m > 0 to have no pole, thus yielding zero. |1) is
annihilated by these modes, indicating it is the ground state,

1) =10;0), (2.8.2)

now examine, for example, the state o/ |1) for positive m. Transitioning to Figure 2.7(b),
Q = o, the field is holomorphic within the contour, thus for m > 1 we get

2\'? [dz 2\2
v [~ He_—m o < m oy
ol = (o/) 5 * 0XH(z) — (o/) (m = 1)!8 X*(0) (2.8.3)
SO
1 ~ 2 2 i m Yy U
al 1) = ; m@ XH0), m>1. (2.8.4)
Similarly
i (2 1/2 i —_—
When o, or &,

act on general state |o), this correspondence still holds. If :47(0,0): is
any normal-ordered operator, there may be singularities in the operator product of 9X*(z) and
:27(0,0):, but it is not hard to verify for m > 0

ot e7(0,0):=:at, 27(0,0): . (2.8.6)

This is because the contour integral for this contraction will not have a simple singularity, then
the same operation (2.8.3) can be performed within the normal ordering, thus states with several
« oscillator excitations appear as normal products : : of corresponding operators

2\'* 1
| — — "X > 8.
am—m(a,) (m—l)!a XH0), m>1, (2.8.7a)
aN2 1
s A— — " XH > 8.
a_m—m(a,) (m—l)!a X*0), m=>1, (2.8.7b)
similarly
zl — X"(0,0) . (2.8.8)

Any operator can be obtained by acting with operators on the left of (2.8.7) and (2.8.8) on |1).
The operator corresponding to that state is given by the normal product : : of the corresponding
local operator on the right. For example,

|0; k) = :eFX(00), (2.8.9)

This is easy to understand: under the translation X# — X*#+4a*, the state and the corresponding
operator have the same translation, both being multiplied by e

One can show that
am |0; k) =0 Vm > 0.

and

P|0;k) = k|0 k)
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Proof. By direct calculation:

i [0 k) = i \f 75 e maX(z):i(i:!)nX”
_ \f%m m< ika: ‘ZXHL...) (using (2.3))
= \/gk Res [zm: eZZX 1]

=0 VYm > 0.

~

To show latter we utilize [P, eihX | = keeihX ;

Pl0; k) = Pe*X |0;0) = %X P |0;0) + ket X |0;0)
= k|0; k)

The same method applies to bc theory. For clarity, we specify the case A = 2. This is of
interest to bosonic string theory. From Laurent expansion and contour discussion gives

b|1) =0, m>—1,  ¢n1)=0, m>2. (2.8.10)

Note the shifts in the Laurent expansion exponents, which come from the conformal weights of
b and c. The identity operator is no longer mapped onto the ground state. Instead, relationship
(2.8.11) is determined

1) =b_1]d). (2.8.11)
The translation of raising operators is straightforward,
1 m—2
1
m—+1

Note that the state b_1])) with ghost number —% is mapped onto the identity operator with
ghost number 0, while the state ||) with ghost number —% is mapped onto the operator ¢ with
ghost number 1. This difference comes from the non-tensor property (2.5.17) of the ghost number

current,
. . Pw
D:w)ju(w) = jx(2) + do 57— = jx(2) - KU (2.8.13)

z

where qop = A — % = 5. The expression for the cylindrical reference frame (2.7.22) typically
defines the ghost number of states, and the contour discussion in Figure 2.7 relates the ghost
number of vertex operators with the polar coordinate system charge

Q& = dzj, = N&+qp. (2.8.14)

2i
This also applies to other charges: for tensor currents, the charge of the state and the corre-
sponding operator are equal.

Most of the above discussion can be extended to 8 theory, but there are some difficulties
under superstring.

All concepts in this section can be extended to open strings. Half-infinite band

0<Rew<m, Imw<O0, (2.8.15)
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is mapped to a semi-disk under z = — exp(—iw), i.e., the overlap region of the upper half plane
and the unit circle. Initial state is again mapped to the origin, which is on the boundary, so
there is an isomorphism

local operator on the boundary < state on the boundary . (2.8.16)

Details same as above. Doubling trick is useful in contour discussion.

Path Integral Derivation

Examine a disk in the z-plane, with local operator <7 at the origin, the field to be path integrated
is ¢, this field takes fixed boundary value ¢y, on the unit circle. Path integrating over the internal
field ¢; while keeping ¢y, constant gives the functional W, [¢y],

/] = / [di] gy exp(—S[6]) (0) (28.17)

The functional of fields is the Schrodinger representation of states, so this is the mapping from
operators to states. The Schrodinger representation assigns a complex amplitude to each field
configuration, with many uses.

Alternatively, starting from some state ¥[¢p]. Examine path integration in the annular
region 1 > |z| > r, where the field ¢}, on the outer circle is kept fixed, and path integrated over
¢}, along the inner circle as follows:

[d611,611464) exp(=S[o) r o Fow(eh (2.8.18)

that is, this integration is performed under weight r~20=LoWw[¢!]. Now, path integration over
the disk exactly corresponds to the propagation from |z| = r to |z| = 1, which is equivalent to
acting with the operator r*#0+Lo_ This cancels out the operator acting on ®, so (2.8.18) is once
again U[¢p]. Now take the limit » — 0. The annulus becomes a disk, and the limit of path
integration over the inner circle can be considered as defining some local operator at the origin.
According to this construction, path integration over the disk and this operator reproduce ¥[¢y)]
on the boundary.

We use a free scalar field X as an example. Expanded on the unit circle

o
Xp(0) = ) Xpe™, Xp=X_,. (2.8.19)

n=—oo

The boundary state W[X}] can be thought of as a function of all X,,. First identify the state
corresponding to the identity operator, which is given by path integration without inserting any
operators

Uy [Xp] = / [dXi]x, exp (—2730/ / d?z axax) : (2.8.20)

Calculate it using the usual Gaussian method. Decompose X; into classical part and fluctuation

Xi=Xa+ X/, (2.8.21a)
o

Xa(z,2) =X+ > _ (z"Xn +2"X ) . (2.8.21b)
n=1

Under this definition, X satisfies the equations of motion, X/ is zero on the boundary. Then
the path integral becomes

U [X] = exp(—Sd)/[dX{]Xb:o exp (— /dzz aX’aX/> , (2.8.22)

2ma/
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where

Pl lzn—l

Cl

2ral —— Z‘<1

1 oo
— > mXpX (2.8.23)
o —=

The integral over X/ is a constant independent of boundary conditions, so

1 o0
U [Xp] x exp <_o/ Z meX_m> . (2.8.24)

m=1

This is Gaussian type, actually the ground state. To see this, write raising and lowering operators
in Schrédinger basis,

=" x (X "o (2.8.252)
T (a2 2 0X,’ o
. 1/2
~ n [« 0
Ay = —WXn —1 <2> aX_n N (2825b)

which comes from the Laurent expansion at |z| = 1 and the mode algebra. Applying them on
(2.8.24), we find
W1 [Xp] = G W1 [Xp] =0, n>0, (2.8.26)

so this is indeed the ground state. Therefore
[1) o< |0;0) . (2.8.27)

We do not track the total normalization factor of the path integral, but define |1) = |0;0).
Another simple calculation is the state corresponding to 9¥X; this is just adding a factor
0¥ X,(0) = k! X}, to existing result, so

1/2
05 X) = kIXp 0y = —i @) (k — 1)la_4|0;0), (2.8.28)

similar for 9*X. This can be generalized to all products of derivatives and exponentials of X.
Conformal normal ordering only cancels out effect of X! path integral.

2.9 More on states and operators

OPE

In this section we make some other applications of the state-operator correspondence. The first
is a general extension of the OPE, as shown in Figure 2.8. Examine product

(2, 2)e(0,0) , (2.9.1)

where |z| < 1. We can split the path integral into integration over field ¢; inside unit circle, field
¢p, on unit circle, field ¢, outside unit circle. As discussed at the end of last section, integration
over ¢; yields some functional of ¢y, denoted as W;; . z[¢p]. Via state-operator correspondence,
this is equivalent to gluing disk together with appropriate operator <. To turn it into standard
form expanded with complete set of Lo, Lo eigenstates

jj oz = Z Shw—hi=h; shx—hi=h; ckwssz , (2.9.2)
k
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‘oH(z,Z)
*¥(0,0)

(@) (b)

-,

ij, £z

(c)

Figure 2.8: (a) Worldsheet with two local operators. (b) Integrating over fields inside the disk
gives boundary state [1);;.z). (c) Cutout inside a disk with corresponding local operators.
Expanding to operators with definite weights gives OPE.

where z dependence and z dependence are determined by conformal weights like (2.4.21). Con-
vergence of OPE is exactly convergence of a complete set in quantum mechanics. As long as
there is no other operator in |2’| < |z|, this construction is possible. Allowing us to cut out circle
of radius |z| + €. For three operators

4(0,0).9(1,1).A(2, Z) | (2.9.3)

convergence region |z| < 1 of z — 0 OPE overlaps with convergence region |1 — z| < 1 of
z — 1 OPE. Then coefficient of <7 in triple product can be written as summation including
clikcmlj or summation including ¢ jkC€™i. Associativity requires these sums to be equal. Graphic
representation see Figure 2.9.

Virasoro Algebra and Highest Weight States

Now apply discussion in Figure 2.7 to Virasoro generators:

T

~ [, - /(0,0). (2.9.4)

Ly | o) = 7{ % 2T (2).27(0,0)

Here we entered new notation and concept. Given state-operator isomorphism, each operator
acting on Hilbert space has an image acting on local operator space. In other words, formed
corresponding contour around operator and calculated corresponding local operator using OPE.
Corresponding to L., mapping states to states is L., mapping local operators to local operators.
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P3¢ f = 3 !
- !
k j

Figure 2.9: Graphical representation of OPE associativity

Generally there will be local operators at different positions z;, and each position will have a
different version of Virasoro algebra. These different versions are obtained by Laurent expansion
centered at operator position. A standard basis for generators will also exist in some geometries.
For example for cylinder then expansion centered at z = 0. "-" acts as a reminder: what we
discuss is Laurent expansion coefficient around specific operator.

In this notation, T« OPE is

T(2)7(0,0) = i 2™ 2L, - 27(0,0) . (2.9.5)

m=—0o0

To relate to earlier notation (2.4.11), for n > 0, /™) = L,,_; - &, conformal transformation of
o is
oo

6 (5,7) = —€ Y % [0 0() Lo+ @"0(2))" Bt | - #(2.2). (2.9.6)
n=0

Using general form of T'.«7 OPE (2.4.14), we have very useful results

Ly o =0, L_i -of =0, (2.9.7a)
Lo-o =het, Ly-o =hs . (2.9.7b)

OPE (2.9.5) implies state corresponding to primary field © with weight (h, h) satisfies

Lo|O) = h|0),  Lo|O) = h|O), (2.9.8a)
Lin|O) = Ly|O) =0, m>0. (2.9.8b)

Such state is called highest weight state: by repeatedly acting with lowering operators on arbi-
trary state, we eventually obtain state annihilated by further lowering operators, called highest
weight state.
An interesting special case is identity operator, operator product T'1 is non-singular, so in
arbitrary CF'T get
L|1) = Ly]1) =0, m>-1. (2.9.9)

As marked in 2.4, operators Lo and L4, form closed algebra, so do I~/0 and f/il. Entire algebra
is

SL(2,R) x SL(2,R) = SL(2,C) . (2.9.10)

Therefore |1) is also called SL(2, C)-invariant state. It is the only such state, because (2.9.7)
implies any operator . corresponding to SL(2, C)-invariant state is independent of position, so
must be c-number, as explained after (2.4.25).
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Unitary CFT

Highest weight states play important role in string theory and representation theory of Virasoro
algebra. Now we derive several important results generally valid in unitary CFT. Unitary CFT
has positive definite inner product, making

Ll =L, L =L,. (2.9.11)

Recall: inner product via (a|AB) = (Afa|B) defined adjoint. For example X* CFT for spacelike
4 is unitary. If we take inner product of ground states as

(0; k|0; K'Y = 275(k — k') (2.9.12)

and define
A = a,, . (2.9.13)

T
oy, = O,  Q,,

This implicitly defines inner product of all higher states. This CFT for X* = 0 is not unitary,
because there is negative sign in commutation relation there.

First constraint in unitary CFT is any state must have h, h > 0. If this holds for highest
weight states, then it holds for all states. For highest weight states, Virasoro algebra gives

2h0(0|0) = 2(0O|Lo|O) = (O|[L1, L_1]|O) = ||L_1|O)|*> > 0, (2.9.14)
so ho > 0. If ho = ho = 0, then
L1 O0O=L,-0=0, (2.9.15)

thus O is independent of position. As previously marked, O must be c-number, i.e., in unitary
CFT identity operator is unique (0,0) operator. Surprisingly, X* is unique exception: corre-
sponding state x#|0;0) is non-normalizable due to infinite range of X*, and equation (2.9.14)
no longer holds. For CFT corresponding to compact dimension, general theorem is most useful,
such exceptions cannot occur.

In same way, in unitary CFT, if and only if A = 0, operator is holomorphic, and if and only
if h = 0, operator is anti-holomorphic; this is an important result, repeated as follows:

0 =0 h=0, 04 =0=h=0. (2.9.16)

Finally, using previous discussion and commutator [L,, L_,] it can be proven that in unitary
CFT ¢,¢é > 0. Actually, unique unitary CEFT with ¢ = 0 is trivial: L, = 0.

Zero-point energy

State-operator mapping gives another simple derivation of different normal-ordering constants.
In any CFT, we know Lg|1) = 0, and this determines another normalization of Ly. In X CFT,
|1) = 0 is ground state, so a® = 0. In bc theory, |1) = 0 is excited state b_1|l), so to be
consistent with earlier A = 2 result (2.7.1), weight of |]) is —1.

This also provides physical interpretation of central charge. In unitary CFT, ground state
is |1) with Lo = Lo = 0. Conformal transformation (2.6.10) between radial generator and time
translation generator implies for ground state

c+c

24
This is Casimir energy, arising from finite scale of system, and dependent on central charge.
Based on dimensional analysis, this energy is inversely proportional to size £ of system, here 27,
so general result is

E=— (2.9.17)

g _rlete)
12¢

We now have three ways to calculate normal-ordering constants:

(2.9.18)
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1. Like in (2.7.8), starting from Virasoro algebra,;
2. Like in (2.7.11), relating two forms of normal ordering;
3. Starting from previous state-operator mapping.
However method of adding up zero-point energy is intuitive, so we give another description:

1. For each boson mode, zero-point energy is %w; for each fermion mode, zero-point energy
is —%w. Add up energy.

2. Encountering divergent sum of form > >, (n — ), where 6 comes from non-trivial period-
icity conditions, define it as

S (- 0) = i _ %( 6—1)2. (2.9.19)
n=1

This value can be obtained, as in (1.3.32), by regularizing and discarding the quadratically
divergent part.

3. The normal ordering constant for the generator T in the w frame was provided earlier,

where Tp is defined by (2.6.8). For Ly, we must add the non-tensor correction ic.

For the free bosonic field, the modes are integer-valued; thus, after step 2, for § = 0, we obtain
half of the sum, which is —i. This is exactly canceled by the correction in step 3, giving X = 0.

For the ghost fields, we similarly obtain % — % =—1.



Chapter 3

The Polyakov path integral

We now undertake a systematic study of string theory using the Polyakov path integral and
conformal field theory. After introducing the path integral picture, we discuss gauge fixing, the
Weyl anomaly, and vertex operators. Subsequently, we will generalize string theory to curved
spacetime.

3.1 Sums over world-sheets

The Feynman path integral is one way to represent quantum theory, and it is a very natural
method for describing string interactions. In path integral quantization, amplitudes are obtained
by summing over all possible histories between initial and final states. Each history is assigned

a weight
exp(iSc/h) , (3.1.1)

where S is the classical action for the given history. Thus, summing over all worldsheets
connecting given initial and final curves defines the amplitude in string theory. Figure 3.1a
refers to open strings, and Figure 3.1b to closed strings. A similar sum for a relativistic point
particle yields the free pronagator.

(a) (b)

Figure 3.1: (a) Open string worldsheet with the topology of a long strip. The bold curves are the
worldlines of the string endpoints. (b) Closed string worldsheet with the topology of a cylinder.

One can imagine several ways for strings to interact. One is a contact interaction, the
energy when two strings intersect; another is through long-range forces via some quantum field.

o8
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However, interactions added manually to string theory cannot be consistent with symmetry; we
will see the reasons for this later. Conversely, the only allowed interaction is already implicit in
the sum over worldsheets. For example, consider the worldsheets shown in Figure 3.2. Figure
3.2a looks like a quantum correction to the open string amplitude in Figure 3.1a. This correction
includes an intermediate state with two open strings. Figure 3.2b has three external closed
strings, representing a string decaying into two. From this, we see that this is a correct way to
introduce interactions in strings. We will see that these interactions produce consistent theories
containing gravity that are finite and unitary.

Figure 3.2: (a) Quantum correction to the open string propagator. (b) A closed string decaying
into two. Dashed lines represent time slices.

It is interesting to examine the process of Figure 3.2b at several consecutive moments, as
shown in Figure 3.3. In closed string theory, all particles are obtained as different vibrational
states of the string. All interactions (gauge, gravitational, Yukawa) originate from the single
process in Figure 3.3. For theories with open strings, there are several additional possible
processes, as shown in Figure 3.4. At a given moment, the processes in Figures 3.3 and 3.4
occur at definite spacetime points, but this is an illusion. A different slicing places the apparent
interaction at different points; there are no distinguishable points in spacetime. Interactions
originate only from the global topology of the worldsheet, while the local properties of the
worldsheet are the same as in the free case. As discussed in the introduction, this "smeared out"
interaction cuts off short-distance divergences in gravity.

In fact, there are several different string theories, depending on the topologies introduced
in the sum over worldsheets. Note that the worldsheets we have drawn have two types of
boundaries: source boundaries corresponding to the initial and final string configurations, and
endpoint boundaries corresponding to the worldlines of the open string ends. For now, ignore the
source boundaries; we will discuss source details later in this chapter. Therefore, in subsequent
discussions, "boundary" refers to the endpoint boundary. Thus, there are 4 ways to define the
sum over worldsheets, corresponding to the 4 free string theories listed at the end of Section 1.4:

1. Closed oriented: all oriented worldsheets without boundaries;

2. Closed unoriented: all worldsheets without boundaries;

w

. Closed plus open oriented: all oriented worldsheets with any number of boundaries;

e

. Closed plus open unoriented: all worldsheets with any number of boundaries;
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> >
=< >
. D

Figure 3.3: Several consecutive slices of Figure 3.2b. Arrows indicate the orientation of the
string.

/,?'——"__%_.

!

(a)

(b)

)}

s e
S - <
> = <O

Figure 3.4: Processes involving open strings: (a) open string <+ open string + open string; (b)
closed string <+ open string; (c) open string + open string <> open string + open string; (d)
open string <+ open string + closed string.

There are two things to elaborate on here. One is the connection between the inclusion of
unoriented worldsheets and the {2 = +1 projection described in Section 1.4. Figure 3.5 shows two
worldsheets counted in the open unoriented theory. The worldsheet in Figure 3.5b is equivalent
to cutting Figure 3.5a along the dashed line. We parameterize it with 0 < ¢ < 7 and require
the fields at the cut to satisfy

Xgpper (U) = XM

lower

(m—o). (3.1.2)

This in turn is equivalent to acting with the operator §2 on the open string states. Summing these
two surfaces with appropriate weights is equivalent to inserting the operator %(1 + Q), which
projects onto 2 = +1 states. In the sum over all oriented and unoriented surfaces, inserting
projection operators on all intermediate states reduces the spectrum to the Q = +1 part.
Second, the list above does not include a theory with only open strings. Let’s explain in detail
why this is the case. Consider a worldsheet with the topology of an annulus, as shown in Figure
3.6a. For convenience, we have only drawn the vacuum amplitude, but the same discussion
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(@) ‘ (b) @

Figure 3.5: Oriented (a) and unoriented (b) contributions to the 2-open-string amplitude.

(a) . (b)

Figure 3.6: (a) Annulus: the intermediate state consists of two open strings. (b) Cylinder with
the same topology: the intermediate state is a single closed string.

applies to scattering amplitudes by connecting appropriate sources. As can be seen from the
dashed lines, this is a process with two open strings in the intermediate state. Thus, worldsheets
of this topology must appear in any theory with open strings. In Figure 3.6b, we draw the same
topology as a cylinder and cut it at an intermediate state of a single closed string. Therefore,
even if we start only with open strings, the sum over worldsheets will inevitably introduce such
processes—the scattering of open strings produces closed strings. As we study the divergence of
amplitudes, we will see in detail how this works.

The necessity of closed strings in open string theory can be seen from another perspective.
Consider the interactions in Figure 3.4a and b, but time-reversed: two open strings merge into
one, and an open string becomes closed. Joining them at the interaction point is the same;
merging two ends allows the first interaction but not the second. This would require attaching
some non-local constraints to the dynamics of the string, which would prove to be inconsistent.
The same discussion applies to Figures 3.4c¢ and d, where the interaction is the local reconnection
of a pair of strings; thus, if any open string interaction is allowed, the same process producing
a closed string from open strings is also allowed.

3.2 The Polyakov path integral

We now begin to study the sum over worldsheets, expressed as a functional integral in the
Polyakov formalism. There is a difference here from Chapter 1: the Minkowski metric g is
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replaced by the Euclidean metric g, (o', 0?) with signature (4, +). The integral is taken over
all Euclidean metrics and the embedding X* (o', 02) of the worldsheet in Minkowski spacetime:

/[dng] exp(—9). (3.2.1)
The Euclidean action is
S=5x+Ax, (3.2.2)
where
1 2 1/2 ab
Sy = i /Md o g'/%g 0a X" O X, , (3.2.3a)
1 1
Y = / A0 g'?R + / dsk. (3.2.3b)
4 M 2T OM

Here ds is the proper time along the boundary, and k is the geodesic curvature of the boundary
k= £tV tb.

Remark. t% is a unit vector tangent to the boundary, and n® is a unit vector pointing outward
and perpendicular to t*; the + sign corresponds to a timelike boundary, and — to a spacelike
boundary. Here the boundary is always spacelike.

7~

Proof. We wish to show that the Euler term

1 1
=— | & — dsk 2.4
=10 | Povir+g [ ds (324

with k£ the geodesic curvature given by

k = £t%n, Vot (3.2.5)

is invariant under a Weyl rescaling. From (1.2.32) we know that under a Weyl rescaling

gy = e2w(a) Jgap the Riemann curvature transforms, in Euclidean spacetime, as

VR = /g(R-2V%w) = \/g(R — 2V*d,w) (3.2.6)
We have used the fact that w is a scalar so the V,w = 9,w. We also know how a connection
transforms under a Weyl rescaling

I8 =T% + g°UgedOhw + GoaOcw — GoeOaw) (3.27)
- Fgc —+ 6g6bw + 6gacw - Vadp)’bcadw o

The tangent and normal vectors t* and n® are normalised, g.t?” = F1 (with the minus
sign for timelike boundaries and the plus sign for spacelike boundaries). Therefore

F1 = gyt 1t? = 24" (3.2.8)

and similarly for n®. This can be satisfied if

t"=e“t* and n'*=e “n® (3.2.9)
From this we find that

1 b

' = goyn” = e*yapen’ = e“n, (3.2.10)

The term with the geodesic curvature then becomes
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K = %,V ot = £t/%4(9at" + T8 )
= te “t%“ny [&L(e_wtb) + (T8, + 620w + 620w — 7bd'yacadw)e_“’tc]
(3.2.11)
= +t"he ¥ (—aawtb + 9, + cmtc + O,wt? + (5280wtc = ’ybd’yacadwtc)
=e “kTF t”bfybd'yacadwtc) =e “(kF t"anbabw)

where we have used that the tangent and normal vectors are orthonormal t*n, = 0. Now,
if t*t, = —1 then we are to chose the upper sign, which is minus and so the second term
in the brackets gets a plus sign. If t%¢, = +1 we need to take the lower sign and we once
again find a plus sign for the second term. Thus

K =e “(k+n*Ouw) (3.2.12)
It remains to work out the transformation of ds. We have
ds'? = gbyda®dab = e*da®da® = *ds* (3.2.13)
and thus
ds' = e“ds (3.2.14)

Bringing everything together we have

1/ 1

!/ 2 1 D! 110
X = — d“o gR—i—/ ds'k
A Ju \/> 27 Jom

T
1 1

= /M d?a\/g(R — 2V?w) + o /BM e“dse™™ (k + nOquw)
1 1 1

- d2 - dsk I d2 a 3 / d a B
47T/M U\/§R+27T/8MS +27r{ /M 0/gV*Oqw + . sn w}

=X
(3.2.15)
where the term between brackets vanishes due to Stokes’ theorem

/d%\/gv%a:/ dsnv, (3.2.16)
M oM
O

The advantage of the Euclidean path integral is that the integral over the metric is better
defined. The topologically non-trivial worldsheets we describe can have non-singular Euclidean
metrics, whereas Minkowski metrics cannot. We will take the Euclidean theory (3.2.1) as the
starting point. We will show how to give it a precise definition and that it defines a consistent
spacetime theory. However, we will give a brief formal discussion that it is equivalent to our
starting point Minkowski theory.

We start with the point particle example, where the path integral

/ [dX] exp [iSng] = / [dn dX] exp [; / dr (77—1)'(#)'(# —an)] (3.2.17)

is oscillatory.
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Both Nambu-Goto and Polyakov action have gauge redundancy, therefore to show that
the partition function are equivalent we define the Euclidean action for a free relativistic
particle of mass m propagating in a D-dimensional flat spacetime using the auxiliary

einbein formalism:
SIX ]—/ld I (3.2.18)
€| = ; T 2e(r) 267m 2.

where:
e 7 € [0,1] is the arbitrary parameter along the worldline.

e XH(T) are the target-space coordinates.

o X2 = 5,“,%% is the squared worldline velocity.

e ¢(7) is the einbein (the 1D independent metric component, intrinsically local).

The path integral requires integrating over all field configurations.

Z = /D:EDpDe exp (—/dT (pu;t“ — §p2 _ ;m2>> .

Often the partition function is given as integral over z and e, therefore the integral over
p sets the integration measure for e in the following manner.

N
. e . e;
DeDp exp{/dT [—p#X“ + §(p2 + m2)] } = DeH/dpi exp (—p/”-XZH + ;(pf + m2))
g=ll

We will keep the factor of AV implicit and keep absorbing all the constants in the nor-
malization until at the end. The factor of 6;1/ 2 coming from path integral over momenta
is absorbed into De as integration measure. The total partition function evaluating the
auxiliary field is:

Z | X]| = /De exp (—S[X, €]) (3.2.19)
To perform the exact functional integration, we must regularize the continuous integral
by discretizing the worldline 7 into N intervals, each of uniform width € = dr = 1/N.

The fields are evaluated at discrete slices i: [dr — SN €, e(1) — ¢; and X (1) — X;.
The continuum action S and measure De become discrete limits:

No/xr o1,
SN=) € 7. T 26m (3.2.20)

=1
N
Dey = [T e 2de; 3.2.21
1
=1

Upon Substituting the discrete forms back into the partition function, the exponential
factorizes into a product of independent, 1D integrals evaluated at each slice:

N .
* de; eX?  em?e;
Zen[X] = H [ v <— 26? - )] (3.2.22)

i=1
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We evaluate the integral enclosed in the square brackets using the exact mathematical
identity for the modified Bessel function of the second kind:

e A m
~1/2 . _ w _
/0 x exp < . Bx) dx 3 oXP ( 2V AB> (3.2.23)

-2
eX;

2
€Em
- and B = ==

For a single local slice i, we define the constants A =
We evaluate the exponent for the slice:

eX? em? | e2m2X? [y

We evaluate the prefactor for the slice:

\/g _ \/;72 (3.2.25)

Substitute the evaluated local terms back into the global discrete product:

Z. n[X] = ﬁ [ 6% - (—me\/;)] (3.2.26)

i=1

Separate the prefactors from the exponential sum:

N N
Zon[X] = (H \ /j&) s (—mZE\/;) (3.2.27)

The infinite product of prefactors evaluates to an overall, field-independent normalization
constant Ny. Taking the continuum limit as N — oo and € — dr, the discrete sum over
slices perfectly restores the continuous Riemann integral over the worldline:

1
lim Z, n[X] =N exp <—m/ drV X2> (3.2.28)
N—oo 0
By strictly preserving the locality of the functional measure and performing the integra-

tion slice-by-slice, the auxiliary path integral analytically collapses into the square-root
geometric action Sgeo = m [ dTV X2

The path integral over n, X* is a product of ordinary integrals, so we can deform the contour
just like an ordinary integral. If we take
n(r) = e On(r), X°r)—e X7, (3.2.29)

for an infinitesimal 0, all terms in the exponent are required to have a negative real part for

convergence. Now we can rotate the contour in the field space n = —ie, X = —i X and the
integral becomes
D
1 s
/[de dX]exp [—2 /dT (e_l Z XHX, + em2>] . (3.2.30)
pn=1

This is the Euclidean point particle analog of the path integral (3.2.1). We have merely performed
a contour rotation, so the Euclidean path integral gives the same amplitude as the Minkowski
one.



CHAPTER 3. THE POLYAKOV PATH INTEGRAL 66

If we write the metric in the tetrad form v, = —ele)) + ele} and perform the same rotation
on € the same treatment applies to the Polyakov action. This provides a formal proof of the
equivalence of the Minkowski and Euclidean path integrals. Explicit calculations show they yield
the same amplitude in the light-cone and conformal gauges. In (3.2.3a), we left the rotation of
XY to emphasize the Minkowski character of spacetime. Written in terms of X°, the equations
of motion and OPE are covariant with metric n*.

We note that in two dimensions, x is locally a total derivative, thus it depends on the
topology of the worldsheet—it is the Euler characteristic of the worldsheet. Hence, the e=*X
factor in the path integral only affects the relative weights of different topologies in the sum
over worldsheets. If we add an extra strip to the worldsheet, as we did from Figure 3.1a to
Figure 3.2a, the Euler characteristic decreases by 1, and the path integral is assigned an extra
weight e*. Since adding a strip corresponds to emitting and reabsorbing a virtual open string,
the amplitude for emitting an open string from any process is proportional to e*2. Adding a
handle to any worldsheet reduces the Euler characteristic by 2, thus increasing the factor by e?*.
Since this corresponds to emitting and reabsorbing a closed string, the amplitude for emitting
a closed string is proportional to e*. The Euler term in the action thus controls the coupling
constants in string theory, where

G2~ ge ~ e, (3.2.31)

Incidentally, A can be viewed as a free parameter in the theory, which contradicts the statement
in the introduction that string theory has no such parameters. This is a key point, and we will
address it in Section 3.7.

On the other hand, the counting of couplings extends in a simple way to worldsheets with
string sources. Sources for closed strings are closed loops, and sources for open strings are line
segments with boundaries. For convenience, we will require the open string source boundaries
to be at right angles with the endpoint boundaries in the worldsheet metric. We must be careful
because the boundary curvature diverges at corners: the Euler characteristic is

21
X=X+ L (3.2.32)
where y only includes integrals over smooth boundary parts. n. is the number of corners. The
correct weight for the path integral is

exp(—Ax) = exp(—Ax + Anc/4) . (3.2.33)

This stems from unitarity: if we cut the worldsheet, the A\ dependence must be invariant. This is
indeed the case for weight (3.2.33), because the area integral in x cancels at the edges. Adding
a closed string source is equivalent to cutting a hole in the worldsheet and reducing yx by 1.
Adding an open string source leaves y unchanged but increases n. by 2. Thus, we obtain the
same amplitudes for emitting closed or open strings as in (3.2.31).

3.3 Gauge fixing

The path integral (3.2.1) is not entirely correct, as it contains a massive overcounting. This is
because configurations (X, g) and (X', ¢') related by diff x Weyl symmetry represent the same
physical configuration. In fact, we need to divide by the volume of the local symmetry group,

/[dng]exp(—S) =7. (3.3.1)
Vaiff x Weyl

We will achieve this through gauge fixing, integrating over a slice that passes through each gauge
equivalence class once, and obtaining the correct measure on the slice using the Faddeev-Popov
method.
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In Chapter 1, we applied the light-cone gauge. While useful for some purposes, this hides
certain symmetries of the theory, so we now make a different choice. Note that the metric
is symmetric with three independent components, and there are three gauge functions: two
coordinates and the local scaling of the metric. Thus, there are exactly enough gauge degrees of
freedom to eliminate the integral over the metric, fixing it to a specific functional form, which
we call the fiducial metric

9ab(0) = Gap(0) - (3.3.2)

A simple choice is the flat metric or unit gauge metric
gab(o-) = 5ab . (333)

Sometimes it is desirable to consider the effects of the diff group separately. We can turn any
metric into a Weyl transformation of the unit form. This is the conformal gauge

Jab(0) = exp[2w(0)]dab - (3.3.4)

Thus, any metric can be turned into a flat form, at least locally. First, perform a Weyl
transformation to make the Ricci scalar zero. The Weyl transformation of the Ricci scalar is

g'’R = g'? (R - 2Vw) . (3.3.5)

Setting R’ = 0 requires solving 2V%w = R. This is always possible, similar to discussions in
electrostatics. In two dimensions, a zero Ricci scalar implies a zero Riemann tensor, because the
symmetries of the Riemann tensor imply

1
Raped = §(gacgbd — Gadgbe) R . (3.3.6)

So the metric is flat and the coordinates are equivalent to the unit metric (3.2.3). Introducing
complex coordinates z = o! 4 i0? here, as in Chapter 2, the flat metric is ds?> = dzdz. Consider
a coordinate transformation such that 2’ is a holomorphic function of z

7 =0 +io” = f(2), (3.3.7)
combined with a Weyl transformation. The new metric is
ds™? = exp(2w)|d, f|2dz'dZ" . (3.3.8)

Then for
w=In|o,f|, (3.3.9)

this metric is invariant.

Most of this additional freedom will be eliminated when we examine the entire worldsheet.
There are two issues here. First, in the discussion of Noether’s theorem and Ward identities,
we emphasized under (2.3.10) that these results depend on symmetries locally defined on the
worldsheet. Transformations (3.3.7) and (3.3.9) will thus give conserved currents and Ward
identities. This is the conformal invariance studied in Chapter 2. We see that this originates
from the subgroup of diff x Weyl transformations that preserve the unit metric.

The second issue is what happens to our counting of metrics and gauge degrees of freedom
when we do examine the entire worldsheet. we will deal with these in Chapter 5.



CHAPTER 3. THE POLYAKOV PATH INTEGRAL 68

field space

gauge slice

gauge orbits

Figure 3.7: Graphical representation of the Faddeev—Popov procedure. A gauge orbit is a family
of gauge-equivalent configurations. Integrating over the entire field space and dividing by the
orbit volume is equivalent to integrating on a slice that intersects all orbits exactly once.

Faddeev-Popov determinant

After fixing the metric, the functional integral is taken over the slice parameterized by X*#. To
obtain the correct measure, we use the Faddeev-Popov procedure. This method is the same as
that used to obtain the gauge-fixing measure in Yang-Mills theory. Figure 3.7 illustrates this
method.

Let ¢ be the combination of coordinate transformations and Weyl transformations

do¢ Dot
C:g 9% galo)) = expl2w(0)) 570 oS gealo) - (3:3.10)

According to standard procedure, define the Faddeev-Popov measure App

| = Arp(g) / [A¢] 8(g — §°). (3.3.11)

where §gp is the fiducial metric. In (3.3.11), [d(] is the gauge-invariant measure on the diff x
Weyl group. The -function is actually a d-functional, requiring g.(c) = ggb(a) at every point.
Substituting (3.3.11) into the functional integral (3.3.1)

. d¢dX dg N
Z19] :/‘[/.]AFP(9)5(g—g<)eXp(—S[X, q]) . (3.3.12)
diff x Weyl
Integrating over g, and renaming the integration variable X — X¢ gives
. d¢dxe . .
Z[g] :/V[]AFP(QC)GXP(—S[XC,QC]) : (3.3.13)
diff x Weyl

Now, utilizing the gauge invariance of App!, the invariance of the functional integral measure

!Gauge invariance of App:
Arp(g®) " = /[dC'] 3g° -4 = /[dg’] 5(g— ¢
— [ 80 - ) = Aee(o)

where ¢ = ¢t (.
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[dX], and the gauge invariance of the action, we get:
. d¢dX . .
Z[g] = / V[C]AFP(Q) exp(—S[X, d]) . (3.3.14)
diff x Weyl

Finally, since nothing in the integrand depends on (, the integral over ( merely yields the volume
of the gauge group and cancels with the denominator, leaving

2[5 = / [dX] App () exp(~S[X. 4]) (3.3.15)

Thus, App(g) is the correct measure on the slice.

To calculate the expression for the Faddeev-Popov measure (3.3.11), we assume that the
choice of gauge perfectly fixes the gauge symmetry, so that for exactly one value of ¢, (g —g¢) is
non-zero; for §(g—g°), this is an equality. As mentioned earlier, there is a small global mismatch,
which we will address later when time is involved—it does not affect the local properties of the
worldsheet. For ¢ near 1, we can expand

0gab = 20w gap — Vadoy, — Vido,
= (20w — V00°)gap — 2(P100) b - (3.3.16)

where P; is the differential operator that takes a vector into a traceless symmetric 2-tensor

1
(P100) gy = i(va(sab + Vido, — gapVe0o) . (3.3.17)

Proof. We need to work out

5gab(o-) = g:;b(o-) - gab(a)
for an infinitesimal version of (3.3.10), i.e. with e** = 1 + 2w and o), = 0, + do, First,
we see that

0c?

W = 5g - 8b5a

Thus, to first order,

39ab(0) = gap(0) = gan(0) = gap(0' — 30) — gan(0)
= gup(0") = 00°0cgap(0”) — gan(0)
= (14 2w)(85 — 0a0°) (8 — 956 gea(0) — 5°Ocgas(0”) — gav(c)
= 6500 ea — 030a6gea — 65040% gea + 2w8504 gea — 0°OcGab — Jab
= 2w0ab — 0a0°Ghe — 056" Gaa — 6°Ocgar

We now use 66® = g®§oy:

89ab(0) = 2wgab — 0a(9°*60a)goc — O5(9°00¢) gad — 6°Ocgan
= 2w0ab — 0a9°*00agbe — 026049 ghe — 059100 cgad — 90400 cGad — 6 Oclab
= 200ab + 60a9“Dagbe — 8a60ag + 0. Dpgaa — BpdTeTy — 6°Dega
= 2Wgab — 0200y — Op00a + 6049 agie + 00§ Opgad — 9°*0040cgay
= 2wGap — a0, — 004 + 04g° (Dugbe + ObGac — OcGab)

Let us now work out V,dop + Vpdo, keeping in mind that because the indices are down-
stairs, the connection gets a minus sign
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Vadop + Vydo, = 0gd0y — I'$y00. + Opdoq — Ig,00
= 0,00y + Opdog — (I'ey + T, )0,
= 0400 + Odog — 214804
= 0260 + 0004 — 049" (Dagbe + ObJac — OcGas)

and we see that indeed
5gab(0) = 2wgap — Voo, — Vo,
If we now just fill in the definition of P; in (3.3.16) we get

5gab = 25w9ab - vcéoﬁgab - (vaéab + vb(so'a - gabvcéac)
= 20wgap — Vadop — Vpdo,

Which shows that the first and second line of (3.3.16) are equal. Next, we show that
P takes vectors into traceless symmetric tensors. First, it is obvious from the definition
(3.3.17) that

(P100) gy = (P100)pa
Next, also the tracelessness is obvious
1
gab(Pl&f)ab = gab§(vaaab + Viooa — gapVedo©)
1
= 5(2VQ(SJ“ —05V00¢) =0

But notice that the tracelessness is only valid in two dimensions. O

Near 1, the inverse determinant (3.3.11) becomes

App(§)~t = / [ddw ddo] § [—(%w — V- d0)g + 215150}
- / [ddw dB ddo] exp{27ri / 420 G2 [—(%w —V - 80)§ + 215150} b}

= /[dﬁ' ddo] exp{4m’/d20 gl/gﬁ'ab(plda)ab}. (3.3.18)

The hat on the differential operator indicates that it contains the fiducial metric §. In the
second equality, we used the integral representation of the functional d-function, introducing
the symmetric tensor field 4%. In the third equality, we integrated out éw, which produced
a o-functional forcing % to be traceless; then the functional integral [d3] is over traceless
symmetric tensors. We now have an expression for App(§)~! as a functional integral over the
vector field 6% and the traceless symmetric tensor 3%,

By replacing the bosonic fields with corresponding Grassmann ghost fields

0o — ", (3.3.19a)
Bly = bap (3.3.19b)

we can transform the path integral, where b is traceless like 3. Hence,

App(g) = /[dbdc] exp(—9Sg) , (3.3.20)

where, under a convenient normalization of the fields, the ghost action is

1 R 1 -
S, = 27T/d?a G2y Vb = 27T/d%g”zbab(ﬂ,c)“”- (3.3.21)
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Locally on the worldsheet, the Polyakov path integral is
2[4] = / (X dbde] exp(—Sx — Sy) - (3.3.22)

Since this action is quadratic in the fields, we can express the path integral in the form of
determinants. This calculation will be described in more detail in Chapter 5; the result is

Z[§] = (det V*)~P/2 det P | (3.3.23)

where the first determinant comes from the X integration and the second from the ghost inte-
gration.
In the conformal gauge, gup(0) = exp[2w(0)]dap, the ghost action (3.3.21) is

S, = — / d2z (bzzvgcz + bggvch)

:27T
_1
o

42, (bzzazcz + bggaﬁ) . (3.3.24)

Note that w(o) does not appear in the final form. This is because if a tensor has only z indices,
its covariant z derivative simplifies to a simple derivative, and vice-versa, which the reader can
verify by solving for the connection tensor. Since the action (3.3.24) is Weyl invariant, b,
and ¢ are neutral under local Weyl transformations (while 4% and ¢, are not; they contain
extra metric factors). Because a conformal transformation is a combination of a coordinate
transformation (3.3.7) and a Weyl transformation (3.3.9), we can immediately read off the
conformal transformations of by, and ¢® from the tensor indices: these are the bc CFT with
(hy, he) = (2,—1) and the bé CFT with (hy, he) = (2, —1).

The method we used to derive the gauge-fixed path integral is sometimes called a "heuristic"
derivation. The Polyakov functional integral (3.3.1) is not reasonably defined due to massive
gauge overcounting. On the other hand, the gauge-fixed functional (3.3.22) is quite well defined
and can be calculated clearly. For practical reasons, we should perhaps regard the gauge-fixed
form as the starting point, while the gauge-invariant one gives a direct interpretation. In the
gauge-fixed form, the substance of gauge symmetry is expressed as BRST invariance, which we
will address in the next chapter.

For open strings, we must also consider parts containing boundary segments. It is convenient
to view the functional integral as an integral of fields over a fixed region, so diff invariance is
restricted to coordinate transformations that map boundaries to themselves. Thus, the variation
60? has a zero normal component

ngdo® =0. (3.3.25)

This boundary condition is inherited by the corresponding ghost field
ngc® =0, (3.3.26)

so ¢” is proportional to the tangent vector t*. Then the equations of motion provide a boundary
condition for by,. They have surface terms

/ ds n%apoc® = 0. (3.3.27)
oM

Combining with the boundary condition on ¢%, this implies
Natpb® = 0. (3.3.28)

These are the boundary conditions used in Section 2.7.
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3.4 The Weyl anomaly

A key feature of string theory is that it is self-consistent only in specific spacetime backgrounds.
For bosonic string theory in flat spacetime, the condition is D = 26. It was first discovered
from a pathology in scattering amplitudes. In light-cone analysis, it originated from the loss of
Lorentz symmetry. The underlying cause of this constraint is an anomaly in local worldsheet
symmetry. In our current formalism, the anomaly is in the Weyl symmetry: T%, is zero in the
classical sense, but not in the quantum theory.

A global Weyl transformation, w(o) = constant, is equivalent to a general scaling of length.
Several field theories in four dimensions are invariant under such a scaling. These include the ¢*
massless scalar field theory and non-Abelian gauge field theories. Scale invariance is apparent
because the Lagrangian contains only dimensionless parameters—the coupling constant in each
case is dimensionless. However, due to divergences in quantum theory, there is a non-zero
renormalization group S function in each theory, implying that the effective coupling constant
is actually a function of the length scale. Correspondingly, the trace of the energy-momentum
tensor is zero in the classical theory, but after quantum effects are considered, the trace is
non-zero and proportional to the 8 function.

In the previous section, we ignored the possibility of anomalies. We need to verify whether
the gauge-fixed path integral Z[g] is truly independent of the choice of fiducial metric,

Z[¢°] = Z[g) ? (3.4.1)

In Section 4.2, we will generalize this to more general gauge transformations. For convenience,
hereafter g without a hat denotes the fiducial metric. We are also interested in path integrals
with extra insertions

(--)g = /[dX dbdc] exp(—=S[X,b,c,g])- - . (3.4.2)

Then, we require

(o dge=1{"")g- (3.4.3)
Currently, we are not interested in the details of the insertions—that will be the subject of
the next two sections—we restrict our attention to gauge transformations where ( is zero near
the field positions in "...". That is, we want to know if Weyl invariance holds as an operator
equation.

It is easy to guarantee diff invariance and Poincaré invariance in quantum theory. For
example, the gauge-fixed path integral can be defined using Pauli-Villars regularization, dividing
the path integral by a massive regulator field. A massive regulator field can be coupled to
the metric in a diff-invariant and Poincaré-invariant way. However, for a regulator field Y*,
the diff-invariant and Poincaré-invariant term p? i d2o gV QY’“‘YN is not Weyl-invariant. Any
Weyl transformation can be obtained by repeated infinitesimal transformations, so studying
infinitesimal transformations is sufficient. The energy-momentum tensor T is the infinitesimal
variation of the path integral with respect to the metric,

1
6()g=—1 /d20 9(0)1/25gab(0)<T“”(a) - > (3.4.4)
47 g
Classically, TH¥ originates entirely from the variation of the action, and this is consistent with

the Noether definition A 5

T
—S. 3.4.5
o) 5gafo) (349
In the flat worldsheet limit, it also reduces to the earlier definition. If we take dg,p to have the
form of a coordinate transformation, the diff invariance of the path integral implies that 7% is

conserved.

Tab (J) clas:sical
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In the following analysis, we will first ignore possible boundary terms. For a Weyl transfor-
mation, the definition of 7% in (3.4.4) implies

1
Sl )o =5 [ €0 5(0)20u(0) (T%(0) )y (3.4.6)
so for general insertions "...", Weyl invariance can be stated as an operator statement: the
energy-momentum tensor is traceless

T9% = 0. (3.4.7)

The classical action is Weyl invariant, but in the quantum theory, since we haven’t found a
completely gauge-invariant regulator, this trace might be non-zero. This trace must be diff in-
variant and Weyl invariant because we protected these symmetries; it is zero on a flat worldsheet
because we know from the previous chapter that the theory is conformally flat. This leaves only
one possibility:

T =a1R, (3.4.8)

where a; is some constant and R is the worldsheet Ricci scalar. Terms with two or more
derivatives are forbidden for dimensional reasons. When using worldsheet length as the unit,
gap and X* are dimensionless, so the constant a; in (3.4.8) is also dimensionless. Terms with
multiple derivatives would have a coefficient with a positive power of the cutoff length scale used
to define the path integral, and thus vanish in the limit as the cutoff is taken to zero.

Calculation of the Weyl anomaly

The possible obstacle to constructing a gauge-invariant theory has reduced to a single constant
a1. In fact, this number is proportional to a quantity we have calculated—the central charge
c of the CFT on a flat worldsheet. Both a; and c are related to the two-point function of the
energy-momentum tensor, though through different components. To get the precise relationship
between them, we will need to use diff invariance.
In complex coordinates, "
1

Taking the covariant derivative,

ai

_ a1 —
ZTZz = —V~* 2z -
\% 5 V*(g.zR) 5

a
V.R = EI@R, (3.4.10)
where we used the property that the metric is covariant constant. Then, through the conservation
of Tab,

Vszz = _VZTZZ = _%azR . (3411)

To fix a1, we compare the Weyl transformations on both sides. The Weyl transformation of the
right side, (3.3.5), is
a10,V?ow ~ 4a18§855w , (3.4.12)

where we expand near a flat worldsheet. To get the Weyl transformation on T,,, we first use
the conformal transformation (2.4.25),

e 1T, (2) = —%(ﬁvz(z) —20,0%(2)T32(2) — v*(2)0;T%2(2) . (3.4.13)

From the discussion in Section 3.3, this conformal transformation consists of a coordinate trans-
formation 6z = ev and a Weyl transformation 20w = edv + €(dv)*. The last two terms in the
variation are coordinate transformations of tensors, so to leading order in flat space, the Weyl
transformation is

SwT. = —%afaw . (3.4.14)
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Acting with 0% = 20; and comparing with the transformation (3.4.12) gives:

c
=—12 T, =——R. 4.1
c ap, 12R (3.4.15)
Proof. Starting from
V9 R = Jg(R - 2V3w) (3.4.16)

For an infinitesimal Weyl transformation g/, (0”) = €2%“gy(0) = (1 + 26w)gap(o) we have
for the RHS of (3.4.11)

S VP Ty, = —%azéwR (3.4.17)
now
SwR=R(0) — R(0) =, /§(R —2V%) - R
=e (R —2V%W) — R= (1 - 26w)(R — 2V3w) — R B,
= —20wR — 2V?%bw
Therefore
AV — —%az(—zam — 2V2w) (3.4.19)

We now expand this near a flat worldsheet, where we have R = 0 and V? = 2¢**V,V; =
40,05. This gives

Sy VPTs, = —%@(-2 X 40,850w) = da1029:0w (3.4.20)

Combining (3.4.12) and (3.4.14) we find

29 5. oz €2 _ _C 2z _ Co a2
401820560 = V ( 68Z5w> £070.0:00 = —£0:0%0 (3.4.21)
and so
C

a=—= (3.4.22)
O

We re-derive this once more with a slightly longer procedure, in which we will obtain a useful
intermediate result. In the conformal gauge,

R = —2exp(—2w)0q0qw , (3.4.23a)
V? = exp(—2w)0,0, - (3.4.23b)

By contracting two lower indices, i.e., §%°9,0;. The Weyl variation of Z[g], (3.4.6), becomes
Sw Z[exp(2w)d] = %Z[exp(Qw)é] / 420 608, 0w | (3.4.24)
where exp(2w)d represents the conformal gauge. Integration immediately yields
Zexp(2w)d] = Z[d] exp (;;r /dza 8aw8aw> . (3.4.25)

Since every metric is diffeomorphic to a conformal metric, (3.4.25) actually determines the entire
dependence of Z[g]| on the metric. We need to find a diff-invariant expression that can reduce
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0 (3.4.25) in the conformal gauge. Utilizing (3.4.23), we can prove the expected expression:

Zlg] = Z[5] exp [ /d2 /d2 92 R(0)G(0,0")g"*R(")| , (3.4.26)
where the scalar Green’s function is defined by
9(0)*V?G(0,0") = §*(0 — ') (3.4.27)

This is an interesting result: the path integral is completely determined by the anomaly equation.

Proof. Let us check that (3.4.26) reduces to (3.4.25) in the conformal gauge

Zlg] Z[5,] exp { /d2 /dQ 2 a) _QW(")(%(%M(U)] } (3.4.28)
9:62“5+
% G(,0')e2() [—26*%(0/)8;0;&;(0')] (3.4.29)
= Z[04] exp[ /d2 /d2cr'8 Juw(0)G (0o, a’)@fl@;w((f’)} (3.4.30)
= Z[64+] exp [;; /d2a / d?0’w(0)0,0,G (o, a’)@&@flw(o’)} (3.4.31)
where we have used partial integration in the last line. We now use (3.4.23b) and (3.4.27)
to rewrite
0.0,G(0,0") = e*V2G(0,0') = e*g7 1252 (0 — o) (3.4.32)
=e*e 265 — o) = 6% (0 — o) (3.4.33)
Thus

Zlg] 2[6.] exp[ / 2o / 20’ w(0)6%(0 — 0")BuBlo(c )} (3.4.34)

9262“’5+

Z[04] exp [QW / d*c w(o )&laaw(a)} (3.4.35)

2[5, ] exp [—;T / P20 By(o )aaw(a)] (3.4.36)

where we have, once more, used partial integration in the last line. Note also that (3.4.26)
is manifestly diffeomorphism invariant. Indeed R and G are scalar functions and the
measure in the integrals is the diffeomorphism invariant measure d2a\/§. O

Now expand Z[g] around a flat background, g,y = b + hap, and retain terms up to second
order in hz;. To first order in hzz, the Ricci scalar is 40%hz3, so

an(5+h /d2 /d2 ! 82111‘2: ‘ )hZZ(Z Z)a /hzz( ! _l)

! =/
_ 3“1/d2 /d2’ (2, Dhz:(2, Z) (3.4.37)

z—z)4
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We can calculate it using second-order perturbation theory in the metric, which is given by
(3.4.4):

Z5+h )
m 20t~ / a2 / 2 hss(z, 2)hss(2 2 ) Ton (2) Ton (), - (3.4.38)

Now use the btandard TT OPE (2.4.26). Except for the first term containing a non-zero spin

operator, all terms are zero due to rotational invariance, leaving (7% (2)T%.(2)), = 5c(z—2/) ™.

Comparing with the result (3.4.37) from the Weyl anomaly gives (3.4.15) once again.

Proof. We first compute the Ricci scalar in the linear limit. If g, = d4p + hep then in
complex coordinates we need a linear deformation from g¢,, = gzz = 0 and g,z = 1/2.
Thus

h 3+ha
_ zz 2 2z
g_ (é vy he > (3.4.39)
The inverse metric is
- —4hz2 2(1 - 2h22)
g = (2(1 —9h.2) ah,, ) (3.4.40)

This is easily checked by multiplying the two matrices with one another and showing that
they are equal to the identity matrix plus terms of second order in h. To calculate the
determinant /g we first revert to the ordinary worldsheet coordinates. We have

ds® = g..dzdz + gszdZ dz + 2g.:dz dZ
= hz(do' +ido®)? + hzz(do" — ido®)? + (1 + 2h.z(do’ + ido?))(do" — ido?)
= (14 hoz + hzz + 2h.z)dotdot + (1 — b, — has + 2h.2)do?do?
+ 2i(h,. — hzz)do'do?

(3.4.41)
and therefore
g11 =1+ hzy + hzz + 2hz (3.4.42)
g2z =1—hz, — hzz + 2hz (3.4.43)
G12 = i(hzz — hzz) (3.4.44)
The determinant is therefore
=1+ hzz + hié + 2h22 1— hzz - h22 + 2hz§ + hzz - héé 2
9= 9 )( A ) (3.4.45)
=1+4h,, + o(h?)
and
Vg =1+ 2h.. + o(h?) (3.4.46)

The calculation of R is rather messy, so it was evaluated using mathematica, focussing
on the linear terms, the result is quite simple

R = 402h,., 4 40°hzz — 80.0zh.z + o(h?) (3.4.47)

We now focus on the terms with hzz only. This means that to first order we can take
V9 =1and R = 402hss. Moreover the solution of (3.4.27) is something we already know;
it is given by (2.1.27), i.e. 901n |2|? = 2762 (z, ). Using V2 = 200 + o(h) we get
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1
G(o,0") = - nlz— 2|2 (3.4.48)

We can now use all this in (3.4.26):

Zg) = Z[d] exp/ ~d?z / ~d?2 x 1 x 40%hz3(2, 2) x —1n|z 212 x 1 x40%hz(2, 7)

= Z[d] exp d?z /d2 '82hz5(2,2) In |z — 2| 02hz:(2', 7)
(3.4.49)
Using partial integration and g = § + h this gives
d + hj

In [Z[g] / 2 / 22 hss(z, 2)820%(In |2 — & P)hss(+, ) (3.4.50)

Now 92021n |z — 2/|> = —6/(z — 2')* so that we find (3.4.37).

[(S I h 3&1 2 2 zz hzf(zla EI)
In ——— 7] - a2 d*z [ d° G (3.4.51)
O
Discussion

For a worldsheet theory consisting of X* with central charge D and ghosts with central charge
—26, the total central charge is
c=c"4+c¢9=D-26, (3.4.52)

where the ghost central charge is given by (2.5.12) with A = 2. This theory is Weyl invariant
only for D = 26, the same condition for Lorentz invariance found in Chapter 1. When the Weyl
anomaly is non-zero, different gauge choices are not equivalent, and just as in gauge theories
with anomalies, any one choice leads to an inconsistency, such as loss of covariance or unitarity.
For example, in the light-cone gauge, choosing a different spacetime background would require
a specific gauge range, thus transforming the potential Weyl anomaly into a Lorentz anomaly.

There is another thing to try: ignore the Weyl anomaly and only treat diff invariance as gauge
symmetry. Then the metric will have a real degree of freedom w(o) that must be integrated out
instead of being gauge-fixed. Since the quantum effects in (3.4.25) act on w like an action for
an X*; when D < 26, this sign is spacelike. However, the physics is a bit strange, because the
diff transformations of w and the subsequent energy-momentum tensor are different from those
of X*#. In fact, this theory is a linear dilaton CFT. Thus, there is no D + 1 dimensional Lorentz
invariance, and this theory is useless for our current purposes, namely understanding physics as
part of our universe. It is an interesting model, and we will return to it briefly in Section 9.9.

Above, we found that a flat worldsheet CF'T can couple to a curved metric in a Weyl-invariant
way if and only if the total central charge ¢ is zero. However, there is a contradiction, since
the same discussion applies to the anti-holomorphic central charge ¢, and we have seen from the
example of be CFT that ¢ does not need to equal ¢. The key point is that in (3.4.11) and (3.4.26),
we implicitly assumed worldsheet diff invariance. If ¢ # ¢, then no diff-invariant expression
exists that is consistent with both O(h2,) and O(hZ2;) calculations, so the CFT cannot couple
to a curved metric in a diff-invariant way; there is a diff anomaly or gravitational anomaly. The
contradiction indicates that ¢ = ¢ is necessary for a CFT to be free of gravitational anomalies,
and it can be proven to be sufficient.
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Introducing boundaries
First, return to equation (3.4.8) and consider a more general possibility
T =aR+as. (3.4.53)

This is allowed by diff invariance but is non-zero in the flat limit. Earlier we set ag = 0 through
the choice of Ty, in (2.3.15b). Equivalently, having more than one conserved T, on a flat
worldsheet means there is freedom in how to couple to a curved metric. Specifically, we can add
the action

Set =b / d%0 g'/% (3.4.54)

which is a two-dimensional cosmological constant and is not Weyl invariant. It adds 27bg,;, to
Tup, so the trace (3.4.53) becomes

T = a1 R + (ag + 47b) (3.4.55)

By setting b = —ag/4m, we can make the second term zero; this is exactly what we did in
(2.3.15b). The values of az and b depend on definitions. No local counterterm can eliminate a;.
For example, [ d%o ¢g'/2R is Weyl invariant. So if a; is non-zero, there truly exists an anomaly
in Weyl symmetry. We now examine the effects of boundaries. Including boundary terms, the
most general possible variation is

dwlnZ[g] = —21/ d%0 ¢/%(a1 R + az)dw
M

T
1
S — ds (a3 + ask + asn®0y)ow , (3.4.56)
27 Jom
where k = —t%n,V,t® is the geodesic curvature of the boundary. Possible counterterms are
Sep = / d%0 g%, + / ds (by + bsk) . (3.4.57)
M oM

The b3 term is added to the geodesic curvature term in the Euler characteristic. The Weyl
variation of Sct, including the ds dependence and the dependence of the unit vectors ¢t and n on
the metric, is

SwSet = 2 / d%0 g"/2byow + / ds (by + b3n?0,)0w . (3.4.58)

M oM

We can choose b1, by and b3 such that as,a3 and as are zero, leaving a; and a4 as potential
anomalies. In our treatment, there is another tool, the Wess—Zumino consistency condition.
Taking the second-order functional variation

5VV1 (5W2 11’1<' o >9)

4 d’c 91/2 SwaV20wy — a4 ds dwy N0y 0w
T M 27T OM
2a1 —
S—— d?c 91/2 O0g0wo0%0wy + i — / ds n%dws O,0w1 . (3.4.59)
™ JM 2 OM

This is a second-order functional derivative, so by definition, it is symmetric with respect to dw
and dwo. The second term is not, so a4 = 2a;. From this, it follows that in open string boundary
conditions, no new Weyl anomaly is generated. In quantum theory, Weyl invariance holds if and
only if a; = —¢/12 is zero. This is determined by the physics internal to the worldsheet.

The Wess—Zumino consistency condition is a powerful constraint on the form of anomalies.
A second application allows us to prove that the central charge is a constant. This follows from
Lorentz invariance and dimensional analysis, but in a more general CFT, we could have

% (o)

T%(0) = —?R(U) , (3.4.60)
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where €'(0) is some local operator. Specifically, this trace would still be zero on a flat worldsheet.
Repeating the calculation (3.4.59), replacing a1 with —%'(0)/12, we can see through integration
by parts that there is an extra term proportional to 9,% (c). The consistency condition thus
implies that the expectation value containing % (o) is independent of position, indicating that
% (o) itself is just a numerical constant c.

3.5 Scattering amplitudes

The idea of summing over all worldsheets bounded by initial and final curves seems very natural.
However, defining it in a way compatible with local worldsheet symmetry is difficult, and the
corresponding amplitudes are quite complex. There is a special case where the amplitudes
simplify—namely taking the limit as the string sources tend to infinity. This corresponds to the
scattering amplitude with specified incoming and outgoing string states, the S-matrix elements.
For much of this book, we will restrict ourselves to S-matrix elements and similar "on-shell"
problems. This is not entirely satisfactory, because we want to discuss systems in finite time,
not just asymptotic processes. For now, since the S-matrix is easy to understand, we focus on
it. Although the correct way to think about off-shell string theory is unclear, we will briefly
address this question in the next section and in Chapter 9.

(b)

Figure 3.8: (a) Scattering of closed strings, where the string sources tend toward X° = +o0. (b)
Conformally equivalent image of 4-closed-string scattering: a sphere with very small holes.

So, we now examine the process shown in Figure 3.8, where the sources are pulled to infinity.
We will discuss how these sources should be represented in the path integral. Away from the
scattering process, the strings propagate freely. Each outgoing and incoming string is a long
cylinder, which can be described by a complex coordinate w,

—27t <Imw <0, w= w427, (3.5.1)

The lower end of the cylinder, Im w = —27t, is the end of the source, the upper end is inserted
into the rest of the worldsheet, and the circumference is the periodic Rew direction. The limit
corresponding to the scattering process is ¢ — oo. It might seem that we are confusing long
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distances in spacetime with long cylinders in worldsheet coordinates, but this is quite correct:
as we will see later, propagation over long spacetime distances originates precisely from such
worldsheets where the cylinders become long in the above sense. We know from Chapter 2 that
the cylinder has an equivalent description:

z = exp(—iw), exp(—2nt) <|z|<1. (3.5.2)

In this picture, the long cylinder is mapped to a unit disc, where the external string state is
the circle at the center. In the limit as ¢ — oo, the small circle contracts to a point, and the
worldsheet reduces to a sphere with a point inserted for each external state.

(a) (b)

Figure 3.9: (a) Scattering of four open strings, where the string sources tend toward X° = +oo0.
(b) Conformally equivalent image: a disc with indentations.

The same concept holds for external open string states. The long strip in Figure 3.9a can
be described as
2t <Imw<0, 0<Rew<m. (3.5.3)

where Imw = —2nt is the source, and Rew = 0,7 are the endpoint boundaries. Under z =
—exp(—iw), this maps to the intersection of the unit disc and the upper half-plane. A small
semicircle is cut at the origin

exp(—27t) < |z| <1, Imz>0. (3.5.4)

The scattering process now looks like Figure 3.9b. In the limit ¢ — oo, the source contracts to
a point on the (endpoint) boundary.

This is the state-operator correspondence we have already seen. Each source becomes a
local perturbation on the worldsheet. For a given incoming or outgoing string, which has D-
momentum k* and internal state j, there exists a corresponding local wertex operator ¥;(k)
determined by the limiting process. Incoming and outgoing states are distinguished by the sign
of k¥; for incoming states k* = (E,k) and outgoing states k* = —(F, k), Figures 3.8 and 3.9
only describe the lowest order amplitudes, but this construction is quite general: we can restrict
our attention to compact worldsheets with no tubes tending to infinity, but with a point-like
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insertion in the interior for each external closed string. For each external open string, there is a
point-like insertion on the boundary. Thus, a connected n-point S-matrix element is

Sj1...jn (kl, ey kn)

dXd n
= 2 v[g]eXp(_SX —AX)H/dQUi 9(0:)"* Y5, (i, 1) - (3.5.5)
diff x Weyl 1

compact

topologies
To make the vertex operator insertion diff-invariant, we integrate them over the worldsheet. In
the rest of this volume, we will see that our guess is correct and defines a reasonable string
S-matrix.

Depending on which of the 4 theories we are examining, the sum over topologies may include
unoriented worldsheets and /or worldsheets with boundaries. In general, the sum over topologies
is not restricted to connected worldsheets; the overall process may include two or more indepen-
dent particle scatterings. It is convenient to restrict the sum to connected worldsheets, focusing
on the connected S-matrix.

To obtain the connected S-matrix, we must sum over all compact, connected topologies of
the worldsheet. In two dimensions, the classification of topologies is well-known. Any compact,
connected, oriented surface without boundary is topologically equivalent to a sphere with ¢
handles, where g is called the genus of the surface. In Figure 3.10, we show the g = 0, 1, 2 cases.

&) (D) LOXC

(a) (b) (c)

Figure 3.10: Compact connected oriented closed surfaces with genus (a) 0, (b) 1, (c) 2 respec-
tively.

Boundaries can be added by cutting holes in the closed surface. Any compact, connected,
oriented two-dimensional surface is topologically equivalent to a sphere with ¢ handles and b
holes, for example (g,b) = (0,1) is a disc, (0,2) is an annulus, and (0, 3) is a pair of pants.

To describe unoriented surfaces, it is useful to introduce cross-caps: cutting a hole in the
surface and gluing opposite points together. In detail, taking complex coordinates, cut out a
disc slightly smaller than unit radius, and glue together opposite points defined by 2’ = —1/z.
Since the gluing is anti-holomorphic, the resulting surface is unoriented. In addition, unlike the
case of a boundary, a cross-cap does not introduce a boundary or other local features. Since
the boundary produced by cutting is only the boundary of the coordinate patch, any compact
connected closed surface, whether oriented or unoriented, can always be obtained by adding ¢
handles and ¢ cross-caps to a sphere; any compact connected surface can be obtained by adding
g handles, b boundaries, and ¢ cross-caps. In fact, these descriptions are somewhat redundant:
for both cases with and without boundaries, they can be obtained precisely by restricting the
sum to only one of g or ¢ being non-zero. For example, (g,b,c) = (0,0,1) is a projective plane,
(g,b,¢) = (0,1,1) is a Mobius strip, (g,b,¢) = (0,0,2) is a Klein bottle, and a torus with one
cross-cap can be obtained via (g,b,c) = (0,0,3) or (g,b,¢) = (1,0,1), with every two cross-caps
being exchangeable for one handle. The Euler characteristic is

X=2-29—-b—c. (3.5.6)
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The number of different topologies is much smaller than the number of different Feynman
diagrams in a given order of field theory. For example, in closed oriented theory, in each order of
perturbation theory, there exists exactly one topology. In field theory, the number of diagrams
grows geometrically. A single string diagram includes all field theory diagrams. In different
limits, handles are much longer than their circumference, we can approximate handles as lines,
and string diagrams approximate corresponding Feynman diagrams in this limit.

3.6 Vertex operators

Using the state-operator correspondence, the vertex operator for the closed string tachyon is
Vo = 2gc/d20 g1/2 ok X
— gc/dQ,z etk X (3.6.1)

We introduced a factor g. in the mapping. This is the closed string coupling constant, originating
from adding an extra string to the process: we use the normalization of the vertex operator as
the definition of the coupling. In the second line, we transition to a flat worldsheet. The vertex
operator must be diff and Weyl invariant, so, in particular, it must be conformally invariant on
a flat worldsheet. To cancel the transformation of d?z, the operator must be a tensor of weight
(1,1). Through a direct OPE calculation, X is a tensor of weight h = h = a’k?/4, so the
condition is

4

VE
a/

m? = —k* = — (3.6.2)

which is exactly the mass discovered in light-cone quantization. Similarly, closed string tensor
states at the first excited level have the flat-worldsheet vertex operator

2gc d2 . nayv ik X.

— z 0XHOXVe™ . (3.6.3)
The normalization relative to the tachyon vertex operator originates from the state-operator
correspondence, and as we will see in Chapter 6, the same relative normalization is obtained
from the normalization of the S-matrix. The weights are

- o' k?
h:h:1+T’ (3.6.4)

so they are massless, again consistent with light-cone quantization. For it to be a tensor, there
are further conditions, which we will handle below.

Vertex operators in the Polyakov formalism

Within the state-operator mapping, we have a systematic method to write down flat-worldsheet
vertex operators for any state. Since the worldsheet can always be made flat, in principle, this
is all we need. However, it is now useful to study vertex operators on curved worldsheets in the
Polyakov framework. The method we use will be somewhat cumbersome and not as systematic
as the state-operator mapping, but some results are useful.

Any operator included in the Polyakov path integral (3.5.5) must reflect the local diff x
Weyl symmetry of the theory. We have not yet specified how the operator in the first line of
(3.6.1) is defined on the worldsheet. As in our previous discussion of the Weyl anomaly, it
is convenient to use a method that automatically preserves diff invariance and then manually
check the Weyl transformation. For most purposes, dimensional regularization is used in the
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literature. However, we do not have a great need for it here, so we will not introduce it; instead,
we will generalize the normal ordering introduced earlier.
Define a renormalized operator:

[F]: = exp (;/dQUdQU,A (0,0") 5Xi(0) (5Xj(a’)> F (3.6.5)

where

/
A(o,0') = S nd* (0,0") (3.6.6)

and d (o, 0’) is the geodesic distance between o and o’

Similar to normal ordering, (3.6.5) tells us to sum over all ways of contracting pairs in .% using
A (0,0"). On a flat worldsheet, d? (o,0") = |z — 2/|* and this reduces to the conformal normal
ordering we have studied carefully. On a curved worldsheet, it cancels the singular integrals from
self-contractions of the fields in .. Diff invariance is manifest, but the contractions depend on
the metric. Introduce the Weyl variation:

) )
0XK(o)0X, (o)

1
dw[Flr = [bw T, + 5 / d*od*o’SwA (0,0") [Z], (3.6.7)
The first term represents the explicit Weyl variation in the operator. For the vertex operator
of a state with momentum k,, under translation, it must transform in the same way as the
state, and thus takes the form of X multiplied by derivatives of X*#. Operators with different
numbers of derivatives do not mix under Weyl transformations.

Proof.

SwlFl: = 5we% Id%dza,A(U’U,)ﬁ(”)ﬁ}"

. 1 2 2 / o) o) %fdQOdQUIA(U,UI)ﬁmWS(O_/)
_6W[Z/dUdUA(U’U)(SX“(U)(SXu(U’) e wle) F
n 6% fd20d2U/A(O-7U/)45XS(g) 5)(}:57(0/) SwF
1 2 32 |/ SwA / Y 4 5
=5 d*od’o’ (bwA (0,0")) 5X7(0) 3K, (o) [Flr + [owF], (3.6.8)
O

We begin by examining the zero-derivative case, operator (3.6.1). The Weyl variation origi-
nates from the explicit ¢g!/2 factor and the renormalization given in (3.6.7):

2 .
dwVo = 2gc/d20g1/2 <25w(a) - ];5wA(O',O')) [eZk'X(U)} (3.6.9)

P?”OOf. Wlth 5Wgab = 25wgab we ﬁnd’ using (367)
owVo = 2gc/d205W\/§ [eik'X(U)}
= Qgc/dza {;gl/2gab25wgab [eik-X(o)} + /g {(Meik,x(g)}

1 2 132 I ron 0 0 ik-X (o)
— A 1 a
+2\/§/d od " owA(o’, o )5X“(a’) 5, (") [e L

r
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= 2gc/d20 {\/§25w [eik'X(“)}

+;\/§/d20/d20//5WA(0',0”)(k:2)52(0 - U')52(o— ) {eik'X(”)} }

T

2
= 29c / d*o {\/ﬁ%w [e"’“‘X@’)} = %\/g(SWA(U, 7) [eile(o)} }
2 .
= 2gc/d20\/§ <25w = %5WA(O', 0-)) [ezk-X(o)] (3610)

O]
At short distances,
d? (0,0") = (0 — a/)Q exp(2w(0)) (3.6.11)
consequently,
A (o,0") = d'w(o) + 02/111 (o — a’)2 (3.6.12)
In the limit ¢/ — o, the Weyl variation is non-singular:
SwA(o,0) = d'éw(o) (3.6.13)

The condition for the Weyl variation (3.6.9) to be zero is k? = 4/, exactly the result derived
previously.

Off-shell amplitudes

Consider a naive attempt to define off-shell amplitudes by taking k* not on the mass shell. This
is inconsistent with local worldsheet symmetry. In position space, this corresponds to a local
probe of the string worldsheet, given by an insertion:

dPk

6P (X (o) — mo) = / @nD exp [ik - (X (o) — zg)] (3.6.14)

Since this contains all momenta, it is inconsistent. From several perspectives, this is not surpris-
ing. First, the previous discussion—that our point sources (vertex operators) for string states
require a limiting process—remarkably restricts us to on-shell problems. Second, string theory
contains gravity, and simple off-shell amplitudes do not exist in general relativity because we
cannot specify the position of the probe without non-physical coordinates; coordinate-invariant
off-shell quantities are much more complex. Third, in string theory, we have not introduced
additional fields to measure local observables (similar to the electroweak processes used to probe
strong interactions): we must use the string itself or other objects inherent in the theory (D-
branes and solitons).

At least in perturbation theory, off-shell amplitudes can be defined. If we fix the gauge (for
which light-cone gauge is simplest) and use string sources, then the S-matrix can be derived using
a reduction formula (3.5.5) similar to quantum field theory. Finite-time transition amplitudes
can be defined before taking the infinite-time limit. Incidentally, readers attempting to link the
current discussion to field theory should note that the path integral expression (3.5.5) is not like
a Green’s function but rather has S-matrix element properties. The analogous object in field
theory is a Green’s function where external propagators are truncated and external momenta
are restricted to the mass shell.

The discussion of local probes (3.6.14) also points to the problem of contact interactions
between strings. The simplest form of such an interaction would be:

/ dzag(a)l/Q/ d*a’g (o) 12 5D (X(0) — X (o)) (3.6.15)
M M
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This is non-zero as long as the worldsheet intersects itself. However, the d-function contains all
momenta, as in (3.6.14). Thus, it is not Weyl invariant. The structure of string theory is quite
fixed: strings can only couple to other strings in the manner described at the beginning of this
chapter.

Massless closed string vertex operators

While somewhat messy, it is interesting to further pursue the Polyakov treatment of vertex op-
erators. There is no way to construct a worldsheet scalar with exactly one derivative. Therefore,
the next case is two derivatives; the possible diff-invariant cases are:

= % /d2091/2{ (gabsw, + ieabaw> [GaX“(?bX”e"k'XL +d'oR [eik’X} . } (3.6.16)
where s, a,,, and ¢ are a symmetric matrix, an antisymmetric matrix, and a constant, respec-
tively.

The antisymmetric tensor €%’ is normalized such that g =1,o0rg —i. The ¢
accompanying the antisymmetric tensor in the vertex operator can be understood as arising from
Euclidean continuation, because this term must have an odd number (one) of time derivatives.
This result is widely applied in Euclidean actions and vertex operators. To extend the Weyl
invariance analysis, we need to solve the higher-order geodesic distance Weyl correlation (3.6.13).

b 1/2,12 1/2,2% _

dadwA (0,0")| ., = §a’aa5w(a) (3.6.17a)

Da040wWA (0,0") oo ! ; Vo/Vaab(Sw(a) (3.6.17b)

VaOhdwA (o,0") }U,:U = f%alvaabéw(a) (3.6.17¢)

where v = —2/3. We leave it as a parameter for later reference; the third equation can be

obtained from the gradient of the second or first. For the variation of curvature, we use (3.3.5).
For renormalization variation, we use (3.6.7) and (3.6.17).

SwVi = %fd2091/25w{ (gabslw _i_iﬁabAlw) [aaXuavaeik-X]r +d'FR [eik-X]r} (3.6.18)

where
S = —k2 50 + ok S + Kk S0 — (14 7)kukys? + 4k, ko (3.6.19a)
Ay = =Ky + bk a — Kk avy (3.6.19b)
1 1
F=(y-1k¢+ ST R s — 77(1+ V)k?s! (3.6.19¢)

In deriving the Weyl variation (3.6.18), we performed integration by parts and used the relation:

[VQX“e““’X } - z'Oiyk”R [eik'x } r (3.6.20)

T
The left side would naively be zero by the equations of motion, but here it is multiplied by
another operator at the same point.

The general principle in this case is that the operator need not be zero, but is not inde-
pendent—it can be expanded in terms of other local operators in the theory. Generally, the
coefficients depend on the renormalization scheme; (3.6.20) can be obtained by taking the Weyl
variation of both sides. Since S,,,, A,,, and F' multiply independent operators, the condition
for Weyl invariance is S, = A,, = F' = 0. To get an accurate count of independent operators,
we must note that not all V; of form (3.6.16) are independent.
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Instead, under:

Spv = Spw + fykv + k’,ufv (3621&)
Qo — Ay + C,ukv - k’,ugv (3621b)
b=+ %k y: (3.6.21c)

the change in Vj integrates to zero using (3.6.20).
Now choose n# such that n - k = 1 and n? = 0. By the constraints:

s, = nfay, =0 (3.6.22)

we obtain a complete set of independent operators. This gives 2D equations for the 2D parame-
ters §,,(,- It can be proven that one equation and one parameter are trivial, but the remaining
system (3.6.22) is non-degenerate, defining independent vertex operators.

Using (3.6.22) and solving Sy, n#n” = 0, then Sy,n* = A, nt =0, and finally S, = A, =
F =0, we find:

k2 =0 (3.6.23a)

ks = ktay, =0 (3.6.23b)
1+

6= TVSZ (3.6.23¢)

Once again, we find the mass-shell condition (3.6.23a), this time for the first excited state of the
closed string. There is also the condition (3.6.23b) that polarization is transverse to momentum,
required for massless tensor fields. In the frame:

k* =(1,1,0,0,...,0), n*= %(—1, 1,0,0,...,0) (3.6.24)
(3.6.22) and (3.6.23b) imply that the 0 and 1 components are zero. (3.6.23c) fixes ¢, leaving
exactly (D — 2)? operators, matching the light-cone result.

The condition n*s,, = n*a,, = 0 is needed to remove gauge-equivalent null polarizations.
However, the introduction of n* explicitly breaks Lorentz invariance. The theory depends on the
choice of n* only by a gauge transformation. For the theory to be Lorentz invariant and have
a positive Hilbert space norm, (3.6.21) is critical. These relations characterize local spacetime
symmetries. Specifically, §, represents infinitesimal spacetime coordinate transformations, and
Cu represents the gauge symmetry of the antisymmetric tensor field. We see that local spacetime
symmetry is necessary for interacting theories. As discussed in Section 1.4, they must appear
due to the presence of massless spin-1 and spin-2 fields.

We should mention a technical point. Different renormalization schemes give different names
to operators. The most common scheme is dimensional regularization (DR); the relation between
DR operators and those above is:

[eik'X}DR - [e“‘*X]r (3.6.25a)

[8aX#e““'X}DR - [8aX”ei’f'XL (3.6.25b)

[c%XﬂabX”eik'X } = [aaXﬂabX”e““'XL = f;gabn“”R [eik'x } r (3.6.25¢)
[vaabX“eik'X } = [Vaé)bX“eik'X } + if‘;gabkﬂR [e“f'X } r (3.6.25d)

Comparing with (3.6.20), we see that in DR, v = 0, so the equations of motion hold within
the renormalized operator. This is a convenience; many equations simplify. Specifically, in the
spacetime gauge transformation (3.6.21), ¢ is invariant.
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Open string vertex operators

Extension to open strings is direct. The tachyon vertex operator is:

9o /aM ds [e“‘*X]r (3.6.26)

which is Weyl invariant for k2 = 1/a’. The photon vertex operator is:

o Yo otk X
27(20{/)1/2 e /8M ds [X e L (3.6.27)

where the relative normalization is obtained via state-operator mapping or unitarity.

The appearance of ¢ is the same as in the closed string case, and the sign is for convenience.
If k> = 0 and k-e = 0, this operator is Weyl invariant. There exists an equivalence en = e+ Ak,
which is the spacetime gauge transformation, leaving D — 2 transverse polarizations.

3.7 Strings in curved spacetime

We now examine a major new topic: strings moving in curved spacetime. Recall the point
particle case, which has a natural extension to curved spacetime by replacing the flat metric 7,
with a general metric G,

1 ..
Sov = 5 / dr (17 G (X)X7X — ?) (3.7.1)

After eliminating 7, this becomes the invariant proper time along the worldline. Its variation
gives the geodesic equation, representing particle motion in a gravitational field.
Making the same substitution in the Polyakov action gives:

1

S =
7 Ard

/M o9 G, (X)0, X 0 XY (3.7.2)

This is a natural guess, but readers might object: we have learned that the graviton itself is a
state of the string. Roughly speaking, a curved spacetime is a coherent background of gravitons.
Thus, simply putting a curved metric in (3.7.2) seems insufficient.

To see why this is reasonable, consider a nearly flat spacetime G, (X) = 7. + xu (X). At
first order in x, the action corresponds to the insertion of the graviton vertex operator (3.6.16)
with:

Xuo(X) = —dmgee® XS, (3.7.3)

So indeed, inserting a curved spacetime matches what we know. (3.7.2) can be viewed as
describing a coherent state of gravitons by exponentiating the vertex operator.

This provides a natural generalization: incorporate backgrounds for other massless string
states. From the vertex operator form (3.6.16), we have:

1

47!

So

/ d2ogl/? [(g“bGW(X) + z'e“bBW(X)) D X1 X" + o/R<I>(X)] (3.7.4)
M

The field By, (X) is the antisymmetric tensor, and the dilaton ®(X') involves both ® and the
trace of G, as implied by (3.6.23c). As a check, consider spacetime gauge invariance. Under a
change of variables X’#(X) representing a field redefinition, (3.7.4) is invariant if G, B transform
as tensors and ® as a scalar. This is a coordinate transformation. The action is also invariant
under:

0B (X) = 0,G(X) — 0uCu(X) (3.7.5)
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which adds a total derivative. This is the generalization of the electromagnetic gauge transfor-
mation to a two-form potential.
The three-index field strength:

ku’l} = awB/w + ap,B’U(,u + a’quu (376)

is invariant. There is a similar generalization to n-th order antisymmetric tensor potentials,
which play an important role in superstrings.

This theory thus depends only on gauge-invariant quantities constructed from the metric
and other fields. We can consider X* as coordinates on a manifold called the target space; thus
X*# defines an embedding:

worldsheet — target (3.7.7)

In string theory, target space is spacetime. Field theories like (3.7.2), where the kinetic term is
field-dependent, are called non-linear o-models.

For example, pion fields can be approximated as coordinates on the group manifold SU(2).
The non-linear o-model is no longer quadratic in X*, so the path integral is now an interacting
2D quantum field theory. Expanding near a classical solution X# = zff + Y*:

G (X)0a X" X" = (G (20) + Gvw (o) Y™
(3.7.8)

1
+ §G‘Lw7wp (.7}0) YYYP + ... 0,YFO,Y?

The first term is the kinetic term for Y#; the next is a cubic interaction, and so on.

The coupling constants G, ., involve derivatives at zg. In a target space with characteristic
curvature radius R, derivatives are of order R_'. Thus, the effective dimensionless coupling is
oY 2R;'. If R, is much larger than the string length, the coupling is weak, and 2D perturbation
theory is useful. Since the wavelength is large, we can ignore the internal structure and use
low-energy effective field theory. String theory enters when determining the effective action.

By restricting to massless backgrounds, we implicitly assume o/ 1/ 2R;' < 1: when wave-
lengths are large, massive states are not created. The non-linear o-model is renormalizable.
However, it is more useful to define the metric function itself as the coupling, rather than its
expansion coeflicients.

Weyl invariance

We have emphasized that Weyl invariance is crucial for string consistency. Only if the 2D QFT
is Weyl invariant will (3.7.4) define a consistent string theory. This action is the most general
one classically invariant under rigid Weyl transformations where dw is constant.

This is easy to see: under a rigid Weyl transformation, a contraction with n derivatives is
proportional to 2 —n. Local Weyl transformations are also necessary. In that domain, G and B
are invariant, but the ® term is not and contains quantum contributions.

In the limit where B and ® are small and G is near 7, we can find the Weyl transformation
by writing S, = Sp — V1 + ..., where Vj is the vertex operator (3.6.16).

To first order, the Weyl transformation is given in (3.6.18). For convenience, taking v = 0,
and relating the transformation to the trace of the energy-momentum tensor as in (3.4.6):

1 ) 1
Ty = —5 = Big 0 X X" — 5= B 0 X X" — JF7R (3.7.9)

7 ko

To linear order in x, B, and ®:

/

6,5;11 ~ _% (82X,Lw — 8@8WX,MJ - ayanwv + auauxx) + 20/8H6v<1> (3710&)



CHAPTER 3. THE POLYAKOV PATH INTEGRAL 89

O/
Br, ~ — 5 0 Hopw (3.7.10b)
D—-2 o
R %824) (3.7.10¢)

In 4%, we include the flat spacetime anomaly, including the ghost contribution.

The symbol S is used because these are renormalization group beta functions. Weyl anomaly
(3.7.10) has further contributions from higher orders. For example, expanding to second order
in cubic terms produces divergences as interactions approach each other.

Their OPE contains singularities like |2|720X0X times derivatives of G. Diff invariance
requires the integral to be truncated at |z|exp(w) > ag. This introduces dependence on the
metric scale. ¢ thus gains contributions proportional to O(Gﬁ)z, which combine with linear
terms to form the spacetime Ricci tensor.

We quote the result keeping terms up to two derivatives:

/

BG, = 'Ry +20/'V,V, & — O‘ZHWH&“ +0 (o) (3.7.11a)
/
Bl = =5 V¥ Huo + 0/ V4@ Hoy, + O (o) (3.7.11b)
D-2 o /
B = == = VR0 4+ oV OVED — L HuH 40 (o) (3.7.11c)

Several terms in (3.7.11) are recognizable from the linear approximation, but are now covari-
ant under spacetime coordinate changes. Ry, is the spacetime Ricci tensor. The condition for
Weyl invariance is 8¢ = g8 = g% = 0.

These are reasonable equations of motion. 8% = 0 is like the Einstein equation with sources
from the antisymmetric tensor and dilaton. 82 = 0 is the generalization of Maxwell’s equations
for the antisymmetric tensor.

Backgrounds

Another feature of the field equations: the dilaton ® only appears with derivatives, so it is
invariant under a constant shift. Such a shift in (3.7.4) changes the action by a term proportional
to the Euler characteristic, not affecting local Weyl invariance. Specifically, the background
G =nB =0, = &y is Weyl invariant for any constant ®3. This matches the flat action
(3.2.2) with A = ®.

A determines the coupling strength. We now see this parameter is not a constant of the
theory, but corresponds to different backgrounds in a single theory. The Regge slope o is also
not a free parameter; it defines the unit of length.

From a string perspective, changing G, B, ® is just observing the same theory in a different
background (state). This is an attractive feature: unlike the Standard Model, string theory has
no free parameters—couplings are determined by the state and dynamics. Of course, this moves
the difficulty to understanding why certain backgrounds are chosen.

It is surprising that Einstein’s equations emerge as the condition for 2D Weyl invariance.
Strings can only propagate consistently in backgrounds satisfying the field equations. This
parallels our discovery that only on-shell vertex operators are meaningful.

The condition D = 26 comes from the R term. In the o-model, this generalizes to 5 = 0. We
see in (3.7.14c) that 3% is proportional to D — 26 at leading order, but has gradient corrections.
If the field is not constant, we can have other values for D.

Exact solutions for D # 26 are known. For example:

Gu(X) =, Bu(X)=0, ®X)=V,X" (3.7.12)
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where 8 = 0if V,V# = 22;,D . This is exact because the fields are linear, making the path integral
Gaussian. Varying g, reveals this is exactly the dilaton CFT with ¢ = D+60/V,,V# = 26. Since
® requires a large gradient, it does not describe our flat universe but may have cosmological
applications.

Spacetime action

The field equations (3.7.15) can be derived from the spacetime action:

S i de(_G)l/Qefﬂb[

B 2(D — 26) 1
N 2&%

R — —H,,\H"
E R A TR (3.7.13)

+40,00"® + O (o) ]
The normalization kg is not determined by the field equations. It can be shown that:

1

0S=———
2/{3a’

/ dPx(—G)'?e™2 [5G 1 M + 5By B
) (3.7.14)
+ (25@ — QGW(SGW> (BG — 4/3‘5)}

This effective action controls low-energy spacetime fields.
Field redefinitions like G (z) = exp(2w(z))G () are useful. This is a spacetime Weyl
transformation. Let w =2 (®g — ®) /(D — 2) and define & = & — ®(. The action becomes:

S :# dP X (—-@)'/? {_2(17:));26)64<i>/<1>2> +R
D A (3.7.15)
—8%/(D— T BN
— e 80/(D=2) P — 55 0u®0"® + 0 (o)

The metric CNJW is the Einstein metric, and G, is the string metric. kK = koe®0 is the observed
gravitational coupling.

Compactification and CFT

The four string theories studied so far (oriented/unoriented, with/without boundary) share
features: automatic inclusion of general relativity, but also the need for D = 26, the existence
of tachyons, and the absence of fermions. However, general relativity allows extra dimensions:
some can be large and flat while others are small and curled.

The metric:

_ | M 0
JMN = [ 0 Gon (a7) :| (3.7.16)
where M, N are 26 coordinates, split into 4 spacetime coordinates and 22 internal coordinates.
If the internal space is compact and Ricci flat (R, = 0), this satisfies the field equations.

Physics on scales much larger than the internal space matches d-dimensional Minkowski
space. A necessary condition for string consistency is 2D diff invariance. Weyl invariance is
more technical; its loss produces extra degrees of freedom.

We make an additional technical assumption: X° appears only in the form:

1
4o

/ d?og'?g*0,X°9, X° (3.7.17)
M

meaning the background is static. This assumption places the "wrong-sign" signature of X° in
an explicit form.
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Local invariance leads to a proposal: replace the 25 spatial fields X# with any unitary CFT
with ¢ = é = 25. This ensures the 2D theory, including X° and ghosts, couples to a curved
metric consistently. Unitarity is needed to remove unphysical X° excitations.

For low-energy 4D physics, we keep X©... X3 and replace the rest with a ¢ = 22 compact
unitary CFT. Compactification implies a discrete spectrum. All these theories have tachyons
(product of unitary |1) in internal CFT and 4D ground state).

How large is our generalization? We could introduce any fields with different quantum
numbers. However, in 2D, many different theories are equivalent. Generally, all string theories
based on different CFTs but same worldsheet symmetries and topologies are different ground
states of a unified theory. Though we call them "different theories" due to different Lagrangians,
they are just different vacua.



Chapter 4

The string spectrum

4.1 Old covariant quantization

In the conformal gauge, the worldsheet fields consist of X* and the Faddeev-Popov ghost fields
bap and c®. The Hilbert space is larger than the actual physical spectrum of the string: D sets of
at oscillators include unphysical oscillations of the coordinate system, and ghost oscillators are
also present. As is general in covariant gauges, there are negative-norm states originating from
timelike oscillators (due to the commutator being proportional to the spacetime metric 7,,,) and
from the ghost fields.

The actual physical space is smaller. How do we identify this smaller space? Consider the
amplitude of an initial state |¢) propagating on an infinite cylinder to a final state |f). Suppose
we initially fix the metric to the form g,,(0) using local symmetries. Now consider a different
gauge where the metric is gqp(0) + dgap(0). Physical amplitudes should not depend on this
choice. Of course, for a change in the metric, we know how the path integral changes. From the
definition of 7% in (3.4.4):

11 =4 [ @ 9() PSgulo) 1T @)l). (111)

To make this zero for an arbitrary variation of the metric, we require for any physical states |v)
and [¢'):
(WIT*(0)|y") = 0. (4.1.2)

Consider another way to look at it. The original equations of motion obtained from the
variation of gq, are T% = 0. After fixing the gauge, this does not hold as an operator equation:
since we do not vary gq in the gauge-fixed theory, an equation is missing. Condition (4.1.2)
indicates that the missing equations of motion must hold for any matrix element between physical
states. When we transform the gauge, the variation of the Faddeev—Popov determinant must
be taken into account. Thus, the energy-momentum tensor in the matrix elements is the sum of
the X* contribution and the ghost contribution:

Toy =Ty +T5, . (4.1.3)
X* can be replaced by a more general CET (which we refer to as the matter CFT). In this case:
T =T + be . (4.1.4)

In the remainder of this section, we will impose condition (4.1.2) in a simple but somewhat ad
hoc manner, known as old covariant quantization (OCQ), which is sufficient for many purposes.
In the next section, we will adopt a more systematic approach: BRST quantization. They are
effectively equivalent, as will be proven in Section 4.4.

92
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In this ad hoc method, we simply ignore the ghost fields and attempt to constrain the matter
Hilbert space such that the missing equations of motion 77 = 0 hold for matrix elements. In
terms of Laurent coefficients, this is L' = 0, and for closed strings, f)? = 0. One might first
attempt to require physical states to satisfy L|¢)) = 0 for all n, but this is too strong; acting
with L on this equation and forming the commutator leads to inconsistencies due to the central
charge in the Virasoro algebra. However, it is sufficient that the Virasoro lowering operators
and the zero operator annihilate physical states:

(Ly + Adpo)|) =0 forn>0. (4.1.5)
Then, for n < 0, we have:
WILy ) = (L2, 0"y = 0. (4.1.6)
We used:
Lot =pm, (4.1.7)

which stems from the Hermiticity of the energy-momentum tensor. Equation (4.1.5) is consistent
with the Virasoro algebra. When n = 0, we introduce a possible ordering constant as usual.
States satisfying (4.1.5) are called physical. In the terminology of (2.9.8), physical states are
highest weight states with weight —A. Equation (4.1.5) is analogous to the Gupta-Bleuler
quantization in quantum electrodynamics.

Using the adjoint (4.1.7), one can see that states of the form:

)= L™ Ixn) (4.1.8)
n=1

are orthogonal to any |x,). Such states are called spurious. A state that is both physical and
spurious is called null. If |¢) is physical and |y) is null, then |¢)) + |x) is also physical, and the
inner product of any physical state with it is the same as its inner product with |¢). Thus, these
two states are physically indistinguishable, and we have the equivalence relation:

) = [¢) +1x) - (4.1.9)
The true physical states are then the set of equivalence classes:
%h S
Hoco = —2 4.1.10
¢ A ( )

Let us see how this works for the first two levels of the open string in flat spacetime without
assuming D = 26. The only relevant terms are:

LY =dp*+aq-a1+--, (4.1.11a)
= (20)Y%p g 4. (4.1.11b)

Proof. For the open string, according to (2.7.25):

Oé/

1
0‘5 = (20[,)1/2}7# ’ O/P2 = 270/060 g = 50&0 - Qg , (20/)1/2]) cO041 = O * 041

O]

At the lowest mass level, the only state is |0; k). At this level, the only non-trivial condition
is (LY + A)|¢y) = 0, yielding m? = A/a’. No null states exist at this level. Since the Vira-
soro generators in the spurious state (4.1.8) consist only of raising operators, there exists one
equivalence class corresponding to a scalar particle.
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Remark. Proof for m*> = A/d’: Since LT |¢) = o'p?|y) = —a'm?2[), it follows that
a'm? = A.

At the next level, there are D states:
le;k) =e-a_1|0;k) . (4.1.12)
The norm is:

(e;kle; K'Y = (0; kle* - a1 e-a_1|0; k")
= (0;k|(e* - e+ e" - a_je- a1)|0; k')
= et*e,(2m) PP (k — k). (4.1.13)
We used:
ot =t (4.1.14)

stemming from the Hermiticity of X*, and:
(0;K|0; K'Y = (2m)P 6P (k — k'), (4.1.15)

which arises from momentum conservation. Timelike excitations result in one negative-norm
state.

a0 k) = e ay |05 k) (with e, = (1,0,0,...,0))

The L' condition gives:

=—==. (4.1.16)
Proof.
Mles k) = o'pPlesk) + a1 - are - a_1|0; k)
= —a'm?|e; k) + o €¥ (M + a_1,01,,)|0; k)
= —a'm?|e; k) + e - a_1]0; k)
= (1 - a/m?)le; k)
Therefore A = a/m? — 1. O
The other non-trivial physical state condition is:
LT e k) xp-are-a1|0;k) = kyale,a 105 k)
= kuev(aya?y) |0;k) = kpey (ayaf + ) |05 k)
=e-kl0;k) =0 (4.1.17)

thus we require k - e = 0. For timelike polarization we have k- e = k% which together with
kuk* = 0 implies k° # 0 and therefore we have L"|e; k) # 0. As such this state does not belong
to the physical spectrum. At this level, there are spurious states that exist:

L™ 10; k) = (20)Y2k - a_1]0; k) . (4.1.18)

That is, e” o< k* is spurious. One can classify this into three cases:
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1. If A > —1, the mass squared is positive. Returning to the rest frame (k = 0,k% # 0),
the physical state condition (e -k = 0 = € = 0) removes the negative-norm timelike
polarization. Spurious states are not physical, so there are no null states and the spectrum
consists of D — 1 positive-norm states of a massive vector particle.

2. If A= —1, the mass squared is 0. k-k = 0, so spurious states are physical and null. Thus:
kE-e=0, e,=e,+ k. (4.1.19)
This describes D — 2 positive-norm states of a massless vector particle.

3. If A < —1, the mass squared is negative. The momentum is spacelike (k # 0, k° = 0), so
the physical state condition removes one positive-norm spacelike polarization. Spurious
states are not physical, leaving a vector tachyon with D — 2 positive-norm states and one
negative-norm state.

Case (3) is unacceptable. Case (2) is identical to light-cone quantization. Case (1) differs from
the light-cone spectrum as it has a different mass and extra states at the first level, though
without obvious inconsistencies.

The result for the next level is quite interesting: it depends on the constant A and the
spacetime dimension D. Restricting A = —1 from the discovery at the first excited level, it
coincides with the light-cone spectrum only if D = 26. If D < 26, the OCQ spectrum has
positive-norm states but more than the light-cone quantization; for D > 26, there are negative-
norm states. When A = —1 and D = 26, OCQ is identical to light-cone quantization at all
levels:

%OCQ = %ight—cone ) (412())

which will be proven in Section 4.4. Only in this case are consistent interactions known.

Generalization to closed strings is straightforward. There are two sets of oscillators and two
sets of Virasoro algebras, so at each level, the spectrum is the product of a pair of open string
spectra. Thus, the first two levels are:

4
. 2 _ .
0:), = (4.1.21a)
et (&7 110;k), m® =0,k" e, = ke, =0, (4.1.21Db)
e Zeu +ayky, +kuby,, a-k=b-k=0. (4.1.21c¢)

The relevant values are A = —1 and D = 26. As in light-cone quantization, there are (D — 2)?
massless states forming a traceless symmetric tensor, an antisymmetric tensor, and a scalar.

Mnemonic

For more general string theories, there is a mnemonic to obtain the zero-point constant. As
derived in the next section, the L{' condition can be understood as:

(Lo + Lg)lv, 4) = 0. (4.1.22)

That is, ghost contributions are introduced, where ghosts are in the ground state ||) which has
L§ = —1. The Ly generator and the Hamiltonian differ by an offset (2.6.10) proportional to the
central charge, but since the total central charge in string theory is 0, we can write this condition
as:

(H™ + H®) |y, ]) =0. (4.1.23)

Now, apply the mnemonic given at the end of Chapter 2 for zero-point energy. Specifically,
ghosts always cancel p = 0,1 oscillators because they have the same periodicity but opposite
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statistics. Thus, the rule is: A is given by the zero-point energy of the transverse oscillators.
This is the same rule as in light-cone coordinates, which here gives A = 24( 3 4) —1.

Incidentally, for counting physical states (not their precise form), one can always ignore the
ghosts and p = 0,1 oscillators and count transverse excitations as in the light-cone gauge.

Condition (4.1.22) requires the physical states to have weight 1. Since physical states require
matter states to be highest weight states, the vertex operators must be weight 1 or (1, 1) tensors.
This matches the condition A = —1 from another perspective: that integrated vertex operators
must be conformally invariant, as found in Section 3.6.

4.2 BRST quantization

We now turn to a more systematic study of the spectrum. Condition (4.1.2) is insufficient to
guarantee gauge invariance. It implies invariance under an arbitrary fixed choice of g, but this
is not the most general gauge. In the light-cone gauge, we impose conditions on both X*# and
gab- To investigate the most general variations in gauge conditions, we must allow dgu, to be an
operator, that is, let it depend on the fields in the path integral.

To derive the complete invariance condition, it is useful to take a more general and abstract
view. Consider a path integral with local symmetries, where the path integral fields are denoted
¢;; in our case, these are X*(o) and g.p(0). We use a compact notation where 7 also represents
the coordinate o. Gauge invariance is €%*d,, where « also includes coordinates. Since we can
always decompose a complex parameter into real and imaginary parts, we assume the gauge
parameter €“ is real. The gauge transformations satisfy the algebra:

[6047 5,5’] = f’yaﬁ(s'y . (4.2.1)
Now fix the gauge with the condition:
FA>¢) =0 (4.2.2)

where A again includes coordinates. Following the Faddeev-Popov procedure in Section 3.3, the
path integral becomes:

/ Vgauge exp(—5S1) — /[d(ﬁi dBdba dc®] exp(—S; — S — S3) , (4.2.3)
where Sp is the original gauge-invariant action, Ss is the gauge-fixing action:
Sy = —iBAFA(¢) , (4.2.4)
and Ss is the Faddeev-Popov action:
S3 = bac®0a FA(0) . (4.2.5)

We introduced field B4 to generate the integral representation of the gauge fixing §(F4).
Two things are noteworthy regarding this action. First, it is invariant under the Bec-
chi-Rouet—Stora—Tyutin (BRST) transformation:

6B¢)i = —ieca(sa(bi s (4.2.6&)
S5Bs=0, (4.2.6b)
opba = €By (4.2.6¢)
Spc® = %efamcﬁa . (4.2.6d)

This transformation mixes commuting and anticommuting quantities, requiring € to be anti-
commuting. Ghost number is conserved, with ¢* having ghost number 1, b4 and € having ghost
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number —1, and other fields having 0. Since the action of ég on ¢; is exactly a gauge transfor-
mation with parameter iec®, the original action Sy is itself invariant. The variation of S cancels
the variation of by in Ss, while the variations of §,F4 and ¢® in S5 cancel. The second key
property is:

og(baF1) = ie(So + S3) . (4.2.7)

Now consider a small change in the gauge-fixing condition dF. The change in the gauge-fixing
and ghost actions yields:

e6(fli) = i(f|0B(ba0F™)]i)
= —e(fl{QB, bAOFAYi) (4.2.8)

where we expressed the BRST variation as the anticommutator with the corresponding conserved
charge Q. For this to be zero for any §F, physical states must satisfy:

(WH{Qp,badFA}y') =0. (4.2.9)
To hold for arbitrary 0 F', we must have:
QslY) = QBlY) = 0. (4.2.10)

This is the important condition: physical states must be BRST invariant. We assumed QJ{B = (B.
There are several ways to see this must be the case. One is that if QTB were different, there would
have to be other symmetries, but no such candidates exist. A better argument is that ¢* and
by are like anticommuting versions of the gauge parameter €* and the Lagrange multiplier By,
and thus inherit their real properties.

On the other hand, for any constant matrix M4, we can add a term to the action propor-

tional to:
e 1og(byBpMAP) = —B,BgM*P (4.2.11)

By the above discussion, the amplitudes between physical states remain unaffected. Integrating
over B4 now produces a Gaussian instead of a d-function: these are Gaussian averaged gauges,
which include the covariant a-gauges of gauge theory.

There is a more critical concept. For the BRST charge to remain conserved while moving
through the space of gauge choices, it must commute with the change in the Hamiltonian:

0=[Qs,{Qs,badF}]
= QRbaSF" — QebAdFQp + Qpbad F Qg — badFAQ},
= [QB,ba0F™]. (4.2.12)

For this to be zero for general gauge changes, we need:
Q% =0. (4.2.13)

That is, the BRST transformation is nilpotent. Since Q2B has ghost number 2, the possibility
of it being a constant is excluded. One can verify that all fields are invariant under two BRST
transformations (4.2.6). Specifically:

1
op(dpc®) = f§ee’fa57f75ecﬁc‘$ce =0. (4.2.14)

The product of ghosts is antisymmetric in 3, d, €, and thus the product of structure constants is
zero due to the Jacobi identity.

We should mention that we made two simplifying assumptions for the gauge algebra (4.2.1).
First, the structure constants f“g, are constants, independent of the fields; second, the algebra
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has no additional terms proportional to the equations of motion on the right side. More generally,
both assumptions are violated. In these cases, the BRST system described does not yield
nilpotent transformations, and we would need the Batalin—Vilkovisky (BV) system. The BV
system has various applications in string theory, but we will not require it.

The nilpotency of @p has an important consequence. States of the form:

@BlX) » (4.2.15)

where x is arbitrary, will be annihilated by @ and are thus physical. However, such a state is
orthogonal to all physical states, including itself: if @g|¢) = 0, then:

(W[(@s]x)) = (41QB)[x) = 0. (4.2.16)

Thus, all physical amplitudes containing such null states are zero. Two physical states differing
only by a null state:

[¥') = [¥) + Qslx) (4.2.17)

have identical inner products with all physical states. So, as in OCQ, we identify the true physical
space with the set of equivalence classes, where states differing by a null state are equivalent.
This is a natural construction for a nilpotent operator, called the cohomology of Qp. Other
examples of nilpotent operators include the exterior derivative in differential geometry and the
boundary operator in topology. In cohomology, the term closed refers to states annihilated by
@B, and exact refers to states of the form (4.2.15). Thus, our procedure is:

<%élosed
%xact

JBRST = (4.2.18)

We will clearly see in the remainder of this chapter that this space in string theory has the
expected form. Clearly, the invariance condition removes one set of unphysical X# and ghost
oscillators, while the equivalence relation removes another set.

Point particle example

Now let us examine the example of a point particle. Expanding the compact notation, the
local symmetry is coordinate reparameterization §7(7), so the index o becomes 7. A basis for
infinitesimal transformations is 6, 7(7) = 6(7 — 71). Their action on the fields is:

0 XH(1) = =0(1 — 1) 0 XH(7), Ore(1) = =0:[0(T — 71)e(T)] . (4.2.19)
Applying a second transformation and forming the commutator, we have:
[57'1 ’ 6T2]Xu(7—)
_ [5(7 —1)0:8(T — ) — (1 — 72)0:8(1 — )| 9, XH (1)

- / dry £, 8, X1 (r) | (4.2.20)
From the commutator, we have determined the structure constants:
[P =0(13 —11)0:,0(m3 — T2) — 0(73 — T2) 07 0(T3 — 71) . (4.2.21)
The BRST transformation is then:

O XH = iecXH (4.2.22a)
Spe = ie(ce) , (4.2.22b)
6B =0, (4.2.22¢)
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Spb=€eB, (4.2.22d)
dpc = iecc . (4.2.22¢)

Gauge e(7) = 1 is similar to the unit gauge of the string, using a single coordinate degree of
freedom to fix each component of the tetrad, so F'(7) =1 — e(7). The gauge-fixed action is:

1 _ 1 .
S = /dT (26_1X“Xu + §em2 +iB(e—1) — ebc> (4.2.23)

We find it convenient to integrate out B, thus fixing e = 1. This leaves the fields X* b and ¢,
with the action:

S = /dT (;X“XH + %m2 — bc) (4.2.24)
and the BRST transformation:
S XH = iecXH (4.2.25a)
Sb = ie<—;X“Xﬂ + %mz + bc’> , (4.2.25b)
dpc = iecc . (4.2.25¢)

Since B no longer appears, we used the equation of motion from e to replace B in the transfor-
mation rule for b. One can verify that the new transformations (4.2.25) are a symmetry of the
action and are nilpotent. This is applicable when field B4 is integrated out; although dpdgb is no
longer identically zero, it is proportional to the equations of motion. This is satisfactory: QQB =0
holds as an operator equation, which is exactly what we need. The canonical commutators are:

", X = —ig",  {bc}=1, (4.2.26)

where p# = iX*, with i from the Euclidean spacetime signature. The Hamiltonian is H =
% (p2 + mz), and the Noether procedure yields the BRST operator:

Qp =cH. (4.2.27)

The structure here is similar to what we seek for the string: the constraint (missing equation of
motion) is H = 0, and the BRST operator is ¢ times this operator.

The ghosts generate a system of two states, so a complete basis for the states is |k, ), |k, 1),
where:

Pl L) = ke ), Pk T) = KR (4.2.280)
bk, L) =0, blk, 1) = [k 4, (4.2.28D)
b, b) = 1k, 1), elkat) = 0. (4.2.28¢)

The action of the BRST operator on them is:

1
Qplk,4) = 5 (K +m?)[k, 1), Qplk, 1) =0. (4.2.29)
The resulting closed states are:

k1), kK24+m?=0, (4.2.30a)
k1), all k*, (4.2.30b)

and exact states are:
k1), k2+m?#£0. (4.2.31)
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The non-exact closed states are:
kL), B24m?=0; |k, 2+m?>=0. (4.2.32)

Thus, physical states must satisfy the mass-shell condition, but we have two copies of the
expected spectrum. In fact, only states satisfying the extra condition:

bl) =0 (4.2.33)

(the state |k, ])) appear in physical amplitudes. The origin of this extra condition is kinematical.
For k? + m? # 0, states |k,T) are exact—they are proportional to all physical states, and
the amplitudes are identically zero. Amplitudes can only be proportional to §(k? + m?). But
amplitudes in field theory and string theory, while having poles and cuts, do not have §-functions
(except in D = 2 dimensions, where kinematics is special). So they must be zero.

4.3 BRST quantization of the string

In string theory, the BRST transformations are:

SpX* = ie(cO + c0) X", (4.3.1a)
opb = ie(TX +T8), Opb=ie(TX +1T%), (4.3.1b)
dpc = iecOc, SpC = i€COC . (4.3.1c)

One can derive these from the point particle example. To the sum of the Polyakov and ghost
actions, add the gauge-fixing term:

o [ B~ g (4.3.2)
4

After integrating over By, and replacing By, in the transformations with the equations of motion
for gap, the transformation dpby, = €Bgp becomes (4.3.1). The Weyl ghost is just a Lagrange
multiplier making b, traceless. One can verify these transformations are nilpotent up to the
equations of motion. The similarity between the BRST transformations (4.3.1) and the particle
case (4.2.25) is obvious. Replacing X* with a more general matter CE'T, matter field transfor-
mations become conformal transformations with v(z) = ¢(z), and in the b transformation, 7™
replaces TX.
The Noether theorem gives the BRST current:

1 3
jg = cT™ + = T8 +-0%c
2 2
3
= I+ :bcdc: —1—5820 (4.3.3)
and similarly jg. The last term in the current is a total derivative and does not contribute to

the BRST charge; it is added manually to make the BRST current a tensor. The OPE of the
current with the ghost fields and a general matter tensor field is:

JB(O) ~ 5 + 5 5(0) + S TE(), (43.42)
i5(2)e(0) ~ 2680(0) , (4.3.4D)
in(2)0™(0,0) ~ %c@m(O, 0) + %[h(ac)om(o, 0) + c0O™ (0,0)] . (4.3.4c)

The simple poles reflect the BRST transformations of these fields.
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The BRST operator is:

QB i (dZ jg —dz jB) . (4.3.5)

- 27

Via standard contour discussion, the OPE implies:

{@B,bm} = Ly, + L5, . (4.3.6)

Proof. Using (2.6.18)

{Q,b(2)} = Res;, 5 j(21) b(2) (4.3.7)
Extracting the mode

d
by = j{Z 2™Hp(2)

211

we find

dz .
(Q.b) = jq{ 2 ™ Res., s j(a1)b(2)
g m g
e [ B T

2mi (21 —2)3 (21 — 2)? 21— 2
d
— § oz AT + TN = I + I, (4.338)
2me
O

In terms of ghost field modes:

o
n=-—o00
= (m-n) '
+ Z 5 *(CmCnabm—n + Emlnb_m_n) : +aC(co + &) . (4.3.9)
m,n=—o0
The ordering constant is a® = a® = —1, from the anticommutator:

{QB,bo} = Lg' + Lf . (4.3.10)

When ¢™ # 26, anomalies exist in the gauge symmetry, so we expect glitches in the BRST
formalism. The BRST current remains conserved: all terms in the current (4.3.3) are analytic
for any value of the central charge. However, it is no longer nilpotent:

2Q% = {Qs,Q} = 0 only if ™ = 26. (4.3.11)

The shortest derivation of this result uses the Jacobi identity. More directly, it stems from the
OPE:

™ — 18 ™ —18

™ — 26
5,3 c0c(0) — o2

12z

JB(2)jB(0) ~ — cdc(0) — c®¢(0) . (4.3.12)

This requires some calculation; watch for signs from anticommutators. The simple pole implies
{@B,Qp} = 0 when ¢™ = 26.
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To show this, we use (2.6.14):
dZ2 . o
@B, @B} = ¢ 5 Resziz ip(21)d8(22)
dzs (c™ —18) Occ(z9) (™ — 18) O%ce(z2)
= Res;, 2
?{ omi AT [ 2(z1 — 22)3 - 4(z1 — 22)?
(€™ — 26) 3cc(z2) (c™ — 26) ?{ dze .3
— — 4.3.1
LT " 12 omi 0 cl22) (43.13)
To work this out, first note that
PPc(z) == (m—D)m(m + L)epz "2 (4.3.14)
and thus
= (mP—m) e
cBe(z)=- e (4.3.15)
Therefore
dzo (m3 —m) : chem
{QB,QB} = 7{27” P (4.3.16)
m — 26
= —(612) Z (m® —m) : c_mem (4.3.17)
Note also from the OPE:
) c™ — 26 1. 1,
T(z)jB(0) ~ 5 c(0) + ;JB(O) + ;838(0) (4.3.18)

which implies jp is a tensor only when ¢™ = 26.

Let us point out some important features. The missing equations of motion are precisely
the generators of conformal transformations that are zero, the part of the local symmetry group
not fixed by gauge selection. This is a general result. When gauge conditions completely fix the
symmetry, the missing equations of motion are proven trivial by gauge invariance. They must
be zero in the sense of matrix elements (4.1.2), or more generally, in the BRST sense. Denoting
the remaining symmetry generators G as constraints; for the string, these are L, and Ly,
forming the algebra:

(G1,Gy) =ig"1,GK . (4.3.19)
Associated with each generator is a pair of ghosts, by and ¢!, where:
{CI,bJ} :6IJ, {CI,CJ} = {b[,bJ} =0. (4.3.20)

The general form of the BRST operator, as exempliﬁed by the string case (4.3.9), is
Qp ='GT 29 e’ by
1 (4.3.21)
= (G}“ + 2G§> :

where G is the matter part of G; and:

G% = —ig" ;¢ bk (4.3.22)
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m

is the ghost part. G and G% satisfy the same algebra as Gy, (4.3.19). Using commutators
(4.3.19) and (4.3.20), one finds:

1 1
Q% = 5{Q8, @} = —59" g™ kel cFby = 0. (4.3.23)

The last equality stems from the Jacobi identity for GGG, which requires ¢ ;6™ k1, to be
zero when antisymmetrized in IJL. We ignored the central charge terms; they must be verified
manually.

Again, the constraint algebra is the worldsheet symmetry algebra, required to be zero in
physical matrix elements. When we generalize the bosonic string in Volume II, the simplest way
is to do so directly in terms of the constraint algebra and determine the BRST charge in the
form of (4.3.21).

String BRST cohomology

Let us now examine the BRST cohomology of the string at lowest order. Define the inner
product by specifying:

(at) =o', , (ak) =a",, (4.3.24a)
(bm)Jr = b—m 5 (Em)Jr = I;—m , (4.3.24]3)
(Cm)T =Com, (5m)T - 57m . (4324C)

Specifically, Hermiticity of the BRST charge requires ghost fields to be Hermitian. Hermiticity
of the ghost zero modes forces the inner product of ground states to be of the form:

open string:  (0; k|co|0; k') = (27m)%96%6 (k — k), (4.3.25a)
closed string:  (0; k|éoco|0; k') = i(2m)256%6 (k — k') . (4.3.25b)

Here |0; k) represents the matter ground state times the ghost ground state ||) with momentum
k. Inserting cg and ¢ is necessary for a non-zero result. For instance, (0; k|0; &) = (0; k|(cobo +
boco)|0; k') = 0; the last equality holds because by annihilates both bras and kets. The factor i
in the ghost zero-mode inner product is due to Hermiticity. The inner product of the ground
states is obtained using commutation relations and the adjoints (4.3.24), as in earlier calculations
(4.1.13).

We will focus on the open string; the closed string discussion is entirely analogous but twice
as long. We assert (to be proven) that physical states must satisfy the extra condition:

bolv)) = 0. (4.3.26)

This also implies:
Loy = {@gs,bo}|¥) =0, (4.3.27)
since both @p and by annihilate [¢)). Operator Ly is:

Lo = o (p'p, +m?), (4.3.28)

where:
00 25
am*=3"n (an + New+ ) Nun> —1. (4.3.29)
n=1 p,:O

Thus, the Lo condition (4.3.27) determines the string mass. BRST invariance and condition
(4.3.26) imply each string state is on-shell. Let .7 be the space of states satisfying (4.3.26) and
(4.3.27). From the anticommutator {@s,bo} = Lo and [@B, Lo] = 0, it follows that Qp acts on



CHAPTER 4. THE STRING SPECTRUM 104

# within itself. The inner product (4.3.25a) is not quite well-defined in .#: ghost zero modes
give 0, and due to momentum constraints on-shell, §?(k — k') contains a factor 6(0). So we use
a degenerate inner product (||} in ., ignoring X° and the ghost zero mode. This is the inner
product related to probability interpretation. One can verify Qg remains Hermitian under this
degenerate inner product. Note the on-shell condition determines k% from spatial momentum k
(considering the incoming case, k” > 0), and we used covariant normalization for the states.
Let us now interpret the first level of the string in D = 26 flat spacetime. At the lowest

order, N = 0:
1
0; k) , —k? = e (4.3.30)
This state is invariant:
Q@Bl0;k) =0, (4.3.31)

because every term in (g contains a lowering operator or Lg. This also shows no exact states
exist at this level, so each invariant state corresponds to a cohomology class. These are exactly
the tachyon states. The on-shell condition is the same as found in Section 1.3 for light-cone
quantization and in Section 3.6 for open string vertex operators. Obtained heuristically in
Chapter 1, it is here determined by the Qg ordering constant, derived from the requirement of
nilpotency.

At the next level, N = 1, there are 26 + 2 states:

[91) = (e~ a—1 + Bb_1 +vc-1)|0; k) , ~k*=0, (4.3.32)
depending on a 26-vector e, and two constants 3 and . The norm is:

(V1]|Y1) = (O;K||(e" - a1 + B*b1 + v*c1)(e - a1 + Bb_1 + vc—1)|0; k)
= (" e+ By +7"8)(0; k[|0; k) . (4.3.33)

In an orthogonal basis, there are 26 positive-norm states and 2 negative-norm states. The BRST
condition is:

0=Qglt1) = 2a) 2 (c_1k- a1 + c1k - a_1)|v1)
= (20" 2(k - ec_1 + Bk - a_1)|0: k) . (4.3.34)

Terms proportional to ¢y sum to zero due to the on-shell condition and are ignored. An invariant
state thus satisfies k- e = = 0. This leaves 26 linearly independent states, with 24 positive-
norm and 2 zero-norm. The two zero-norm invariant states are created by c_; and k- a_; and
are orthogonal to all physical states including themselves. A general |y) is the same as (4.3.32)
with constants e/, 3,7, so a general BRST exact state at this level is:

Qslx) = (20/) (k- ey + Bk a1)|0;k) . (4.3.35)

Thus, the ghost state c_1]|0;k) is BRST exact, and the polarization is transverse with the
equivalence relation e, = e, + (204’)1/25%#. This leaves the 24 positive-norm states expected
for a massless vector particle, identical to light-cone quantization and OCQ with A = —1.

This pattern is general: there are two additional positive-norm and two negative-norm os-
cillator families compared to light-cone quantization. Physical state conditions eliminate two,
leaving two combinations with zero inner product. Those null oscillators are BRST exact and
removed by equivalence relations.

Side note: states b_1]|0;k) and ¢_1|0;k) are regarded as the two Faddeev-Popov ghosts in
the BRST quantization of massless vector fields in field theory. The worldsheet BRST operator
acts on these states in the same way the corresponding spacetime BRST operator acts in gauge
field theory. Acting on the entire string Hilbert space, the open string BRST operator is some
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infinite-dimensional generalization of spacetime gauge theory BRST invariance, while the closed
string BRST operator is a generalization of spacetime general coordinate BRST invariance in
the free limit.

Generalization to closed strings is direct. We focus on the space of states satisfying:

bol)) = boly)) = 0. (4.3.36)
This also implies: ~
Lo|) = Lolyp) = 0. (4.3.37)
In closed strings:
o = o -
Lo = Z(p2 + m2) , Lo = Z( 2 + m2) R (4338)
where:
o 0 25
ZmQ =3 "n (an + Nen+ Nun> ~1, (4.3.39a)
n=1 #:O
o o0 _ _ 25 ~
Zm2 =>n (N,m + N+ ) Nw> —1. (4.3.39h)
n=1 n=0
Repeating the exercise, at m? = —4/a’ we find the tachyon, and at m? = 0, the graviton,

dilaton, and antisymmetric tensor 24 x 24 states.

4.4 The no-ghost theorem

In this section, we prove that the BRST cohomology of the string has a positive-definite inner
product and is isomorphic to the light-cone and OCQ spectra, regarding the BRST cohomology
as the physical Hilbert space. We also verify that in our study of string amplitudes, the ampli-
tudes are well-defined on the cohomology (i.e., equivalent states have identical amplitudes) and
the S-matrix is unitary within the physical state space.

We operate within the general framework described at the end of Chapter 3: the worldsheet
theory consists of d free fields X* (including p = 0), a compact unitary CFT K with central
charge 26 — d, and ghosts. Virasoro generators are the sum:

Ly =LY +LE+ 18 . (4.4.1)

Compact means Lg has a discrete spectrum. For example, if K corresponds to strings on a
compact manifold, the term o/p? in Ly is replaced by —a/V?, which has a discrete spectrum on
compact space. In both open and closed strings, general states are labeled:

IN,I;k),  IN,N,Lk), (4.4.2)

where N (and N) refer to d-dimensional and ghost oscillators, k is the d-dimensional momentum,
and I labels states of the compact CFT with given boundary conditions. Impose by conditions
(4.3.26) or (4.3.36), respectively implying the on-shell conditions for the open string:

d—1
= kukt =m?, (4.4.3a)
n=0
o) d—1
o'm? — Z n <N,m + N, + Z NWL) + LK -1, (4.4.3b)
n=1 ©=0
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and the closed string:

d—1
= kkt =m? =m?, (4.4.4a)
pn=0
’ 0o d—1
[0
Zm2 =>"n (an + Nen+ ) Nm> +L¥ -1, (4.4.4b)
n=1 pn=0
Oé/ o) ~ ~ d—1 _ _
ZmQ =Y"n (an + Nen+ ) NW> + LK 1. (4.4.4c)
n=1 pn=0

The contributions of d < p < 25 oscillators are replaced by the eigenvalues of Lé( or I~/6< . The
only information used regarding the compact CF'T is its conformal invariance at the appropriate
central charge (so a nilpotent BRST operator exists) and its positive-definite inner product. The
basis I can be taken as orthogonal, so the degenerate inner product is:

(0, ; k[0, I';X') = (0,0, I;k/[0,0, I'; k') = 2k°(27) 159 (k — K)o 10 - (4.4.5)

What do we expect for the physical Hilbert space? Define the transverse Hilbert space ¢+
as the states in % with no longitudinal (X, X! b, ¢) excitations. Since these oscillators are the
source of indefinite inner products, .+ has a positive-definite inner product. Light-cone gauge
fixing directly eliminates longitudinal oscillators—the light-cone Hilbert space is isomorphic to
S+, as seen in the flat spacetime case in Chapter 1. We will prove that in general, BRST
cohomology is isomorphic to .#*, meaning it has the same number of states at each mass level
and a positive inner product: the no-ghost theorem.

Proof

The proof has two parts. First, discover the cohomology of the simplified BRST operator @1,
which is a quadratic form in oscillators; second, prove that the total Qg cohomology is identical
to the (1 cohomology. Define light-cone oscillators:

of =2712(8 +al), (4.4.6)
which satisfy:
o 0] = —mOmn,  l0faf] = lamsaq] = 0. (14.7)

We will extensively use the quantum number:

1
N'e = Z ik at, an . (4.4.8)
oy

N'¢ is the number of — excitations minus the number of + excitations; since the center-of-
mass part is omitted, it is not a Lorentz generator. We select a coordinate system where the
momentum component kT is non-zero. Now decompose the BRST generator using N'°:

Q=01+ Qo+ Q-1, (4.4.9)
where Q; acting on a state changes IV I¢ by 4 units:
[N, Q)] = jQj - (4.4.10)

Additionally, each @; acting on a state increases the ghost number N& by 1:

[N8,Q;] =Q; . (4.4.11)
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Expanding Q]Q_;) = 0 yields:

(@) + (1Q1.Qo}) + (1@1.Q- 1} + @F) + (1Q0. 1)) + (Q%) =0, (44.12)

Each group in parentheses has a different N'°, so each must be zero separately. Specifically, Q1
itself is nilpotent and has a cohomology. Explicitly:

Q1 =—(2)?kY Y alom. (4.4.13)
e

For m < 0, it annihilates a + mode and creates a ¢; for m > 0, it creates a — mode and annihilates
a b. One can find the cohomology by investigating the action of ()1 on an occupation number
basis. This is left as an exercise; here we use a standard strategy useful for the generalization of

@B. Define:

1 N
mA

and:

S= {Qla R} = Z (mbfmcm + mc,mbm — Oéi_mOér_n — Oé:mOé;;)

3
Il

M

m(No + Nem + Nyjy + N, - (4.4.15)

3
Il

Note that both (1 and R annihilate the ground state, which determines the normal-ordering
constant. Note also that ()1 commutes with S. We can then compute the cohomology in each
eigenspace of S, and the total cohomology is the union of the results. If |¢) is a @1 invariant
satisfying S|¢) = s|), then for non-zero s:

[¥) = +{Qu RHY) = ~QiRIY), (4.4.16)

so |1) is actually Qi-exact. Thus, @; cohomology is non-zero only for s = 0. By the definition
of S (4.4.15), states with s = 0 have no longitudinal excitations—the s = 0 space is exactly
S+, Operator () annihilates all states in £+, so they are all Q;-closed, and there are no
Q1 exact states in this space. Thus, the cohomology is - itself. We have thus proven the
no-ghost theorem for Q1. Next, we prove it for Qp.

The proof consists of two steps: first, prove the cohomology comes only from s = 0 states
(the kernel of S); second, prove s = 0 states are @q-invariant. It is useful to prove the second
step abstractly, utilizing the property that all s = 0 states have the same ghost number, which
in this case is f%. Suppose S|¢) = 0. Since S and @1 commute:

0=CQ15) =SQ1Y) . (4.4.17)
The ghost number of [1)) is —%, so the ghost number of Q1]y) is +%. Since S is invertible for
this ghost number, we must have Q1|¢) = 0, which is what we aimed to prove.
Remaining is to prove the @ cohomology is identical to the ()1 cohomology. The idea is to
replace S with the operator:
S+U={Qs,R}. (4.4.18)

Now, U = {Qo + Q_1, R} decreases N'® by one or two units. In terms of N'¢, S is diagonal and
U is lower triangular. By the general properties of lower triangular matrices, the kernel of S+ U
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cannot be larger than the kernel of its diagonal part S. In fact, they are isomorphic: if |¢) is
annihilated, then:

W) = (1= 87U+ S7USTIU — -+ )|ao) (4.4.19)

is annihilated by S+ U. The factor S~! is reasonable as it always acts on N'° < 0 states, where
1

S is invertible. For the same reason, S + U is invertible except when the ghost number is —3.
Equations (4.4.16) and (4.4.17) now apply to @, with S 4+ U replacing S. They imply the Qp
cohomology is isomorphic to the kernel of S+ U, which in turn is isomorphic to the kernel of S,
and thus to the ()1 cohomology, as we set out to prove.

We must still verify the inner product is positive-definite. All terms after the first on the
right side of (4.4.19) have a strictly negative N'°. By commutation relations, this inner product
is non-zero only between states whose N'¢ values sum to zero. Then for two states in the kernel
of S+ U (4.4.19):

(WlY') = (ollvo) - (4.4.20)

The positive-definiteness of the inner product in the S kernel thus implies positive-definiteness
in the S+ U kernel. The proof for closed strings is identical, with the addition of tilde operators
for Qg, N'°, R, etc.

BRST-0OCQ equivalence

We now prove the equivalence:
Hocq = ABRST = Hight-cone - (4.4.21)
For a state |¢) in the matter Hilbert space, adding the ghost theory gives the state:

0,4 (44.22)

The ghost vacuum |/) remains annihilated by all ghost lowering operators, i.e., by, for n > 0 and
¢n for n > 0. Acting with Qp:

QBl, 1) =D con(Ly = 6n0)le, 1) = 0. (4.4.23)
n=0

All terms in Qg containing ghost lowering operators are discarded, and the constant in the
n = 0 term is known from the @p mode expansion (4.3.9). Thus, OCQ physical states map to
BRST-closed states. The ordering constant A = —1 stems from the Ly eigenvalue of the ghost
vacuum.

To establish equivalence (4.4.21), we must prove more. First, we must show a well-defined
mapping of equivalence classes: if ¢ and v’ are equivalent OCQ physical states, they map to
the same BRST class:

[, 4) = [, 4) (4.4.24)

must be BRST-exact. By (4.4.23), this state is BRST-closed. Furthermore, since [1)’ — |4)) is an
OCQ null state, the norm of state (4.4.24) is zero. From the BRST no-ghost theorem, the inner
product of the cohomology is positive-definite, so a closed state with zero norm is BRST-exact,
which is what we aimed to prove.

To conclude that we have an isomorphism, we must show the mapping is one-to-one and
onto. One-to-one means that OCQ physical states ¢ and ¢’ mapping to the same BRST class
must be in the same OCQ class—if:

1, 1) = 10, 1) = Qslx) , (4.4.25)
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then |¢) — |¢)" must be a null state. To see this, expand:

[e.9]
=S bl ) (4.4.26)
n=1
|x) has ghost number —3, so the ellipsis represents at least one ¢ excitation and two b excitations.

Substitute this into (4.4. 25) and keep only terms on both sides with the ghost ground state. This
gives:

Wi) - Wyw = Z Cm b—n‘Xm >

m,n=1

:ZL nlXn, ) - (4.4.27)

Terms with ghost excitations must be zero separately and have been omitted. Thus, [¢) —[¢) =
Yoo L™ |xn) is an OCQ null state, making the mapping one-to-one.

Finally, we must show the mapping is onto: every (Jp equivalence class contains at least
one state of the form (4.4.22). In fact, the specific representation (4.4.19), states annihilated
by S + U, is of this form. To see this, consider the quantum number N’ = 2N~ + N, + N,,
including the total number of —, b and ¢ excitations. Operator R has N’ = —1: terms with
m > 0 in R decrease N, by one unit, terms with m < 0 decrease N~ by one unit and increase
Ny by one unit. Checking Qg + Q_1, one finds various terms with N’ = 1 but nothing larger.
So U = {R,Qop + Q—_1} cannot increase N'. Examining state (4.4.19) and noting that S and
|tbo) have N’ = 0, all terms on the right have N’ < 0. By definition, N’ is non-negative, so
N'|1) = 0 must hold. This implies no excitations of —, b, or ¢, so the state is of form (4.4.22).
Thus, equivalence (4.4.21) is proven.

The full power of the BRST method is needed to understand the general structure of string
amplitudes. However, for most practical purposes, handling states of the form |, ]) is a major
simplification, so knowing every BRST class contains at least one state without ghost mode
excitations is useful; we call these OCQ-type states.

OCQ physical state condition (4.1.5) requires physical states to be highest weight states
with Ly = 1. The corresponding vertex operators are tensor fields ¥™ of weight 1 constructed
from matter fields. Introducing ghost state |} ), the complete vertex operator is ¢#™. For closed
strings, the complete vertex operator is éc?™, where ™ is a (1,1) type tensor. The matter
part of the vertex operator is identical to that found in the Polyakov system in Section 3.6, and
the ghost part will be explained simply in the next chapter.

Equation (4.4.19) defines an OCQ physical state in each cohomology class. For the specific
case of flat spacetime, this state can be established more clearly using Del Giudice-Di Vecchia-
Fubini (DDF) operators. To explain these, further development of vertex operator techniques is
required, so this is deferred to Chapter 8.



Chapter 5

The String S-matrix

In Chapter 3, we expressed the S-matrix as a path integral over two-dimensional compact
surfaces with vertex operators. In this chapter, we will reduce this path integral to a gauge-fixed
form.

5.1 The Circle and the Torus

We identify a gauge slice, as shown in figure 3.7, as a choice of one configuration from each
(diff x Weyl) equivalence class. Locally, we achieve this by fixing the metric. However, globally,
there exists a slight mismatch between the space of metrics and the worldsheet gauge group.

Once again, the point particle serves as an excellent illustration. We wish to calculate the
Euclidean path integral:

1 L.
/[dedX] exp [Q/dT <e_1X“Xu + em2>] (5.1.1)
Consider paths that form closed loops in spacetime, so the topology is a circle. The parameter 7
takes values between 0 and 1, where the endpoints are equivalent. That is, X*(7) and e(r) are
periodic on 0 < 7 < 1. The einbein e(7) has one component, and there exists a local symmetry
that completely determines the einbein.
The einbein transforms as €/dr’ = edr, so the gauge choice yields a differential equation for

7'(7):

or’

i 5.1.2

= e(r) (512)

Integrating this with the boundary condition 7/(0) = 0 determines:

(1) = /OT dr'e (") (5.1.3)

The problem is that, in general, 7/(1) # 1, so periodicity is not preserved. In fact,

1
(1) :/0 dre(t) =1 (5.1.4)

is the invariant length of the circle. Therefore, we cannot set ¢’ = 1 while keeping the coordinate
range invariant. We can either keep the coordinate range fixed and let €’ be a constant value
¢ =1, orlet ¢ =1 and allow the coordinate range to vary:

=1 0<71<1 (5.1.5a)

or
=1 0<r7<I (5.1.5Db)
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In either case, after fixing the gauge invariance, we are left with a universal integral over [.

In other words, not all einbeins on a circle are equivalent. There exists a single-parameter
family of inequivalent einbeins, parameterized by [. The two descriptions in (5.1.5) both have
analogs in string theory. Actually, we will use a description similar to (5.1.5a) to define the
path integral, where the fields are functions on a fixed coordinate range, and then transform
to a description like (5.1.5b), where the metric is fixed and the moduli are encoded within the
coordinate range.

There is a second difficulty related to gauge fixing. The condition e = constant is preserved
by rigid translations:

T—7T+wvmodl (5.1.6)

That is, on a circle, we cannot say where the origin is. Consequently, fixing the metric leaves a
small portion of unfixed local symmetry, resulting in a mismatch in both directions. The metric
is not equivalent to another gauge, and the gauge transformation is not fixed by the choice of
metric.
Moving to strings, we take the torus as an example, where the same difficulties arise. Starting
from the coordinate region:
0<o'<2r, 0<o’<2n (5.1.7)

where X# (01,02) and ggp (01,02) are periodic in both directions. Equivalently, we can view
this as point equivalence on the o plane:

(01,02) = (01,02) + 2m(m,n) (5.1.8)

where m, n are integers.

To what extent is the field space diff x Weyl redundant? The theorem is that it is impossible
to transform a general metric into a unit form through a diff x Weyl transformation that keeps
the periodicity (5.1.7) invariant, but it can be transformed into:

ds® = ‘alo'1 + Td02’2 (5.1.9)

where 7 is a complex constant. When 7 = ¢, this is the unit metric §,p.

To see this, we repeat the steps used in the local discussion of section 3.3. First, we can
make the metric flat through a Weyl transformation satisfying 2V?w = R. By expanding the
eigenmodes of V2, it can be seen that under periodic boundary conditions, there is a unique
solution for w up to an additive constant. What is important here is [ d?0¢'/?R, which is 47
times the Euler number, and for a torus, this is zero. Afterwards, a transformation to new
coordinates 6 turns the metric into unit form. However, just as in the point particle case, there
is no guarantee that this reflects the original periodicity. Instead, we may now have:

7% =2 6% 4 2w (mu® + nv®) (5.1.10)

where u®, v* are general translations. By rotating and scaling the coordinate system, accompa-
nied by an w shift that keeps the metric normalized, we can always set v = (1,0). This leaves
two parameters, the components of v.

Defining w = &' + 952, the metric is dwdw and the periodicity is:

w = w+ 27 (m + nt) (5.1.11)

where 7 = v! + iv?. The torus is a parallelogram with periodic boundary conditions in the w
plane, as shown in figure (5.1.1).

Alternatively, using 0%, w = o! + 702 is defined. The original periodicity is preserved, but
the metric takes the more general form (5.1.9). The integration over the metric reduces to two
integrals over the real and imaginary parts of 7. The metric (5.1.9) is invariant under complex
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Figure 5.1.1: Torus with modulus 7, in gauge ds> = dwdw. The upper and lower edges are
identified, as are the right- and left-hand edges. Closed curves A and B are marked for later
reference.

conjugation and degenerates for real 7, so we can focus our attention on Im7 > 0. Just as in
the circular case (5.1.5), we can put these parameters into the metric (5.1.9) or the periodicity
(5.1.11). The parameter 7 is called the Teichmiiller parameter or, more generally, the modulus.

Unlike the point particle, there is no simple invariant expression for 7 analogous to the
invariant length of a circle. There is some additional redundancy that has no analog in the
point particle case. The value 7+ 1 generates the same equivalence set (5.1.11) as 7, replacing
(m,n) = (m —n,n). The same is true for —1/7. Defining w’ = 7w and replacing (m,n) —
(n, —m), repeatedly using these two transformations:

T: 7=74+1, S:7=-1/r (5.1.12)
generates:
, ar+b
— 5.1.13
4 ct+d ( )

where a, b, ¢, d are integers satisfying ad — bc = 1.
We can also consider it as follows: the transformation

1 n

)= ¢]] %) o110
turns the o metric (5.1.9) into the same form of metric in ¢’ but with modulus 7/. This is
a diffeomorphism mapping of the torus. Since ad — bc = 1, it is a one-to-one mapping and
preserves the periodicity (5.1.8). However, it cannot be obtained from a continuous infinitesimal
transformation starting from the identity—it is a so-called large coordinate transformation.
Curve A in coordinates o maps to a curve in ¢’ stretched a times along the A" direction and ¢
times along the B’ direction.

These large coordinate transformations form the group SL(2,Z). The group on the 7 plane
is SL(2,Z)/Zs = PSL(2,7), because if the signs of a, b, ¢, d are all flipped, 7’ remains invariant.
The group of transformations (5.1.14) is called the modular group. Using the modular transfor-
mation (5.1.13), it can be proved that every 7 is equivalent to a point in the region Fp, as shown
in figure (5.1.2).

1 1
-3 <Ret < 2’ 7| > 1 (5.1.15)

Except for the boundaries identified in the figure, this is called the fundamental region of the
upper half-plane modulo PSL(2,Z). Due to the equivalence, Fy can be considered rolled up,
opening only when Im7 — oo. The fundamental region Fy is a representation of the moduli
space of (diff x Weyl) inequivalent metrics.
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Figure 5.1.2: The standard fundamental region Fj for the moduli space of the torus, shaded. The
lines I and I’ are identified, as are the arcs II and II’. A different fundamental region, mapped
into Fy by the modular transformation S, is bounded by II, IT’, III, and III’.

There are further difficulties, as with the point particle. Requiring the metric to take the
form (5.1.9) where 7 is in a given fundamental region does not fix all diff x Weyl invariance. The
metric and periodicity are invariant under rigid translations:

o = o 4+ (5.1.16)

So this two-parameter diff x Weyl subgroup is not fixed. Additionally, the discrete transfor-
mation ¢ — —o® leaves the metric invariant, and in the non-oriented case, 7 — —7 via
(al, 02) — (—01, 02) also leaves the metric invariant. Thus, there is again a mismatch between
metric degrees of freedom and local symmetries: parameters in the metric cannot be removed
by symmetry, and symmetry is not fixed by the choice of metric. Unfixed symmetries are called
the Conformal Killing Group (CKG).

When there are enough vertex operators in the amplitude, we can completely fix the gauge
invariance by fixing the positions of certain vertex operators. On a torus with n vertex operators,
the invariance (5.1.16) can be used to fix the position of one vertex operator, leaving the integral
over 7 and n — 1 other positions. The Zs from ¢% — —c® can be used to fix a second vertex
operator in the middle of the torus. In practice, for finite redundancy counts, it is often more
convenient to leave some symmetries unfixed and divide by a suitable factor. Additionally, if
there are too few vertex operators and some Conformal Killing invariance remains unfixed, then
we must explicitly account for the redundancy count.

Note to the Reader

In the remainder of this chapter, we will discuss moduli more generally. The primary goal is the
gauge-fixed expression for the string S-matrix (5.3.9). In fact, most interesting string physics
can be seen in tree-level and one-loop amplitudes. For this reason, the measure can be obtained
through shortcuts. For tree amplitudes, there are no metric moduli but the positions of certain
vertex operators must be fixed. The measure can be reasoned out as explained below (6.4.4).
For one-loop amplitudes, the measure can be understood in a relatively intuitive way by analogy
with the discussion of point particles below (7.3.9).
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5.2 Moduli and Riemann Surfaces

Now, we repeat the above discussion in a more general and abstract way. We integrate over all
metrics on some given topology 7. Call this metric space ¥,.. For closed oriented surfaces, we
can label r by the number of handles g, also called the genus. After accounting for diff x Weyl
redundancy, we are left with the moduli space:

Yr
( diff x Weyl),

My = (5.2.1)
Just as in the torus case, this space is parameterized by a finite number of moduli. For the torus,
A is the upper half-plane modulo PSL(2,Z), or equivalently any fundamental region such as
Fy. There may also exist a diff x Weyl subgroup, the CKG, that leaves the metric invariant.

When vertex operators are present in the path integral, it is useful to treat their positions
on an equal footing with the moduli in the metric. When we need to make a distinction, we
will refer to metric moduli. One way to handle the CKG, which is applicable if vertex operators
exist in the path integral, is to further specify the gauge by fixing the positions of certain vertex
operators. The Polyakov path integral includes an integration over ¥, and an integration of n
vertex operators over the worldsheet .#Z. The moduli space with vertex operators on topology
r is:

4. x M"
( diff x Weyl),
As we saw for the torus, diff, is generally not connected. Selecting the connected component
diff.¢ containing the identity, the quotient

My = (5.2.2)

diff,
dift,g

(5.2.3)

is the modular group.

It is interesting to study the diff x Weyl redundancy of the metric at the infinitesimal level.
That is, searching for metric variations that are not equivalent to a diff x Weyl transformation
and are thus equivalent to a change in moduli. We also want to find certain diff x Weyl transfor-
mations that do not change the metric; these are the infinitesimal elements of the CKG, called
Conformal Killing Vectors (CKVs).

An infinitesimal diff x Weyl transformation changes the metric by:

dgap = =2 (P100) 4 + (20w — V - 60)gap (5.2.4)

where P; is the traceless symmetric linear combination of derivatives (3.3.17). The metric
variation ¢’g,p corresponding to the moduli is orthogonal to all variations (5.2.4):

0— / Pog" ¥ guy [~2 (Pr60)™ + (20 ~ V - 60)g"
(5.2.5)
= /d2091/2 [—2 (PlT(S’g)a 60% 4+ 8" gapg™ (20w — V - (50)}

where the adjoint is (Piru)a = —Vuy,.

Note:

1

(P, 00) = (vaaab + V0% — gV - 50)

8 gap(P1, 60)2 = (5’gabvaaab 1 8 g V2I0® — & gupg™V - 50)

N = N
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In order to make the overlap (5.2.5) zero for general dw and do, we require
96" gap = 0 (5.2.6a)
(Pld'g), =0 (5.2.6b)

The first condition requires ¢'gq, to be traceless, and it is a traceless symmetric tensor in the
kernel of PlT . For each solution to these equations, there exists a modulus.

CKVs are those do such that dge,, = 0 in (5.2.4). The trace of this equation uniquely
determines dw, leaving the Conformal Killing Equation:

(P1do),, =0 (5.2.7)

Equations (5.2.6) and (5.2.7) become simple for variations around the conformal gauge:
0:0'gs. = 0:0'gzz = 0 (5.2.8a)
070z = 0,02 =0 (5.2.8b)

Thus, the variation of the moduli corresponds to holomorphic quadratic differentials, and CKVs
correspond to holomorphic vector fields. On a torus, the only holomorphic bi-periodic functions
are constants, so there are two real moduli and two real CKVs, consistent with the previous
section’s discussion.

The metric moduli correspond to the kernel of P{ (5.2.6), while CKVs correspond to the
kernel of P; (5.2.7). The Riemann-Roch theorem relates the number of metric moduli p =
dim ker P{" and the number of CKVs x = dimker P to the Euler number :

=K =—3x (5.2.9)

We will derive it later in this chapter. For closed oriented surfaces, —3x = 6g — 6. This count
is for real moduli, splitting complex moduli like 7 into real and imaginary parts.

Furthermore, k is zero for x < 0, and p is zero for y > 0. To prove this, we cite the following
property: one can always find a metric via Weyl transformation such that the scalar curvature
R is constant. In this case, R has the same sign as x. Now, P{ P} = —%Vz — %R, SO

/d2091/2 (P1d0),, (P16o)™ = /d20g1/2(50a (PlTPl(Sa)a
, . (5.2.10)
= /d2091/2 <2Va50bV“5crb — 45%50“)

For negative x, the right side is strictly positive definite, so Pido cannot be zero. A similar
argument shows that for positive x, P{ ¢'g cannot be zero. Combining these results, we have:

x>0:k=3x, =0 (5.2.11a)
x<0:k=0, pu=-3x (5.2.11b)

Riemann Surfaces

A common way to describe the moduli space is to choose a metric from each equivalence class,
which forms a family of metrics §q(¢; o) depending on moduli t*. For the torus, (5.1.9) gives
such a slice. Using the other description (5.1.11) is often more convenient, where dwdw is fixed
and the moduli are encoded in the coordinate range. We can formalize this concept as follows.

Recall how a differentiable manifold is defined. A manifold is covered by a set of overlapping
charts, where o are the coordinates in the m-th coordinate chart. When charts m and n
overlap, the coordinates in the two charts are related by:

Om = fan (0n) (5.2.12)
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where transition functions are required to be differentiable. For a Riemannian manifold, each
chart is also given a metric g, b (04m), and the values in the overlap region are related by the
usual tensor laws.

For a complex manifold, each chart has complex coordinates z;,. Transition functions are
required to be holomorphic:

Zp = [ (2n) (5.2.13)

Since holomorphicity does not depend on the coordinates zZ used. Holomorphic functions on
the manifold can now be defined. Just as two differentiable manifolds are equivalent if there
exists a one-to-one differentiable mapping between them, two complex manifolds are equivalent
if there exists a one-to-one holomorphic mapping between them.

In the two-dimensional case (one complex coordinate), the complex manifold is called a
Riemann surface. In this case, there is a one-to-one correspondence:

Riemann surfaces <> Riemannian manifolds mod Weyl (5.2.14)

We place 'mod Weyl’ on the right because 'mod diff’ is already implied in the definition of a
Riemannian manifold. To see this isomorphism, start from the Riemannian manifold. From our
discussion of conformal gauge, we know we can find z,, in each chart such that:

ds® o< dzpmdz, (5.2.15)

In adjacent charts, coordinates need not be identical, but since ds? o dz,dZz, x dz,dZ,, the
transition functions are holomorphic. This is a mapping from Riemannian manifolds to two-
real-dimensional complex manifolds. For the inverse mapping, one can take metric dz,,dz,, in
the m-th chart and smooth it in the overlap region to produce a Riemannian manifold. The two
characterizations of Riemann surfaces are thus equivalent.

The description of the torus using the complex coordinate w of the parallelogram (5.1.1)
illustrates the idea of a complex manifold. Imagine taking a single coordinate chart slightly
larger than the basic parallelogram of (5.1.1). The periodicity conditions

w= w4 2T =Zw+ 27T (5.2.16)

are the transition functions on the overlap of the two opposite edges of the coordinate chart.
These transition functions define the surface. To define the original path integral over the
metric, treating the metric as fixed coordinates, such as the square (5.1.7), or at least a fixed
set of coordinate charts with fixed transition functions, is the simplest starting point. To study
quantum field theory on a given surface, the simplest approach is to handle unit metrics where
transition function moduli are related, as in the parallelogram (5.1.11).

One can also see Riemann surfaces as follows. Define the worldsheet as a union of coordinate
charts. We can use diff x Weyl degrees of freedom to reach the metric dzdz in each chart.
Then the gauge choices in the chart overlap can only differ by the diff x Weyl invariance of this
metric. This is exactly the conformal transformation we discussed. Thus, Riemann surfaces are
the natural place for CFT to grow, because fields in CFT have clear transformation properties
under conformal transformations.

5.3 The Measure for Moduli

We now review the gauge fixing of the Polyakov path integral. We already know that gauge
redundancy does not completely eliminate the path integral over the metric, but leaves a finite-
dimensional integral over the moduli space. To account for this, it is necessary to refine the
discussion of section 3.3.
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The path integral for the S-matrix is:

Sivign (k1,0 ky
5.3.1)
= ex — AX) d’o; 0;) 1/2 ki, o; (
Z /leﬂxWeyl P XH/ i9( Vi )

topologies

This is the previous expression (3.5.5), but now with a universal matter field ¢ = ¢ = 26, where
matter fields are labeled by ¢. In gauge fixing, the integration over the metric and positions is
replaced by an integration over the gauge group, moduli, and unfixed positions:

[dgld*"c — [d(]d td* "o (5.3.2)

After factoring out the gauge volume, the Jacobian of this transformation becomes the measure
on the moduli space.

This step is identical to section 3.3, now accounting for moduli and CKVs. Specifically, the
gauge choice now fixes k vertex coordinates, of — &f'. Denoting the set of fixed coordinates
(a,i) as f, define the Faddeev-Popov measure on the moduli space as:

1 = Arp(g,0) /F dt /d Ll (g—g(t)C) I1 5(03—&5“) (5.3.3)

(ai)ef

By definition, each metric (diff x Weyl) is equivalent to a g(¢) for some ¢ and {. In fact, as
discussed at the end of section 5.1, there might be a residual discrete symmetry group of finite
order ng, so the delta function is non-zero at ng points.

Substituting (5.3.3) into the path integral (5.3.1) and using the same steps as before gives:

Siroin (k1 k) = > /d“tAFp /dqs/ IT do?

topologies (ai)¢f

X exp (—Sm[o, ﬁ [ )2 N, (k‘z,al)}

=1

(5.3.4)

The integration over metrics and vertex operator coordinates now reduces to an integration over
the moduli space F' plus unfixed coordinates with the measure given by App. In the vertex
operators, x positions are fixed.

Now we calculate the Faddeev-Popov measure. The delta function is non-zero at ngr points
related by symmetry, so we consider one such point and divide by ng. Expand the definition of
App (5.3.3) near this point. A general metric variation equals a local symmetry variation plus
a change in moduli ¢*:

m
Sgab = > 61" Ops G — 2 (15150) (20w =V - 30)up (5.3.5)
k=1

The Faddeev-Popov inverse determinant is:

Arp(§,6) "
= nR/dl‘ét[déwdéa](S (0Gan) H 5 (50° (64))
(ai)ef
= nR/dﬂdtd“:c [dp'déo] (5.3.6)

X exp |2mi (5/, 2P 160 — 5tk8k§}> + 2mi Z Zai00® (04)
(a,i)ef
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The inner product definition in the second line refers to Exercise 3.2. We followed the same
local discussion as in section 3.3, writing the delta function and functional as integrals over z
and [, and integrating over dw to obtain the constraint that 3/, is traceless.

As before, replace all bosonic variables with Grassmann variables to convert the integral

(5.3.6):

00" — (5.3.7a)
By — bap (5.3.7b)
Tai = Nai (537C)
otk — ¢k (5.3.7d)
Then, under the standard normalization of fields:
R 1
Arpp(8,0) =— / [dbdc]d"&d"n
nRr
X exp |- (b 2Prc — €9 ) + 3 mac (83)
p ar \” 1 k9 4 Nai i (5.3.8)
(ayi)ef
S
=— | [dbdc] exp (—5g) 11 - (0. 0k3) I <)
R k=1 (ai)ef

In the last line, we integrated out the Grassmann variables 7,; and £¥. The appropriate integra-
tion measure on the moduli space is generated by the ghost path integral with this insertion.

We do not attempt to keep track of the overall sign in intermediate steps; since this is a
Jacobian, we can implicitly choose the overall sign to yield a positive result. The complete
expression for the S-matrix is:

Sirgn (K1, kn)

. /F /d¢dbdc exp (—Sm — Sy — AX)

topologies (5.3.9)
X H /dJ H (b, 0rg) H f[ 1/2 Y5, (ki, 04)
(a0)¢f (a0)ef i=1

This result is ready to be extended to all bosonic string theories—closed or open, oriented or
non-oriented—the only difference being what topologies to include and what vertex operators to
allow. Eq. (5.3.9) is a useful and beautiful result. The complexities introduced by moduli and
CKVs are accounted for by inserting b and ¢ into the path integral. For each fixed coordinate,
doy' is replaced by cf, and each metric modulus gives a b insertion.

Representation in Determinant Form

In (5.3.8), we expressed the Faddeev-Popov determinant as an integral over Grassmann variables
and fields. We now want to simplify it into a product of finite-dimensional functional determi-
nants. As we continue to study the string S-matrix in the following chapters, this direct path
integral approach is only one of the methods we will use.

Expand the ghost fields in a suitable complete basis:

“o) = _csC0), ba(0) = bx Bras(o) (5.3.10)
J K
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The complete bases C§ and Bgg, are defined as follows. The derivative P, appearing in the
ghost action converts a vector into a traceless symmetric tensor. Its transpose performs the
opposite function. The ghost action can be written as:

1 R
S, = > (b, Pic) = o (Pyb,c) (5.3.11)

We cannot diagonalize P in a diff-invariant way because it converts one type of field into another,
but we can diagonalize PlT P; and PlPlT :

PIPCY =07CY, PPl Bra = vi Brab (5.3.12)
The eigenfunctions can be chosen to be real and normalized in the following inner products:
(Cy,Cp) = / Bog?CqC g = 01y (5.3.13a)
(Bk, Brr) = /d2091/2 Bray B = 0 (5.3.13b)
Now note that:
(PlplT) Pch :P1 (PlTpl) CJ :valCJ (5314)

So P,Cj; is an eigenfunction of PlPir . In the same way, PlT Bk is an eigenfunction of PlT P.
Therefore, unless P,C; = 0 or PlT Bx = 0, there exists a one-to-one mapping between the
eigenfunctions. They correspond to the eigenvalues of P{ P; or PiPL. They are precisely the
CKVs and holomorphic quadratic differentials, and their numbers are x and u, respectively.
We denote the zero-eigenvalue eigenfunctions as Cp; or Bgg, and non-zero eigenvalues are

labeled J, K =1, .... For the latter, the normalization of the associated functions is:
1
Bab = o (PiCy)gps vy=07#0 (5.3.15)

In this basis, the ghost path integral App becomes:

Iz k Iz
/ H dbyy, H dco; H dbydcy exp <—UJ§7JTCJ> H i (b, Ok ) H c® (07) (5.3.16)
k=1 j=1 J k=1 (ay)ef

From section A.2, we know that unless a variable appears in the integrand, the Grassmann
integral is zero. cg; and bgi do not appear in the action, but only in the insertions. In fact, the
number of each type of insertion in the integral (5.3.16), x and p, matches the ghost zero modes
respectively. We have exactly enough insertions to give a non-zero result, and in the insertions,
only the zero-mode part of the ghost fields contributes. Therefore:

n po[om
App :/HdbOk: 11 [Z beTH (BOk”,ak/fJ)]

k=1 k'=1 Lk""=1
X /H dcoj H Z COj’CSj/ (Ul) (5.3.17)
Jj=1 (ai)ef |4'=1

b
X /HdedCJeXp (—UJQJCJ>
T
J

Summing over all ways to fill the Grassmann variables in the zero-mode integrals, in each case,
the integral generates a finite determinant, and the non-zero modes produce an infinite product,
a functional determinant. Combined:

(Bow, 9w 9)
T

P1TP1>1/2

App = det
FP e s

det C§; () det’ < (5.3.18)
Note that C§; (o) is a square matrix, where (a,4) € f ranges over  values like j. The prime on

the functional determinant indicates that the zero eigenvalues are removed.
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Riemann-Roch Theorem

We now give a path integral derivation of the Riemann-Roch theorem. For the ghost current of
the holomorphic be system (no b, ¢), the current conservation anomaly derived in Exercise 3.6 is:
1—2A

Vaj'= R (5.3.19)

Noether’s theorem relates current conservation to invariance. For a non-conserved current, the
discussion found:

6([dg] exp(=S)) _ ie 2 _ 1 : 22 -1
= — [ d0gt?V,j* - — 3.2
(] exp(—9) 5 / 0q ' “Vaj® — —ie % (5.3.20)
The ghost number symmetry acts as §b = —ieb, dc = iec. When the path integral is non-zero,

the transformations of the measure, action, and insertions must cancel each other. Thus, from
the anomaly, we learn that the number of ¢ insertions minus the number of b insertions is 3y /2.
The path integral calculation relates the number of insertions to the number of zero modes, thus
giving the same difference:

1 1
§(H —p) = B (dimker P, — dim ker PlT) (5.3.21)

The factor of 1/2 appears because we only considered the holomorphic theory; the anti-holomorphic
theory gives the same contribution. Equating the result from the anomaly with the result from
the zero modes gives the Riemann-Roch theorem x — p = 3x. For a general bc system, the same
method will find:

dimker P, — dimker PT = (2n + 1)x (5.3.22)

where the P, operator is defined in Exercise 3.2.

5.4 More about the measure

Here we collect some general properties of gauge-fixed string amplitudes. They play a founda-
tional role in the more formal investigations in Chapter 9.

Gauge Invariance

The gauge-fixed amplitudes generated by the Faddeev-Popov treatment are BRST-invariant and
independent of the gauge choice. However, it is useful to explicitly check whether it has all the
expected properties.

First, it is independent of the choice of coordinates ¢ on the moduli space. For new coordi-
nates t'*(t):

/
d't’ = |det gtt drt
b " (5.4.1)
1, ot 1 .
kl:[l e (57 3k9) = det <8t’> kl:[1 I (b, 0k9)

And these two Jacobians cancel each other out (up to a sign, which we manually fix to give a
positive measure). In other words, the integral induced by the b ghost transforms like a density
on the moduli space.

Second, let us see that the measure is invariant under Weyl transformations of the gauge
slice. Under a Weyl transformation:

0G0 (t; 0) = 20w(t; 0)gap(t; 0) (5.4.2)
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The variation of the action and measure produces an insertion of the local operator T)¢, which
is zero for D = 26 due to the equations of motion. Thus, we only need to worry about the
effects on the individual insertions. Vertex operator insertions are zero due to contractions. The

insertion of ¢?(o;) is zero according to the discussion below (3.3.24). For:
(.010") = [ P b 30

:/d20g1/2bab <gacgbd8kgcd+2gabakw> (543)

= (b, 0r9)

The last equality holds due to the tracelessness of b.

Third, we check the invariance under infinitesimal diff transformations do = £(¢;0). Exten-
sion to general diff transformations is direct. In the amplitude (5.3.9), the only terms that are
not immediately invariant are the b insertions and the vertex operators with fixed coordinates.
The former transforms as:

0 (b,0rg) = —2 (b, P1OkE)
= —2(P{'b,01,¢) (5.4.4)
=0

where the equations of motion for b are used. The b equations of motion come from §S/dc = 0,
so source terms will exist on the ¢ insertions; they are needed to explain the effect of coordinate
transformations on the fixed vertex operators.

BRST Invariance

We now prove the full BRST invariance of (5.3.9). From the local analysis, we know that
the path integral measure and action are invariant, so we must examine the effect of BRST
transformations on the insertions. In the gauge-fixed path integral (5.3.9), fixed vertex operators
are accompanied by a factor of ¢ or ¢éc. This is our description of the BRST-invariant vertex
operators corresponding to OCQ states at the end of section 4.4.
On the other hand, integrated vertex operators are not BRST-invariant; they have the BRST
property:
OBV m = 1€0q (¢" V) (5.4.5)

which is zero in the integral sense. Finally, there is the variation of the b insertion:
0B (b, Okg) = i€ (T, Og) (5.4.6)

The insertion of the energy-momentum tensor only produces a derivative with respect to t*, so
the BRST variation is zero except for a term that might come from the boundary of the moduli
space. We will examine the boundary of the moduli space in the next chapter. In most cases,
there is no surface contribution, which is due to the so-called "canceling propagator" argument.
In certain situations, this argument does not apply, and we will see how to handle this.

Importantly, the gauge-fixed result (5.3.9) can be written directly from the requirement of
BRST invariance without referring to the gauge-fixed form. As we saw when calculating the
path integral, there exist at least u b insertions and k c insertions, otherwise the path integral
is zero. In the amplitude (5.3.9), there are exactly the correct number of ghost insertions to
give a non-zero result. Once we introduce the necessary b factors, the BRST transformation
brings a convolution with the t* derivative of the metric in the energy-momentum tensor. This
is proportional to the derivative with respect to the moduli, so just as we did before, integrating
over the moduli space yields an invariant result.

The result (5.3.9) can be generalized in various ways (e.g., the Conformal Killing invariant
case is kept unfixed). In Chapter 7, for the torus without vertex operators, we will explicitly
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exemplify this point. BRST invariance implies that the amplitudes of BRST-equivalent states
are the same. If we add a null part @p|x) to any state, the effect is to insert the variation dp7
into the path integral; this integral is zero. This is important because the physical Hilbert space
is equivalent to the cohomology, so equivalent states should have the same amplitude.

The Measure for Riemann Surfaces

We derived the Faddeev-Popov measure in the framework where the gauge-fixed worldsheet is
derived from a moduli-dependent metric. We now recast this result in the framework of Riemann
surfaces, where the structure is encoded into moduli-dependent transition functions.

To express the value of the measure at a given point ¢ in the moduli space, we take a set of
coordinate charts, where the m-th coordinate chart has complex coordinate z,,, and holomorphic
transition functions, where the metric § (o) in each coordinate chart is equivalent to dz,,dz,.
Now consider the change in moduli. We first describe it as a transformation in a metric with
fixed transition functions, and then convert it into a transformation of transition functions with
a fixed metric.

In the first description, define the Beltrami differential:

1, R
Hha = 50" Ohfac (5.4.7)
The b insertion for §t* becomes:
1 1 2 z z
o (b, ) = 5 | @2 (b2zbtps + bzziii.) (5.4.8)

In the second description, after the transformation §t* in the moduli, there will be new coordi-
nates in each chart:
2 = zm + 0V (2, Zn) (5.4.9)

The superscript on v, is a vector index; note that v{,  is only defined in the m-th coordinate
chart. By the definition of Riemann surfaces, dz/,dz/, is equivalent to the metric at ¢ty + dt:
dz! dz), o< dzymdZ, + 5tk (,uif;m dzmdzy, + ,uz’gm démdim) (5.4.10)
Therefore, the relation between the coordinate change v}, and the Beltrami differential is:
,ui’;m =0, v;m, pez = 0z, v (5.4.11)

This is the infinitesimal version of the Beltrami equation. It implies that v is not holomorphic,
otherwise it would not correspond to a change in moduli. Additionally, there is a holomorphic
part in v not determined by the Beltrami equation, and an anti-holomorphic part for vi%;
these correspond to the degrees of freedom for performing holomorphic reparameterizations in
each chart.

Integrating by parts, the b insertion (5.4.8) becomes:

1 1 i
— (k) =5=_ fé (dzmvim by — dZvim bz, 20 (5.4.12)
2m 2mi S~ Jc,, m m

The contour C,, surrounds the m-th coordinate chart counter-clockwise. By (5.4.9), the deriva-
tive of the coordinates with respect to the moduli at a given point is:

dz
dTT’: =vim (5.4.13)
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Figure 5.4.1: Coordinate patches 2’ (diagonal hatching) and z (horizontal hatching) with vertex
operator at 2z’ = 0. In the annular region, z = 2’ + z,.

Thus, the transformation of the transition functions under a modular transformation is:

Ozm
otk |,

.. Oz
= Vm 82

vpt = v — v (5.4.14)

Then, combining the contour integrals surrounding adjacent charts, (5.4.12) gives:

1 O0zm,
by (b, pix.) =95 Z /mn (dZm ot |

This is proportional to the derivative of the transition functions. The sum is taken over all
overlapping charts. The contour C),, runs between charts m and n, and is counter-clockwise
from the perspective of m. The (mn) terms are symmetric with respect to m and n, though this
is not obvious. Each contour is either closed or terminates at triple overlaps of charts m,n,p,
where contours Cy,p, Cpp, and Cpy, meet at a point. The b insertion is now expressed explicitly
in terms of the data defining the Riemann surface, where the transition functions are taken
modulo holomorphic equivalence.

As an illustration, we can use this to place the moduli of the metric and the moduli of the
vertex operator positions on a more equal footing. Consider a vertex operator at z, in coordinate
system z. Take a small new coordinate chart 2z’ centered at the vertex operator, as shown in
figure (5.4.1).

We keep the vertex operator at 2/ = 0 and encode its position into the transition function:

O0Zm,

b -
otk |,

— dzm,

ZmZm

bgm2m> (5.4.15)

z2=2+ 2, (5.4.16)
The measure for z,, z, is given by (5.4.15), where:

07
0z,

=1 (5.4.17)

z
Therefore, the ghost insertion is:

d dz!
/ ibz z’/ S bz 'zl = b_ 1b 1 (5.4.18)

27 —2m1
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where C'is any contour surrounding the vertex operator as shown. Then, the complete expression
for the S-matrix can be compactly written as:

) = e~ X ﬁ M - v
S(1;...;n) > /FnR <g3k}1%> (5.4.19)

compact topologies

Here, By, is shorthand for the b ghost insertion (5.4.15), and V4 represents ¢c¥y, for closed strings
and t,c® ¥, for open strings. That is, we now treat all vertex operators as fixed and replace their
coordinates with extra parameters in the transition functions. The number of moduli m is:

m=p~+2n.+n,—k=-3x+2nc + ne (5.4.20)

where n. and n, are the numbers of closed string and open string vertex operators, respectively.

(5.4.19) shows that hatted vertex operators, i.e., those containing ¢éc or ¢,c?, are fundamental.
This is exactly what the state-operator correspondence produces, and it is BRST-invariant. If
the vertex operator is integrated, the ghost insertion (5.4.18) will remove éc or ¢,¢®. For example:

boib_1-écVim = Y (5.4.21)

leaving the integrated form of the vertex operator. We wrote (5.4.19) from the Polyakov path
integral, so vertex operators appear in the form of OCQ, but now we can use any BRST-invariant
vertex operator.



Chapter 6

Tree-level amplitudes

We now study string interactions . In this chapter, we will investigate the lowest-order ampli-
tudes, which originate from surfaces with positive Euler number . We first describe the relevant
Riemann surfaces and calculate the required CFT expectation values . Next, we will study
scattering amplitudes, first for open strings and then for closed strings . Along the way, we will
introduce an important generalization in open string theory: Chan-Paton factors . At the end
of this section, we will return to CFT and discuss the general properties of expectation values .

6.1 Riemann surfaces

There are three types of Riemann surfaces with positive Euler number: the sphere, the disk,
and the projective plane .

The Sphere

0

Figure 6.1.1: A sphere constructed from the z and u coordinate charts .

The sphere Sy can be covered by two coordinate charts, as shown in figure 6.1.1 . We take

125
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disks |z| < p and |u| < p, where p > 1, and glue them via :
u=1/z (6.1.1)

In fact, we can take p — oo . In this way, the coordinate z is well-defined everywhere except
at the "North Pole" w = 0 . We can view the sphere as a Riemann surface by taking flat
metrics on both coordinate charts and connecting them with a conformal (coordinate plus Weyl)
transformation . Alternatively, we can view it as a Riemannian manifold with a globally defined
metric . The general conformal gauge metric is :

ds? = exp(2w(z, 2))dzdz . (6.1.2)

Since dzdz = |z|*dudu, the condition for this metric to be non-singular at « = 0 is that
exp(2w(z, 2)) decays as |z|~* as z — oo . For example :

o Ar*dzdz  4r?dudu

ds™ = (1+22)?2 (1L+un)? (6.1.3)

describes a sphere with radius 7 and curvature R = 2/r? .

According to the general discussion in section 77, the sphere has no moduli but has 6 CKVs,
making every metric (diff x Weyl) equivalent to (6.1.3) . We observe this at the infinitesimal
level . As in (??), we look for holomorphic tensor fields dg..(z) and holomorphic vector fields
dz(z) . These must be defined on the entire sphere, so we examine the transformation to the u
coordinate chart :

ou

= _—0z=—z" 1.4
Su % 5z 2 %0z, (6.1.4a)
ou\ 2

Any holomorphic quadratic differential dg,, must be holomorphic with respect to z and vanish
as z~% at infinity; therefore, it must be identically zero . On the other hand, the CKV §z being
holomorphic at u = 0 requires it to grow no faster than 22 as z — oo . Thus, the general CKV
is :

8z = ap + a1z + azz?, (6.1.5a)
0% = a} + a}z + a3z?, (6.1.5b)

which has 3 complex parameters or 6 real parameters, exactly as expected from the Riemann-
Roch theorem . Exponentiating these infinitesimal transformations gives the Mébius group :
, az+f

d= (6.1.6)

Rescaling «, 3,7y, d does not change the transformation, so we can fix ad — fy = 1 and treat the
set under global sign inversion of «, 3,7,0 as equivalent, which defines the PSL(2,C) group .
This is the most general coordinate transformation that is holomorphic on the entire Sy . it is
a one-to-one mapping including the point at infinity . Three of the six parameters correspond
to ordinary rotations, forming the subgroup SO(3) of PSL(2,C) .

The Disk

The disk Do can be constructed from the sphere by identifying two points under reflection . For
example, identify z and 2’ such that :
2 =1/z. (6.1.7)
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In polar coordinates z = re’®, this takes the reciprocal of the radius but preserves the angle, so
the unit disk |z| < 1 is the fundamental domain after gluing . Points on the unit circle are fixed
by the reflection, so it becomes a boundary . It is often more convenient to use the conformally

equivalent inversion :
2=z (6.1.8)

Now the upper half-plane is the fundamental domain, and the real axis is the boundary .

The CKG of the disk is the subgroup of PSL(2,C) that keeps the boundary of the disk
invariant . For the inversion (6.1.8), this is the subgroup where «a, 8,7, in (6.1.6) are all real,
namely PSL(2,R), the Mobius group of real parameters . One CKV is the ordinary rotational
symmetry on the disk . Once again, all metrics are equivalent, and there are no moduli .

The Projective Plane

The projective plane RP» can also be obtained as a Z» identification of the sphere . Glue points
z and 2’ such that :
7 =-1/z (6.1.9)

These points are antipodal points in the round metric (6.1.3) . There are no fixed points, so there
is no boundary in the resulting space, but the space is non-orientable . A fundamental domain for
this gluing is the unit disk |2| < 1, but points e’® and —e® are identified . Another choice is the
upper z-plane, where there are no moduli . The CKG is the subgroup of PSL(2,C) reflecting
the (6.1.9) identification; this is the ordinary rotation group SO(3) . Both the disk and the
projective plane can be represented as spheres with points identified under a Zs transformation
or inwolution . In fact, every worldsheet can be obtained from a closed oriented surface by
identification under one or two Zs involutions . Thus, Green’s functions can be obtained using
the method of images .

6.2 Expectation values of scalars

The basic quantities we need are the expectation values of vertex operators . To develop several
useful techniques and viewpoints, we will calculate them in three different ways: direct path
integrals, using holomorphy, and the operator method later in this chapter .

The path integral method has already been used for the Faddeev-Popov determinant in
section 7?7 and for the harmonic oscillator in the appendix . Starting from a general functional :

200 = <exp (z / @20 J(o) -X(a)>> (6.2.1)

where J,(0) is arbitrary . From now on, we work on an arbitrary compact two-dimensional
surface M, and the spacetime dimension is d . We expand X*(o) on a complete basis X;(o) :

Xt(o) =Y ahX;(0), (6.2.2a)
I
VX1 = —wiXy, (6.2.2b)
/ d20' gl/QX[X]/ = 5]]/ . (6.2.2C)
M
Then : -
wixh .
ZJ] = H/dm’; exp (W + ZJ:’;JIN> , (6.2.3)
Iy
where :

Ji = / d%oJH (o)X (o) . (6.2.4)
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Except for the constant mode :

-1/2
X = </ Ao 91/2> : (6.2.5)

this integral is Gaussian . The action for the constant mode is zero, so it yields a é-function .

Remark. For I =0, (6.2.3) gives :

/dxg exp(izl Jou) o 84 Jo) -

Evaluating the integral yields :

217) = i2m) %% (Jo) T (47720[')“ P (_W>

10 wi “i
(o \dsd , =V
= 2(27'(') ) (JO) (det 471‘20/>
X exp <—; /d2a d%o’ J(o) - J(o')G (o, 0'/)) . (6.2.6)

As discussed in sections 2.1 and 3.2, the Gaussian integral generated by the timelike mode x(}
has the wrong sign, so it is defined via contour rotation z9 — —ix?, I # 0. The primed Green’s
function removes the zero-mode contribution :

G/( N 2T o
01,09) =) —X1(@1)X1(02) - (6.2.7)
10 1

It satisfies the differential equation :

1
— 5 VG (01,02) = > Xi(o1)X (o)
I#0
=g 125%(01 — 09) — X2, (6.2.8)

where the completeness of X; is used . An ordinary Green’s function with a J-function source
does not exist . It would correspond to the electrostatic potential of a single charge, but on a
compact surface, field lines flowing out of the source have nowhere to go . The X2 term can be
viewed as a background charge distribution used to neutralize the system .

The Sphere

Specifically on the sphere, the solution to the differential equation (6.2.8) is :

/

G/(Jl, (72) = —% In ‘212’2 + f(zl, 21) + f(ZQ, 22) . (6.2.9)

Remark. On the sphere g = e, V2 = e72¥90, so (6.2.8) becomes :
00G' = —21a/ 6% (01 — 02) + 2ma’e® X3

where 00 1n |z12| = 276%(z, 2) = 4762 (01 — 02) .
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where :

a'X2
4
The condition that G’ is orthogonal to Xg determines the constant &, but in any case, we will see
that the function f is independent of all expectation values . It originates from the background
charge, but the J-function from the zero-mode integration forces overall neutrality, J§' = 0, so
the background field has no net contribution .

Now consider the path integral containing a product of tachyon vertex operators :

n (ko) = <[eik1.X(al)} {eikQ-X(Ug)] [eikn-X(an)] >S . (6.2.11)
r r v/ 8,

This corresponds to :

f(z,2) = /dzz' exp[2w(z,Z)| In|z — 2| + k. (6.2.10)

J(o) =Y kid*(c —0i). (6.2.12)
i=1
Then the amplitude (6.2.6) becomes :
§,(k, 0) = iCg, (2m) 6% (32 k)

n 1
X exp <—Zk’1 . k‘jG’(O’i,Uj) 3 Zk?G;(Ui,O‘i)> . (6.2.13)
=1

1<j

The constant here is :

X d / ‘ 2 d/2
Co = X5 | det . 6.2.14
S2 0 < © 47(2(1/)52 ( )

Remark. According to (6.2.4) and (6.2.5), Jo = [d%c XoJ (o) = Xo Y., ki, so 6%(Jo) =
Xo 16X ki) -

The determinant can be regularized and calculated, but we do not need to calculate it explicitly
. We adopt the renormalization from section 3.6 such that self-contractions include :

/

Gl(0,0') = G'(0,0') + % Ind2(c,0") . (6.2.15)

Note that :
Gi(o,0) =2f(z,2) + dw(z, 2) (6.2.16)

is finite . Then the path integral on the sphere is :

n . o o'ki-k;
v (k,0) = iC% (2m) 7643, k;) exp (-2 Zkfw (ai)> [T 12175 . (6.2.17)

1<j

The dependence on the conformal factor w(o) is obtained from the Weyl anomaly of the vertex
operators . For on-shell operators, it will cancel the variation of ¢*/2 . We will take the metric
to be flat (pushing the curvature to infinity) in a large region containing all vertex operators;
thus, terms in w(o;) are dropped .
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Notes on (6.2.16):

2w dzdz
Ind?(c,0') —In|z12/* = In (fefddzz> = 2w
zdz

Notes on (6.2.17): Taking n = 2 as an example, the part depending on f is

kiko(f1 + f2) + %k% “2f1+ %k% 2fy = (k1 f1 + kafo) (k1 + k2)

Since the path integral contains §(>_, k;) = k1 + ko, it is independent of f .

Higher-order vertex operators are exponentials multiplied by partial derivatives of X*, so we

further need : » .
<H {eiki'm@} []ox» (=) HaXVk(z;;)> . (6.2.18)
fi=1 k=1 S2

i=1
This is given by summing over all contractions, where each 9X or 0X must contract with an

exponential or other X and 0X . The XX contraction is —%O/ In|z|?, and f is again dropped
in the final expression . This result is summarized as :

. o a ol
zCég (277)5“1(21./%) exp (—2 Z k?w(aﬂ) 1:[ |2ij ki-k;
i i<j

k=1

x <ﬁ [Uw () + qw(z;)} f[ [ﬁ”k(z,’g) + QVk(z,’g)]> (6.2.19)
j=1

where : . .
o KL o o KL
vi(z) = —is Z . — ot M (z) = —iy Z . — Zz' (6.2.20)

i=1 =1

originate from contractions with the exponentials . The expectation value of g#* = 0X* — v# is
given by contraction with —n**(z — 2’)72a’/2 and summing, while the expectation value of §”
is given by conjugation .

Now we re-calculate in a different way, using holomorphy . As an example, consider :

(0XH(21)0X"(22)) s, - (6.2.21)
The OPE determines it to be :
o' nMv
~ ()5, + gla1,22) | (6.2.22)
227y

where g(z1, z2) is holomorphic in both variables . In the u coordinate chart :

D XH = —2%0, X", (6.2.23)

so the condition for holomorphy at u = 0 is that the expectation value of 9, X* decays as 22 as

2z goes to infinity . More generally, the behavior of a tensor with weight (h,0) at infinity is z=2" .
Focusing on the correlation of (6.2.22) with respect to z; at fixed 22, this implies g(z1, z2) decays
as z; 2 at infinity, hence the holomorphic factor is zero . Compared with the path integral result
(6.2.19), this is consistent . Although (1)g, seems to diverge like 6(0), this is just the zero-mode
divergence from the infinite spacetime volume . Regarding the expectation value of a product

of vertex operators :
n
(ko) = <H ;eiki'X(Wi>:>S (6.2.24)
i=1

2
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calculating with this method is less direct because they are not holomorphic . In fact, they
factorize into holomorphic and anti-holomorphic parts, but this is subtle and is best introduced
in the language of operators, which we will do in chapter 8 . We use the holomorphy of the
translation current . Consider the expectation value with an additional current 0X*(z) . The
OPE of the current and vertex operators determines the singularity at z :
LN . i/ S
<(‘3X“(z) H :e’ki'X(zi’Zi):> = —— A%, (ko) Z ' — + terms holomorphic at z. (6.2.25)
i=1 S 2 - F T

Now observe z — oo . The condition that 9, X* is holomorphic at v = 0 again requires this
expectation value to vanish as 22
and the term at order 27! is zero . We find momentum conservation :

as z — oo . Then the holomorphic terms in (6.2.25) are zero,

8, (ko)) K =0. (6.2.26)
=1

We state this in a slightly different way . Consider the contour integral of the spacetime trans-
lation current : .

H=_— dz j# —dz j%), 6.2.27

P=g C( jt Jz) ( )

where the contour C encloses all exponential operators . There are two ways to calculate it

. One is to shrink the contour C until it becomes a small circle around each vertex operator,

which picks out the (z — ;) ™! term from each OPE and gives Y"1 | k' . The other is to expand

it until it is a small circle on the u coordinate chart: due to holomorphy at u = 0, it must be

zero . This discussion of deforming contours is widely used in CFT . We have used the OPE to

determine singularities and then used holomorphy to completely determine the dependence on

z . Now let us look at the second term of the OPE as z — z; . Expanding (6.2.25) gives :

. 7 n ku
—“;AgQ(k,a)< i +y —|—O(2—zl)> . (6.2.28)

z— 2 i— 21 — %4

Contracting with ik}, the (z — 21)? order term must be consistent with the OPE :

4 _ /.2 . _ . _
iky - aX(z) :ezk1-X(zl,z1):: o oR :ezkl-X(zLa): + 8Zl:ezk1-X(z1,z1): + O(Z _ Zl) ) (6.2.29)
2(z — 2z1)
This implies :
" o " ky -k
0:, A%, (k,0) = - A, (K, 0) > vt (6.2.30)
i=2 ’

Integrating and using conjugate equations as well as momentum conservation . In the sense of
normalization difference, this determines the path integral :

n

gz(ka 0) X 6d(zz kl) H |Zij|a/ki'kj ) (6231)

i<j

which is consistent with the first method . Note that for comparison, we must push the curvature
to infinity (w(o;) = 0), which makes [|, =:: .

It is worth noting that the intermediate steps of the path method depend on the specific
choice of the Riemann metric . This metric is needed to preserve coordinate invariance in these
steps . Two different metrics, if Weyl equivalent, still give different Laplacians and eigenfunctions
. But in the end, in string theory, these correlations must be dropped . The second method uses
only the fundamental properties of the Riemann surface, its holomorphy .
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The Disk

The extension to the disk is direct . By taking the representation of the sphere above and
constraining z to the upper complex plane, we obtain the representation of the disk . The
Neumann boundary term is interpreted as an image charge :

/ /

G'(o1,00) = —% In |21 — 2|2 — % In |21 — )2, (6.2.32)

differing by a term that is dropped due to momentum conservation . Then :

<H :eik‘i'X(Zi,Zi):> :’L'C%(Q (QW)déd(Zi kz) H ’Zz _ zi‘a/kf/Q
i=1 Do

=1

n
X H ‘ZZ‘ — Zj‘a/ki'kj ’Z,‘ — Ej’alki'kj . (6233)
1<j

For expectation values containing 9, X", one again sums over contractions, but now using the
Green’s function (6.2.32) . Note that 0X*(2)0X"(z') (or ¢*(z)¢”(Z)) has a non-zero contraction

For two points on the boundary, the two terms in the Green’s function (6.2.32) are equal,
even after subtracting the first term in normal ordering, the Green’s function still diverges at
zero interval . For this reason, boundary operators must be defined using boundary normal
ordering, where the subtraction is doubled :

o X" (y1) X" (y2)o = X" (y1) X" (y2) + 2a/n"" In[y1 — ya , (6.2.34)

where y represents coordinates on the real axis . Combinatorics is the same as for other forms
of normal ordering . The expectation values of boundary normal ordered boundary operators
have the same well-behaved properties (no singularities) as internal conformal normal ordered
operators .

If an expectation value contains both boundary exponentials and internal exponentials, each
with appropriate normal ordering, drop the |z; — Zi‘a’kf /2 factor for the boundary operators and
take the appropriate limit of the internal result (6.2.33) . Explicitly, for exponentials all on the
boundary :

<H M)> = O, 26T k) TToy s — P55 . (6235)
i=1 Do

More generally :

n p
<H och: X o TT 0, x4 <y;->> = iCP, (2m) 64 (Y, ki)
Do

i=1 j=1

n p
x ]l %% < [v’” (W) + g (y})}> : (6.2.36)
where :
v (y) = —2ia’ ) —— (6.2.37)
i J Y

and ¢ is contracted with —2a/(y — y') 2" .
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The Projective Plane

The Green’s function given by the method of images is :

/ /

G'(o1,00) = —% In |21 — 2o]? — %m 1+ 2152 (6.2.38)

Now :

o ik X (20, . - 5. [0k}
<H e kzX( iy z):> — ZC§P2(27T)d5d(Zz kl) H |1 + Zizi‘ kz /2
i=1 RP2

i=1

o' kik;

n
s [[ 1z — 2y kekaltrzz = (6.2.39)
1<J
and similarly for more general expectation values . Since there are no fixed points, it is impossible

for point z to touch its image —z~!, so there is no boundary .
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6.3 bc Conformal Field Theory

The Sphere

The path integral for ghost fields has already been established in section 7?7 . According to the
Riemann-Roch theorem, the simplest non-zero expectation value is :

<C(21)C(ZQ)C(Z3)5(24)5(25)5(§6)>52 . (6.3.1)

Up to normalization (i.e., a functional determinant), the result (??) is the zero-mode determinant

det ng(ai) . (6.3.2)

Six CKVs were found in section 6.1 . In the complex basis, they are :
C*=1,z2%, C=0, (6.3.3a)
CF=0, C=12%2%. (6.3.3b)

In this basis, the determinant splits into two 3 x 3 blocks, and the expectation value becomes :

1 1 1 1 1 1

CE*Q det| z1 29 =z3 |det| z4 Z5 Zg | = 052212213323245246256 . (6.3.4)
2 2 2 2 2 32
1 %2 %3 4 %5 %6

The constant C’gQ contains the functional determinant and the finite-dimensional Jacobian (in-
dependent of position); the Jacobian arises because the basis (6.3.3) is not orthogonal .

For tree-level amplitudes, this is the only bc path integral we need, but for completeness, we
give :

p+3 P
H c(2) H b(2%) - (anti-holomorphic) = C§ Zp+1’p+2fp+1’p+3zp+2’p+3 - (anti-holomorphic)
, . J S 2 (21 —21) (2 —2)
=1 j=1 2 p

+ permutations , (6.3.5)

which is completed by contracting b and ¢ . The anti-holomorphic part has the same form . We
do not care about the overall sign; for the Faddeev-Popov determinant in any case, we will take
the absolute value .

To provide another derivation using holomorphy, once again, let us first examine the con-
servation law . The conservation law can be obtained by inserting the ghost number contour
integral ¢, dzj(z)/2mi into the amplitude (6.3.5), where C' encloses all vertex operators and the
ghost number current is j = — :bc: . From the OPE of b and ¢, this merely counts the number
of ¢ fields minus the number of b fields, giving n. — n times the original amplitude . Now use
the conformal transformation (2.5.17) to pull the contour back to the u coordinate chart :

dz . du |

C%ijz——y{CQmju+3—>3. (6.3.6)
The offset +3 is because j is not a tensor, and its OPE with T contains a 272 term . In the
last step, we used holomorphy in the u coordinate chart . The non-zero amplitude thus has
ne —np = 3 and similarly ng — ny = 3, which is consistent with the Riemann-Roch theorem .

From the OPE, the ghost expectation value (6.3.1) is holomorphic with respect to each value,
and it must be zero when two identical anticommuting fields come together . Therefore, it must
be of the form :

212213223245 246256 F' (21, 22, 23) F'(Z4, 25, Z6) (6.3.7)
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where F' and F are holomorphic and anti-holomorphic functions of position, respectively . As
21 — o0, it tends to zZF . However, c is a tensor with weight —1, so the amplitude cannot be
greater than 22 at infinity . Thus F(2;) must be independent of 21, and similarly for 25 and 23
. The discussion for F is similar, and we again obtain the result (6.3.4) . For the general case
(6.3.5), the same discussion gives the result :

p+3 p p+3 p
C%, H Ziit H Zjji H H(ZZ - z;-)_l - (anti-holomorphic) , (6.3.8)
i<it j<j i=1j=1

which has the correct poles, zeros, and correct behavior at infinity . Summing the permutations
in (6.3.5) obviously gives this term . We considered only A\ = 2, which is related to the ghosts
of the bosonic string, but both methods can be readily generalized to any A .

The Disk

The simplest way to obtain the bc amplitude on the disk is the doubling trick . As in (2.7.30),
we can represent the holomorphic and anti-holomorphic fields on the upper half-plane using
holomorphic fields on the entire plane . Using :

b(z) =b(2), &z)=c7), =% Imz>0. (6.3.9)
The expectation value of holomorphic fields is obtained as for the sphere :
(c(z1)c(z2)c(23)) Dy = C%22’122132’23 . (6.3.10)
For example :
(c(21)c(22)é(23)) p, = (c(21)c(22)c(25)) Dy
= C%2212(z1 —Z3)(22 — Z3) . (6.3.11)

More general correlation functions are obtained in the same way .

The Projective Plane

1

The doubling trick can be used again . The inversion 2z’ = —z~! implies :

5(z) = @‘;)2 b() = (), E(3) = (Z) o) = (). (6.3.12)

Once again :
(c(21)c(22)c(23)) R, = Chp, 212213223 (6.3.13)
and :

(c(z1)e(22)@(23)) ry = 25 2{c(21)c(22)c(25)) rPy
= C]g%PQZm(l + 2123)(1 + Z2§3) . (6.3.14)

Remark. The last step of the above equation :

25 2 Chp, (21 — 22) (21 — 23) (22 — 25) = Z5Cp, (21 — 22) (21 + 23 )22 + 25)
= C%p, (21 — 22)(1 + 2123) (1 + 2273) .
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6.4 The Veneziano amplitude

Open string amplitudes are simpler than closed string amplitudes, so we begin with them .

We represent the disk as the upper half-plane, so the boundary coordinate y is real . There
are no moduli . After fixing the metric, the CKG PSL(2,R) can be used to fix three vertex
operators to arbitrary positions y1,y2,ys on the boundary, except that the group does not
change the cyclic order of the vertex operators, so we sum over two orders . For three open
string tachyons on the disk, the general expression for the string S-matrix (??) reduces to :

Spy (k15 ko k3) = gge_’\<001‘3ikl'x(y1) oocte™ X (y5) o OCleik3'X(y3)0>D + (ko <> k3), (6.4.1)

2

where each fixed coordinate integral is replaced by the corresponding ¢ ghost . Each open string
introduces a factor g,, which is the coupling constant of the open string . The factor e=* comes
from the Euler number term in the action . Of course, g, is related to e, g2 e, but we will
determine the proportionality constant as we go further . The expectation value in (6.4.1) was

found in the previous section (again, taking the absolute value of the ghost fields), giving :

Sy (k1s ka; k3) = igaCp, (2m) 7670 (32, ki)
% |y12’1+2a’k1-k2|y13|1+2a’k1-k3’y23|1+2a’k2'k3 + (kg <> k3) (6.4.2)

where Cp, = ef)‘C']))(QC’%2 . Momentum conservation and the mass-shell condition k? = 1/o/
imply :

20'ky ky =/ (k2 -k} —k3) = -1 (6.4.3)
The same applies to other k; - k;, so this reduces to :

SD2 (kl; kQ; ]{73) = QiQSCDQ (27‘(’)26(526(ZZ- kz) (6.4.4)

This is independent of the choice of gauge y;, which is a general property of the Faddeev-Popov
scheme . Weyl invariance is key—if the vertex operators were not on-shell, the amplitude would
depend on the choice of y; .

We can also use the independence of y; to give the Faddeev-Popov determinant without
calculation . Using the mass-shell condition and momentum conservation, the expectation value
of X* is proportional to |y12y13%23| 7!, so the measure must be its reciprocal . When the number
of vertex operators n > 3, the same measure still applies because in all these cases, three
positions are fixed . The 4-tachyon amplitude is obtained in the same way :

Sp, (ki; ko k3 ka)
3

= gge_)\/ dy4 <H OCl(yi)eiki’X(yi) @) Oeik4'X(y4)O> + (k‘Q A kig)

=1

= igyCp, (2m)*6°° (3, ki)\y12y13y23|/ dya [T lyeg ™% + (ke < k3) - (6.4.5)
- i<j

After a variable substitution (M&bius transformation) for yy, this is again independent of y; 23
. It is customary to take y; = 0,2 = 1, and y3 — oo . Amplitudes are usually expressed in
terms of Mandelstam variables :

s=—(k1 + k)%, t=—(k1+k3)? w=—(k+kg)? (6.4.6)

These are not independent: momentum conservation and the mass-shell condition imply :

4
S—i-t—i-u:Zm?:—a. (6.4.7)
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Using 2a'k; - kj = —2 4 o/ (k; + k;)?, the amplitude becomes :

Sp, (k13 ks ks; ka) = igsCp, (2m)206%° (3, ki)

o0
X [ / Ay lya] 21—y 02+ (t = 5)| . (6.4.8)
— 00
3 2 3 4

Figure 6.4.1: Six cyclically inequivalent orderings of four open string vertex operators on a circle
. Except for a jump from oo to —oo at point 3, the coordinate y increases in the direction of
the arrow .

The integral splits into three parts, —oc0 < y4 < 0, 0 < y4 < 1, and 1 < y4 < oo . For
these three ranges, the ordering of vertex operators is as shown in figure 6.4.1(a)(b)(c) . Mobius
invariance can be used to transform these ranges to any other, so the contributions they give
are equivalent to permutations of vertex operators . The (¢ <> s) term gives figure 6.4.1(d)(e)(f)
. Taken together :

Sp, (ks ko; k3 ke = 2igaCp, (21)296%0 (3, ki) [T (s, t) + I(t,u) + I(u,s)], (6.4.9)

where : )
I(s,t) = / dyy= @21 —y)~¥t2. (6.4.10)
0

These three terms come from figures 6.4.1 (¢)(f), (b)(d), and (a)(e), respectively .
If /s < —1 and o/t < —1, the integral I(s,t) converges . As o’s — —1, the integral diverges
at y = 0. To study this divergence, take a neighborhood of y = 0 and approximate the integrand

T
I(s,t) = / dyy =72 4 terms analytic at a's = —1
0

r—o/s—l
= T wstl + terms analytic at a’s = —1
= s 1 + terms analytic at s = —1. (6.4.11)

In (6.4.11), we calculated the integral in the convergence region . We see that this divergence
is a pole at s = —1/a’, the mass square of the open string tachyon . The variable s is exactly
the center-of-mass energy squared for the scattering 1 + 2 — 3 4 4, so this pole is a resonance
produced by intermediate tachyon states . Once again, this is an artifact of the bosonic string,
i.e., the lightest string state is a tachyon, which is irrelevant to the discussion . This pole is due
to the process in figure 6.4.2(a) . There, tachyons 1 and 2 merge into a single tachyon, then split
back into tachyons 3 and 4 .
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2 1 1 2 1 \2

(b) (©

Figure 6.4.2: Processes giving poles in the (a) s-, (b) t-, and (c) u-channels .

Since the singularity at /s = —1 is only a pole, I(s,t) can be analytically continued around
this point and into the region o/s > —1 . The amplitude is defined via analytic continuation
. The divergence of the amplitude at this pole is a significant physical feature: the resonance
corresponding to an intermediate string state propagating over long spacetime distances . Diver-
gence bypassing this pole is not; it is merely an artifact of this specific integral representation of
the amplitude . Continuation poses no problem . In fact, we will see that every string divergence
is of this basic form, so this analytic continuation removes all divergences—except, of course,
the divergence of the pole itself . The pole is on the real axis, and we need to define it more
precisely . For Minkowski processes, the correct € treatment is :

1 1 1

= =P —imd(d’ 1 6.4.12
o's+1  a's+1-+ie o's+1 imo(e’s +1), ( )

where P represents the principal value . Unitarity (which we will systematically develop in
chapter ??) requires this pole to appear, and determines the coefficient from the scattering
amplitude of two tachyons to one string :

. d?k Sp, (ki3 ko k)Sp, (—k: ks k . 1
Sp, (k1; ko ks; ka) = z/ 2m)% Da( 1—k22 —1—)0/D—21(+ P 3 hi) + terms analytic at k? = =
(6.4.13)

Gathering factors in the 4-tachyon amplitude, including the equivalent contribution of I(u, s)
to this pole, and using the 3-tachyon result (6.4.4), condition (6.4.13) gives :

1
g2’

Cp, =e *Cp,C% = (6.4.14)

Remark. Singular term given by (6.4.13) :

1

i (2ig3Cp,)? (2m) %0/ 6% (3, ki)m ;

Singular term given by (6.4.9) :

| 1
2+ 2ig5C, (2m) 8% (X, ki) — -

The two together give (6.4.14) .

Then the 3-tachyon amplitude is :

219
Sp, (k13 ko; k) = 70(%)26526(22. k;) . (6.4.15)
Various functional determinants are dropped . Using unitarity, all normalizations can be ex-
pressed in terms of the coupling g, appearing in vertex operators . In fact, the determinants
can also be calculated through careful regularization and renormalization, and the relative nor-
malization of different topologies is consistent with results derived from unitarity .
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Continuing analytically around the pole, we encounter further singularities . Expanding the
integrand at y =0 :

I(s,t) = / dy [y*a’8*2+(a't+2)y*a’5*1+--' . (6.4.16)
0

The second term gives the pole at o/s =0 :

I(s,t) = Y70 4 terms analytic at /s = 0. (6.4.17)

S

From subsequent terms in the Taylor expansion, poles of the amplitude are at :
o's=-1,0,1,2,.... (6.4.18)

These are exactly the positions of open string states . The integral I(s,t) has poles in variable ¢
at the same positions (6.4.18), which come from endpoint y = 1 . This is due to the process in
figure 6.4.2(b) . Other two terms in the amplitude (6.4.9) give poles in the s-, t-, and u-channels
(figure 6.4.2c) . Because the residue of (6.4.17) at s = 0 is odd with respect to u — ¢, this pole
will actually cancel with the pole in I(s,u) . Singularities at even multiples of 1/a/ all exhibit
this behavior . But for the more general open string theory introduced in the next section, this
no longer holds . Defining the Euler beta function :

B(a,b) = /01 dy y*t(1 —y)b !, (6.4.19)

makes :
I(s,t) = B(—ao(s), —ao(t)), ao(r) =1+dw. (6.4.20)

This can be expressed as gamma functions . For fixed w, define y = v/w, which gives :
w
w1 B(a,b) = / dv v* Hw — )L, (6.4.21)
0
Multiplying both sides by e™ and integrating fooo dw, reassembling gives :

I'(a+b)B(a,b) = /OO dvov*te™ /OO d(w —v) (w —v)?"te” (W)
0 0
=T(a)L'(b) . (6.4.22)

Then the 4-tachyon amplitude is :

/

S (k kot kat k ):%(2 )26526(2']{.)
Do (F15 F2; k33 kg o 2T i i
X |B(—ao(8), —ao(t)) + B(—ao(s), —ao(u)) + B(—ap(t), —ao(u))} , (6.4.23)

where : I(o DT (o D
—a'x — —a'y —
B(— — = . 6.4.24
( a0<m)7 aO(:U)) F(—a/l’ _ a/y _ 2) ( )
This is the Veneziano amplitude, originally written down to model certain features of strong
interactions .
The high-energy behavior of the Veneziano amplitude is important . There are two interesting

regions: the Regge limit ,

s — 00, tfixed, (6.4.25)

and the hard scattering limit :
s — 00, t/sfixed. (6.4.26)
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If we consider the scattering process 1 +2 — 3 + 4 (so that k:(l) and kg are positive, and k:g and
k{ are negative) , then in the center-of-mass frame of 1-2 :

6
s=FE% t=(4m*® — E?)sin® 30 u= (4m? — E?%) cos? (6.4.27)

5 )
where FE is the center-of-mass frame energy, and 6 is the angle between particles 1 and 3 . The
Regge limit is high energy at a small angle, while the hard scattering limit is high energy at a
fixed angle . Using Stirling’s approximation, I'(x + 1) ~ z%e~*(27z)"/2, behavior in the Regge
region is :

Sp, (k15 ka; ks; ka) o sao(t)F(—ag(t)) , (6.4.28)

where a,(t) = @'t + 1, i.e., the amplitude varies as a power of s, where the power depends on ¢ .
This is Regge behavior . At the poles of the gamma function, the amplitude is an integer power
of s, corresponding to exchanging a string with integer spin «,(t) .

In the hard scattering limit :

Sp, (ks ko; k3; k) =~ exp[—a/(slnsa’ + tInta’ + ulnud’)] = exp[—a/sf(0)] , (6.4.29)
where : 9 0 9 9
o2 2l 2l 2 U

f(6) ~ —sin 5 In sin 5 OS5 In cos 5 (6.4.30)

is positive . (6.4.29) is noteworthy . High-energy, fixed-angle scattering probes the internal
structure of the scattered objects . Rutherford discovered the atomic nucleus using hard o
atom scattering . Hard electron-nucleon scattering at SLAC revealed the quark components of
nucleons . In quantum field theory, hard scattering amplitudes decay according to a power law
in s . Even for a composite object like a nucleon, if its components are point-like, its amplitude
follows a power law . The exponential decay (6.4.29) is much softer, reflecting an object with a
1/2 which is what we expect .

We started from 3-point amplitudes, skipping zero-, one-, and two-point amplitudes . We
will discuss these amplitudes and their interpretations in section 6.6 .

size of «

6.5 Chan-Paton factors and gauge interactions

In this section, we will examine the interactions of massless vector states of the open string . To
make this discussion more interesting, we first generalize the open string theory .

At the end of chapter 3, we introduced a broad class of bosonic string theories, but in
our preliminary examination of interactions, we focused on the simple case of 26-dimensional
flat spacetime . We can think about it in terms of symmetry: this theory has a massive 26-
dimensional Poincaré invariance . In the closed bosonic string, this is the only theory with
this symmetry . The proof is summarized as follows: worldsheet Noether currents of spacetime
translations have components with weights (1,0) and (0,1) . By the discussion given in section
2.9, these currents are holomorphic with respect to z or z . In calculations in this chapter, this
is sufficient to determine all expectation values .

However, there exists a generalization in open string theory . Open strings have boundaries,
endpoints . In quantum systems with distinguishable endpoints, it is natural to contain degrees
of freedom at these points in addition to fields propagating in the bulk . At each endpoint of
the open string, we add new degrees of freedom called Chan-Paton degrees of freedom, which
can be one of n states . Then the basis of string states is :

N3 ks ) (6.5.1)

where ¢ and j label the states of the left and right endpoints, ranging from 1 to n . The
energy-momentum tensor is defined as usual, with no dependence on the new degrees of freedom
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Thus, conformal invariance is automatic . Since the Chan-Paton degrees of freedom are
invariant, Poincaré invariance is also automatic . Although the worldsheet dynamics of these
new degrees of freedom are trivial, they have profound implications for spacetime physics .

I

Figure 6.5.1: An open string with Chan-Paton degrees of freedom .

In the string theory of strong interactions, the motivation for introducing Chan-Paton factors
was to introduce SU(3) flavor quantum numbers: endpoints are like quarks and anti-quarks
connected by a color-current tube . We now introduce it in a broader framework: consider all
possible symmetries . In chapter 8, we will give a new interpretation of Chan-Paton degrees
of freedom, and in chapter 14, we will add a possible further improvement . Now there are n?
scalar tachyons, n? massless vector bosons, and so on . Introduce n? Hermitian matrices )\?j and

normalize as :

Tr(A2A\b) = 69 (6.5.2)

These matrices are a complete basis for the states of the two endpoints . They are representation
matrices of U(n), so one can guess that the massless vector bosons are associated with U(n)
symmetry; we will soon see that this is indeed the case .

Define the basis :

n
INiksa) = > N3 k;if)Af; . (6.5.3)
ij=1
Now consider the 4-tachyon amplitude shown in figure 6.4.1(a), in which vertex operators are
arranged in the cyclic order 1234 . Because Chan-Paton degrees of freedom do not appear in
the Hamiltonian, their states cannot evolve between vertex operators: the state of the right

endpoint of tachyon 1 must be the same as the state of the left endpoint of tachyon 2, and so
on . Therefore, the amplitude in figure 6.4.1(a) will contain the factor :

Tr(A9 A2 \%3\%) | (6.5.4)

which originates from the overlap of the Chan-Paton wavefunctions of each tachyon . This rule
can be generalized to arbitrary amplitudes: each vertex operator now contains the Chan-Paton
factor )\% from the endpoint wavefunction, and the amplitude for each worldsheet is multiplied
by the trace of Chan-Paton factors along the boundary . The 3-tachyon amplitude becomes :

Sp, (k1,a1; ke, as; k3, az) = %(2@26526(22. ki) Tr(A®\®2 \%8 4 \01\93 \02) (6.5.5)

The two cyclic orders now have different Chan-Paton traces . The 4-tachyon amplitude is :

. 9
1
Spy k1, a1; ko, a2 ks, as; ks, as) = %(%)26526(21- k;)
x [Tr(N AP NS 4 XUNSNHN) B~ (5), —0(1))
+ Tr(AT AT AT NG | \OL\T NG X0 B(— g (), —cvo (1))

S Tr(ATEA2 A%\ 4 \GL X )83 \02) B( ,

)
) (s) —ao(u))} . (6.5.6)

_ao
_ao
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Again considering the unitarity relation (6.4.13), the pole at s = —1/a/ gives the left side the
factor :

i Tr({/\‘“ A2} A%, X“}) , (6.5.7)

while the right side gains the factor :
1
h aip yaz2\)a az \a4\1\a
1 Ea Tr({A LA EN )Tr({)\ S AN ), (6.5.8)

namely summing over the Chan-Paton wavefunctions of the intermediate states . The complete-
ness and normalization (6.5.2) of A{; imply that for any A and B, one has :

Tr(AXY) Tr(BAY) = Tr(AB), (6.5.9)

thus the amplitude remains unitary .

Proof. Let Tr(AX*) = (A|A*) = (\?|A4), then :
Tr(AX) Tr(BA?) = (AA")(A%[B) = (A[B)

where Y [A%) (A% = 1 comes from (\%|\b) = §9° . O

\.

Gauge Interactions

The amplitude of a gauge boson with two tachyons is :
Sp,(k1, a1, e1; ko, as; ks, as) = —ighgie e,
X <och“eik1'X(y1) o ocleikz'x(yQ) o ocleik3'X(y3)o>D Tr(A“T 92 \93)
2
+ (k2, a2) <> (k3, a3) . (6.5.10)

We use the bosonic vertex operator (?7?), but temporarily allow an independent normalization
constant g/ . Using the results from section 6.2, the path integral of X is :

’ i : . kM kM
(ot ) e ) e X)) = i (124 K8
2
X 2‘052 (27r)26(526(zi ki)\ym!m/kl'b’y13\2a,k1'k3’y23!2a/k2‘k3 . (6.5.11)

Using momentum conservation, mass-shell condition, and physical state condition ky - e; = 0,
the amplitude becomes :

Sp,(k1,a1,e1; ke, az; ks, as)

= —igley - kos(2m)20625(, ;) Tr (x“ (A2, )\“3]> : (6.5.12)

where k;; = k; — k; . This is again independent of the position of vertex operators .
The s = 0 pole in the 4-tachyon amplitude is no longer zero . The term that was canceled
now has Chan-Paton factors in a different order, so the pole is proportional to :

Tr([/\“l,)\“2][)\“3,>\“4]> . (6.5.13)
Relating the coefficient of this pole to the amplitude (6.5.12) through unitarity gives :

g = (2a/)71?g, . (6.5.14)
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This is the same as the relative normalization derived from the state-operator map: there is only
one independent coupling constant . For the coupling of 3 gauge bosons, a similar calculation
gives :

Sp,(k1,a1,e1; ke, a2, e2; k3, az, e3)

= igé(?ﬂ)%(s%(zi kz) (61 - kogeo - €3+ eg - k31eg - e1 + ez - kigeq - e
/

+ %61 : ]62362 . k31€3 . k‘12> TI"()\al P\az’ )\@3]) . (6.5.15)
To first order in momentum, the amplitudes we found can be re-produced from the following
spacetime action :

21/2
3a/1/2

1 1 1
S=— /d%x [—2 Tr(D,eD ) + o, Tr(p?) +

1
= Tr(¢®) — 7 T F™) |5 (6.5.16)
o

where the tachyon field ¢ and the Yang-Mills vector potential A, are written as n X n matrices,
ie., Ay = AjA? . Furthermore, Dy, = Oup — i[Ay, @], and F = 0, Ay — 0y Ay — i[Au, Ayl

This is the action for a U(n) gauge field coupled to a scalar field in the adjoint representation

The addition of the Chan-Paton factor is exactly what is needed for the gauge-invariant
representation . Since decoupling of non-physical states is guaranteed in string perturbation
theory, gauge invariance is automatic, and we will study it further .

At momentum k£ much smaller than the string scale, the only open string state is the massless
gauge boson . As discussed in section 77, in this limit, the physics should reduce to an effective
field theory of massless states . Therefore, introducing the tachyon into the action (6.5.16) must
be illogical in some places; we did so for heuristics . But now let us focus on the gauge boson .
The form of the 4-gauge boson amplitude is similar to the Veneziano amplitude, but with extra
structure from the polarization tensor . Expanding it as a power series in o/k?, the first term
survives in the zero-slope limit; it is the sum of pole terms in s, ¢, u plus a constant . Consistency
will guarantee that it is exactly the same as the 4-gauge boson amplitude obtained from the
Yang-Mills Lagrangian Fj,, F*" in field theory . Note, however, the term at order o/ k3 in the
3-gauge boson amplitude (6.5.15) . This implies higher-order derivative terms in the Lagrangian

2o/

395

Similarly, expanding the 4-point amplitude will reveal an infinite sum of high-order interac-
tion terms (besides (6.5.17), they indeed have no kinematic contribution to the 3-gauge boson
amplitude) . In low-energy regions, string loop amplitudes also reduce to loops obtained from
the effective Lagrangian . By the general logic of effective Lagrangians, higher-order derivative
terms are not very important at low energies ; they become important at the scale o/k? ~ 1,
which is where new physics (massive string states) appears and the effective action is no longer
applicable .

If we have a cutoff, why do we still need renormalization? Renormalization still has meaning
. And in fact, this is its true interpretation: it means that low-energy physics is independent
of the details of high-energy physics, except for the parameters in the effective Lagrangian .
This is bittersweet: it means we can use ordinary quantum field theory to make predictions at
accelerator energy levels without knowing the theory at the Planck scale, but it also means we
cannot use physics at particle accelerators to probe the theory at the Planck scale .

String spectra and amplitudes have an obvious global U(n) symmetry ,

Tr(F,"F,“F,") . (6.5.17)

A = UNUT, (6.5.18)

which preserves the Chan-Paton trace and the norm of the states . From the details of the
amplitudes, we see that this is actually local symmetry of spacetime . We will see that the
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elevation from global worldsheet symmetry to local spacetime symmetry is a very common
phenomenon in string theory .

All open string states transform according to the n x n adjoint representation under U(n)
symmetry . Incidentally, U(n) is not a simple Lie algebra: U(n) = SU(n) x U(1) . The U(1)
gauge boson, \;j = d;;/n'/?, decouples from amplitudes (6.5.12) and (6.5.15) . The adjoint
representation of U(1) is trivial, so all string states are neutral under U(1) symmetry .

Non-orientable Strings

The extension to non-orientable strings is interesting . First consider a theory without Chan-
Paton factors . Besides Mobius invariance, the X* CFT on a sphere or disk is invariant under
reflection symmetry in the direction of the open string o! ! or on a closed string
ol = 27 — o' . Worldsheet parity is generated by the operator Q . From the mode expansion,
in open strings :

— T — 0

Qo = (—1)"al, (6.5.19)

and in closed strings :
QalQt =at. (6.5.20)

This symmetry also extends to ghost fields . But for concentration, we do not discuss them here;
their contribution to tree-level diagrams is merely a fixed factor .

Regardless of whether it is an open or closed string, tachyon vertex operators are even under
worldsheet parity (this is obvious for ghost-free integrated vertex operators; fixed operators must
transform in the same way), which determines the sign of the operator . Then all states can be
categorized according to their parity eigenvalues w = 1 . The relation (6.5.19) in open strings
implies :

QIN; k) = wy|N k), wy = (=1)1+e™” (6.5.21)

Worldsheet parity is multiplicative conservation . For example, the 3-tachyon amplitude is non-
zero, consistent with (+1)3 = 1 . On the other hand, massless vectors have w = —1, so we can
expect the vector-tachyon-tachyon amplitude (6.5.10) and the 3-vector amplitude (6.5.15) to be
zero in the absence of Chan-Paton factors, and this is indeed the case (A is replaced by 1, and
the commutator is zero) . Different cyclic orders are also related to each other via worldsheet
parity and thus cancel out .

Given a consistent oriented string theory, by restricting the spectrum to states with w = +1,
we give a new non-orientable string theory . States where o/m? is odd are retained, while states
where a/m? is even, including the photon, are forbidden . w conservation guarantees that if all
external states have w = 41, then intermediate states of tree-level diagrams also have w = +1
. Therefore, at least at the tree level, the unitarity of non-orientable strings follows from the
unitarity of oriented strings .

The primary interest in non-orientable theory lies in the treatment of Chan-Paton factors .
Since we can identify opposite endpoints of an open string, worldsheet parity must reverse them

QIN; k;ij) = wy|N; k; ji) (6.5.22)

Once again, this is a symmetry of all amplitudes in the oriented theory . To form a non-orientable
theory, we again constrain the spectrum to worldsheet parity eigenvalues w = +1 . Take a set
of basis for A{; such that each matrix is either symmetric s* = +1 or antisymmetric s* = —1 .
Then :

QIN; k;a) = wys|Nsk;a) . (6.5.23)

The worldsheet parity eigenvalue is w = wys?, so the non-orientable spectrum is :

even multiples of a'm? : antisymmetric A% | (6.5.24a)
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odd multiples of o/m? : symmetric A% . (6.5.24b)

For massless gauge bosons, Chan-Paton factors are n x n antisymmetric matrices, so the gauge
group is SO(n) . States at even mass levels transform according to the adjoint representation of
the orthogonal group SO(n), while states at odd mass levels transform according to a traceless
symmetric tensor plus a singlet representation . The oriented theory has a large class of direction-
reversing symmetries obtained as a combination of Q2 and U(n) rotations :

Q)| N; ks ig) = wnvjy [N ks /1) v (6.5.25)

By restricting the spectrum to wy, = +1, we can construct more general non-orientable theories
. This is again compatible with interactions; applying {2, twice gives :

Q2N ks i) = (V) " e [N ks 5 (v ) g (6.5.26)
We assume Q?y = 1 for reasons explained below . This implies :

That is, v is symmetric or antisymmetric .
The Chan-Paton basis transformation is :

N3 ksif) = U IN; ks d'§) Uy (6.5.28)

which changes v to :
v =UTyU . (6.5.29)

In the symmetric case, one can always find a basis such that v = 1, which gives the case already
examined above . In the antisymmetric case, there exists a basis such that :

v=M=i [_OI é} : (6.5.30)

Here I is a k x k identity matrix; since y is an invertible antisymmetric matrix, n = 2k must be
even . We take a basis for the Chan-Paton wavefunctions such that M(A*)TM = s\, where
s% = 41 . Then the worldsheet eigenvalue is w,, = w ~s®, and the non-orientable spectrum is :

even multiples of o/m? : MOAYTM = -\, (6.5.31a)
odd multiples of o/m? : MOAYTM =422, (6.5.31b)

At even mass levels, including gauge bosons, this defines the adjoint representation of the sym-
plectic group Sp(k) .
To construct a non-orientable theory, we must have Q?Y =1 for the following reasons . Since
02 =1, Q% must only act on the Chan-Paton factors . In fact, from (6.5.26), its action on the
Chan-Paton wavefunction is :
A= (YD) Iy T =, (6.5.32)

where, since all states are invariant under €2, the last equal sign must hold in non-orientable
theory . Now we assert that the allowed Chan-Paton wavefunctions must constitute a complete
basis . The key is that two open strings can exchange endpoints through the split-aggregate
interaction in figure 3.4(c) . In this way, a complete basis, namely any Chan-Paton state |ij),
can be reached . By Schur’s Lemma, if (6.5.32) holds for the complete basis, then 4y~ 147 = 1,
hence ng = 1. By taking different sets of A%, we can try to obtain different gauge theories . In
fact, the oriented U(n) theory and non-orientable SO(n) and Sp(k) theories constructed above
are the only possibilities . The extension of the completeness discussion in (6.5.7) — (6.5.9) shows
they are the most general solutions for non-orientable theories . In particular, exceptional Lie
algebras cannot be obtained from Chan-Paton factors . In closed string theory, there are other
mechanisms giving gauge bosons and allowing other groups .
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6.6 Closed string tree amplitudes

The discussion of closed string amplitudes is similar to the above . The amplitude of 3 closed
string tachyons is :

3
S, (k1; ko k3) = gle 2 <H :ccetti X (2, zz-):> . (6.6.1)
Sa

i=1

In this case, the CKG PSL(2,C) (Mobius group) can fix three vertex operators at arbitrary
positions z1 23 . Taking the expectation value from section 6.2, the result is again independent
of the vertex operators :

Sy (k1 Ko ky) = g2 Cis, (2m)205%5 (50, k) (6.6.2)

where Cg, = e_z/\C’gwgCg2 .
For 4 closed string tachyons :

3
Ss, (k1; ko; ks; ka) = gﬁ‘e_%/ d?z4 <H :éceiki'x(zi,Zi)::eik4'x(z4az4):> J (6.6.3)
C i=1 Sa

where the integral range is the entire complex plane C . Calculating the expectation value and
letting z; = 0,29 = 1, 23 = oo, this becomes :

Ss, (k1; ka; kas ka) = igaCs, (2m) %0620 (3 ki) J (s, t,u) , (6.6.4)
where :
J(s,t,u) = / A2y |2g| 2L — gy |2 (6.6.5)
C
Here s +t 4+ u = —16/a’; we have labeled here the correlation of J with all 3 variables to

emphasize their symmetry . When s, ¢,u < —4/d’, the amplitude converges . As z4 — 0, it has
a pole with respect to u; as z4 — 1, it has a pole with respect to ¢; as z4 — 00, it has a pole
with respect to s . These poles are at :

o's, d't, o'u=-4,0,4,8,..., (6.6.6)
which are the mass squared of closed string states . The pole at /s = —4 is :
’ 8mi 40
- 4 2 a’'s/2 9c LSy
i9.Cs / dz4 |24] ~ 2 (6.6.7)
o |z4]>1/€ o's+4
Unitarity gives :
c 8T
So — a,gCQ ) (6.6.8)
therefore : 8o
i
Sy (ks ko kig) = ——0C (2726626 (Y, ;) (6.6.9)

Similar to the Veneziano amplitude, the 4-closed-string-tachyon amplitude can be expressed
as gamma functions :

8mig?
S, (ks ks kg a) = ——28 (27)26520 (3, ki) O (—ve(t), —are(w) (6.6.10)
where a¢(z) =1+ o’x/4 and :

Clab) = [ dzlsfoit - o2
C
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['(@)C(B)L(c)

= et b (at OT(b 1 o)’

at+btec=1. (6.6.11)

This is the Virasoro-Shapiro amplitude . There is only one term, and the poles in the s,t,u
channels come from the gamma functions in the numerator . Similar to the Veneziano amplitude,
the Virasoro-Shapiro amplitude exhibits Regge behavior in the Regge limit :

[(—ac(t))

S, (k1; ka; kas k 2ac(t) T2 O 6.6.12
Sz( 1, 2y R3y 4)0(8 F(1+Oéc(t)), ( )
and exponential behavior in the hard scattering limit :
/
Ss, (k1; ko; ks; ka) o< exp [—O;(sln sa/ +tinta’ +uln uo/)] . (6.6.13)

On the sphere, the amplitude for one massless closed string and two closed string tachyons
is :

Ss, (k1,e1; ko k3) = gggée_”‘elw < CeOXMIX Y etk X (21,21):

:Gce®2 X (29, 7y éeet™ X (2, 23):>
Sa

Ny
gte
=Ty géeluvkggklé?»@ﬂ)%‘s%(zz' ki), (6.6.14)
where e,,¢}” = 1 . Expanding the Virasoro-Shapiro amplitude (6.6.10) at the s = 0 pole,

unitarity can give :
2
9e = —9c (6.6.15)
which is again consistent with the state-operator map containing the overall constant g. . The
amplitude (6.6.14) can be obtained from field theory via the action S + Sp, where S is the
action for massless fields (77), and :
1 26 1/2,-2% [ ~pv 4 9

Sr = —3 d*°z (—=G)*<e G"0,170,T — JT , (6.6.16)
which is the action for a closed string tachyon T" . For example, the graviton amplitude with
polarization e, can be obtained by expanding :

éuu = N — 2ﬁeuueik.x ) (6617)

from this action . Note that this is the Einstein metric, and its action (??) does not contain the
dilaton . The normalization of the fluctuation is determined by the fluctuation of the graviton
kinetic energy term in the spacetime action . Specifically, if taking éW — N = —2key f(2)
where e, e = 1, the effective action of f has the canonical normalization % for real scalars . The
field theory amplitude matches the string theory result (6.6.14) and relates to the normalization
of the gravitational coupling vertex operator :

k=m7dg, = 2mg. . (6.6.18)
The 3-massless-closed-string amplitude is :

iR .
552 (kl, €1, k‘Q, €9, ]{33, 63) = 5(27026526(21' ki)elweQagegv(gT”a'yT”M s (6.6.19)

where : ,

THYY = Ehan™ + kS ™ + klonh* + %k§‘3k§‘1k1’2 ) (6.6.20)
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The k2 term of this amplitude corresponds to the spacetime action (??), while the k* and k°
terms come from several high-order derivative interactions, including terms of order 2 and 3
in the spacetime curvature . Higher-order corrections to the action can also be obtained by
calculating high-loop corrections of the worldsheet § function (3.7.11) .

If we set o/ = % for open strings and o = 2 for closed strings, the tensor structure of the
closed string amplitude (6.6.19) is just two copies of the open string amplitude (6.5.15) . The
same result holds for the amplitude (6.6.14) . This is the result of the free-field expectation values
on the sphere factorizing into holomorphic and anti-holomorphic parts . Similar factorization
occurs for four or more closed strings before integrating over the vertex operator positions .
Furthermore, through careful treatment of the integration contours, it is possible to find relations
between the integrated amplitudes . For 4-tachyon amplitudes, after using I'(z)I'(1—z) sin(rz) =
m, the above integrals have the following relationship :

J(s,t,u,a) = =2sinwac(t) (s, t,4a)I(t,u,4a’) ; (6.6.21)

we have now indicated the explicit correlation of the integral for o/ . For the general integral
appearing in 4-point closed string amplitudes, there is the following relationship :

/ dQZ Za71+m12a71+n1(1 . Z)bflerg(l . 2)b71+n2
C
= 2sin[w(b + n2)|B(a +mi, b+ ma)B(b+n2, 1 —a—b—ny —na). (6.6.22)

This implies the relationship between 4-point open string amplitudes and 4-point closed string
amplitudes :

P02
migea! . «

gz sin[ra(t)] Ao (s, t, 1/, go) Ao(t, u, 30, go)* (6.6.23)
o

AC(87 ta ’U/, a/7 gC) =

where the open string amplitude contains only one of the 6 cyclic orderings, and the pole is in
the stated channel .

Consistency

In chapter 7?7, we will discuss convergence and gauge invariance of tree-level amplitudes in a
general way, but as an introduction, we now first use OPE to see how this works at the lowest
order . Examine the operator product :

otk X (21,21)  gika X (24.24) ]214|O‘,k1'k4 :(1 +iziaky - OX + iZ14ky - 0X
— 214Z14k1 - O X kq - 0X -+ - ) ei(k1+k4).X(Z4, 24)2 . (6.6.24)

It appears in amplitudes where z14 is integrated out . When :

/

Oélk‘l kg = %(k‘l + ]f4)2 —4 > -2, (6.6.25)

the integral converges at z14 — 0, and it has a pole at —2 . The coefficient of this pole is the
tachyon vertex operator . Therefore, in any amplitude, if a pair of tachyons has total momentum
(k1 +k4)? = 4/, there will be a pole, and unitarity requires this pole to be proportional to the
amplitude with one fewer tachyon . Poles in momentum space correspond to long distances in
spacetime, so this is a process where two tachyons scatter into one tachyon, which then interacts
with other particles . Further doing OPE, the O(z14) and O(Zz14) terms do not produce tachyons
because the angular integration gives zero residue, and O(z14214) gives massless poles, and so on
. Now we study more closely how local spacetime symmetry is maintained in string amplitudes
. If any polarization vector is of the form e, =k, or e, = (k. + k:#fu, where k- ¢ =k-( =0,
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the scattering amplitudes we calculated are all zero . This corresponds to the action being
invariant under Yang-Mills, coordinate, and antisymmetric tensor symmetries . As discussed
in section 3.6, the vertex operator of longitudinal polarization is the sum of a full derivative
and another term, which is zero due to the equations of motion . After integration, the full
derivative term is zero, but the equations of motion term may have sources at other vertex
locations in the path integral . When k; - k4 is large, the operator product (6.6.24) decreases
rapidly to zero . Using this property, for any pair of operators, there will always be a kinematic
region where all possible connected terms (contact) are suppressed . Then the amplitude of null
polarization is identically zero in this region because all amplitudes except at poles are analytic;
the amplitude of null polarization must be zero everywhere . We see that the poles required by
unitarity and the destruction of all possible divergences and spacetime gauge invariance arise in
the limits z — 0,1, 00 and when two vertex operators approach each other . For a sphere with 4
marked points, they are the boundaries of the moduli space . For historical reasons, the analytic
continuation discussion here is called the canceled propagator argument .

Closed Strings on Dy, and RP;

Lowest-order closed-string-open-string interactions come from disks having both closed string
vertex operators and open string vertex operators . Their low-energy effective actions can be
derived from a general discussion . In a trivial closed string background, we find the usual gauge
kinetic term |,

I / A%z Tr(F,, F™). (6.6.26)
(o)

Clearly the metric must be coupled to it in a covariant way . In addition, coupling with the
dilaton can be derived . Recall g/? e®0 where ® is the expectation value of the dilaton . So
we replace it again (inside the integral) with ® = &y + ® . The action :

- / 42z (—~G)"/2e~® Tx(F,, F) (6.6.27)

contains all interactions except for derivatives of the closed string field . Indices are now raised
and lowered with G, . This action reflects the property that the effective action from Euler
number y contains weight g X oc e X%

The disk and projective plane also contribute to pure closed string interactions . The am-
plitude of n closed strings is of order g;2g" ~ g”~!, one g. more than the sphere . For closed
string loop amplitudes considered in the next section, since emitting or absorbing a closed string
adds 2 g. factors, it is g2 times the sphere . Therefore the sphere and the projective plane are
at the "half-loop order" .

One of the most interesting amplitudes on the sphere and the projective plane is the one
containing a single closed string vertex operator . Fixing the position of the vertex operator
removes only two of the three CKVs; the residual gauge transformation consists of a rotation
about the vertex operator position . Therefore, the scattering amplitude must be divided by the
volume of the residual CKG . We have not yet explicitly proven it, but the torus in the next
chapter will solve this problem . For a disk with one closed string, this is a finite and non-zero
factor . The amplitude is a numerical factor times g.g; 2, which is a pure number, multiplied by
powers of o/ (from dimensional analysis) . We will not solve for these numerical factors here,
but will obtain them indirectly in chapter 8 .

Therefore, for closed strings emerging from a vacuum (momentum zero), there is an ampli-
tude from both the disk and the projective plane; this type of amplitude is called a tadpole
amplitude . In other words, the background closed string fields would be corrected to order g.
from their initial values . We can also write the effective action :

—A / A% (—-G)/2e™? | (6.6.28)
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which is the potential for the dilaton, which we will further examine in the next chapter .

On the other hand, for a single closed string on the sphere, the amplitude is zero . The
residual CKG is the non-compact subgroup of PSL(2,C), and thus this amplitude is divided by
an infinite volume . A non-zero result would have logical inconsistency, i.e., zero-order correction
to the background field . Similarly, the two-closed-string amplitude on the sphere (zero-order
correction to mass) is also zero . For the corresponding disk amplitude, when there are one or
two open strings, it is also zero . Amplitudes without vertex operators are also meaningful—they
happen to calculate the ®° order term in the Taylor expansion of the action (6.6.28) . A disk
without vertex operators is therefore not zero, which requires a formal treatment of the conformal
Killing volume .

6.7 General results

In this section, we will obtain some general results for CFT on spheres and disks .

Moé6bius Invariance

We have seen that there is a globally defined group of conformal transformations on the sphere,
the Mobius group PSL(2,C) :

, az+f
Z = ,
vz 40
where «, 3,7, § are complex numbers satisfying ad — 3y = 1. This is the most general one-to-one
conformal transformation on the sphere Sy . Expectation values must be invariant under any
Moébius transformation :

<,,<Z{Z'(Zl, 21) e Jka(Zn, én)>52 = <,,<Z{i/(21, 51) c.. ,ka/(zn, 5n)>52 . (672)

We will examine the consequences of this symmetry for 1, 2, 3, and 4 local operators .
For a single operator with weight (h;, h;), rescaling plus rotation 2’ = vz gives :

((0,0))g, = (/(0,0))g, =777 (4(0,0)), - (6.7.3)

(6.7.1)

Therefore, unless h; = h; = 0, the one-point function is zero . Since the matter factor is the
expectation value of the (1, 1) operator, this is another way to see that the one-point amplitude
is zero on the sphere .

When n = 2, we can use translation plus 2’ = 7z to move any pair of operators to positions
0 and 1, giving :

_ _ —hi—hj _—hi—h;
<%(Z1721)”ij(z2722)>52 = 212 ]212 ]<%(171)‘Q{j(070)>52 ) (6'7'4)

so the position dependence is completely determined . Singularity implies J; + J; € Z, where
Ji=h;—h; .

[ Remark. J, + Jj = (hz + hj) = (iLZ + iLj), S0 219 — eiazlg, Z12 — efieglg .

Conformal transformation 2’ = z + e(z — 21)(z — 22) + O(€?) puts further constraints on the
two-point function, keeping z; and zo fixed . For general operators this is complex, but for
tensor fields O, and Oy, it implies :

unless hy, = hy, hy = hy (Op(21,21)Og(22, 22)>Sz =0. (6.7.5)

By Mobius transformations, any three points 2123 can be brought to specific positions .
When n > 3, Md6bius invariance thus reduces expectation values from functions of n complex
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variables to functions of n — 3 variables . Again, this result takes a simple form only for tensor
fields . For example, for three tensor fields :

3 3 _ o
_ h—2(hi+h;) _h—2(hi+h;
<H Oy (i, Zz)> = Cpipaps H Z;i ( J)zij (hithy) , (6.7.6)
i=1 S2 i<j

where Cp,p,p, is independent of position, and h = hy 4 ho + hz . For four primary fields :

4 4 ..
_ _ NN —hi—hj _—hi—h;
<H Op, (2, ZZ)> = Cpipapspa (Ze, Ze) (212234)" (212734)" X Hzij Tzt (6.7.7)
i=1 Sa i<j

where h = ), hy, h = > h;, and z. = 212234/ 213224 18 the Mobius-invariant cross ratio . The
function Cy, popsps (Ze, Zc) is not determined by conformal invariance, so we reduced the function
of four variables to a function of a single variable .

On a disk represented as a half-plane, only Mobius transformations with real «, 3,7, are
retained, constituting the group PSL(2,R) . By examining the complete conformal algebra, we
will gain more information . We will see in chapter 15 that it will determine all expectation
values in terms of these tensor fields .

Path Integrals and Matrix Elements

Path integrals we have considered can be linked with operator representations . Consider the
path integral for two operators on a sphere, one at the origin and one at infinity :

(] (00,00)27(0,0)) . - (6.7.8)

Primed labels denote the u coordinate system, which must be taken for operators at infinity;
with slight ambiguity of notation, we can still represent position in terms of z . Using the
state-operator map, one can replace the disk |z| < 1 containing .o7; with the state VU, on circle
|z| =1 . We can also replace the disk |z| > 1 containing .27 with the state ¥, on circle |z| =1
. So the expectation value (6.7.8) becomes :

[d6u] w6010 ) 6.79)

where gb]?(a) = ¢p(27 — o), from mapping zu =1 .
This inner product of wavefunctions is similar to an inner product, so we define :

{il7) = <%’(w,m)%(o,o)>52 ) (6.7.10)

This inner product was introduced by Zamolodchikov . For a unitary operator in a unitary
theory, Mobius transformations show it is the same as the coefficient of 1 in the OPE :

Oi(2.2)0;(0,0) = Zhi+hj§;_|ﬁj<l>52 I (6.7.11)

We abbreviate |.o%) as |i) . The ((|) inner product is not the same as the quantum mechanical
inner product (|) . The latter is Hermitian, while the former is not; it is bilinear and does not
contain complex conjugation, and there would be a sign difference if ¢ and j anticommuted . i.e.

(ilg) = £(l) 7.12)

(6
because all we do is swap two operators and rename z <> u . Sometimes we write ((i|j) as %;;, and
%" is the inverse metric; they can be used to raise and lower indices : &/* = 9" .o/}, o = ;977 .
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Operators in path integrals are translated into Hilbert space in the usual way . For example

(] (00, 00)#,(1,1)(0,0)) g, = (il (1, 1)13) . (6.7.13)
the " " " is to emphasize that we are in Hilbert space . Using OPE, the left side becomes :
> (e (00,00)4(0,0)) g, = ciny - (6.7.14)
l

Thus, three-point expectation values on a sphere, matrix elements of general local operators,
and OPE coefficients where all indices are subscripts, are actually the same objects . By Mobius
transformation, we also have :

_ hi—hg—hj _hi—hi—h;
<527i’(oo,w)ﬂk(zl,zl)%(0,0)>52 =z T ey (6.7.15)

Four-point functions translated into operator representation :
(] (00, 00) (21, 21) (22, 22) (0, 0)) g, = (il T[ (21, 21) (22, 22)]11) - (6.7.16)
where T represents radial ordering . Let |z1| > |22| and insert the complete basis :
1=|m)¥™"(n|. (6.7.17)
The 4-point amplitude (6.7.16) becomes :
Z z{”*h’“*hmEi”fh’rhngmfh’*hj ngfﬁlfﬁjcikmcmlj . (6.7.18)
m

Thus the operator product coefficients not only determine three-point expectation values, but
also determine four-point expectation values . When |z; — 22| > |z1], the expansion (6.7.18)
holds in its overlap with the region |z1| > |22/, and we can translate 7% to the origin and give a
similar expression in the form of ¢;;,,c¢™y; . The equivalence of these two expansions shows the
associativity of OPE .

Operator Calculation

The Hilbert space representation gives us another way to calculate expectation values . Let us
take the 4-exponential operator as an example :

<:eik4-X(oo,oo):I:eikl-X(zl,Zl) ik X (22,22) .. oik3-X (0,0) >
Sa

= ((0; kg| T[: e®Fr- X1 2: efh2 X2 110 k3) (6.7.19)

(2.7.11) proves that for this CFT, :: ordered operators are identical to : : ordered ones . By
definition :

et X ik Xo ik Xa , (6.7.20)
where :
AN
XE(2,2) = o —i <2> > E(a’imzm +a*, 7m), (6.7.21a)
m=1
_ o A N O T
Xh(z,2) = —iy P In |z 4 <2> > — (;ﬂj + Z;ﬁ) : (6.7.21b)
m=1

For |z1| > |z2|, the matrix element (6.7.19) becomes :

(0; ky|ethr-Xac gikr-Xua gikzXoc gika- X240, g) (6.7.22)
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Using the Campbell-Baker-Hausdorff (CBH) formula :
etk1-X1a Gike-Xoo _ ik2-Xao oiki-X1a g—[k1-X14,k2-Xoc]

= eikrXaogihi-Xia, ) @'kks (6.7.23)

Remark. CBH: eXe¥ = XV T2lXY] yhere [X,Y] commutes with X and Y, then :

Y+X—3[XY] [X,Y] _ JY+X+3[X,Y] _ X Y

GYGXG[X’y] =€ ©& o

Thus (6.7.22) becomes :
’212’0/761'/62 <<0; k4‘e’ikl‘X10+’ikQ‘X20 eikl‘X1A+ik‘2‘X2A‘O; k‘3>
_ ’212’o¢/k1~k2 <<0, k‘4‘ei(k1+k2)'x eo/(kl In |z1|+k2 In \z2|).p’0; k3>
e R P e T P e (L ARy Ay ATV )
= iC3, (2m) 6N (3, ki) 12| M1 H2 2| 8 g Rarhs (6.7.24)
In the last line, we used the normalization for the two-point expectation value . This is similar to

(6.2.31), the latter would gain the factor |z4|** from coordinate system transformation before
letting z4 — oo . All other results can be obtained through the oscillator method .

Remark. (6.2.31) here is :

)

|212|a’k1.k2|Zl‘a’k1.k3|22|a’k2.k:3|zl _ Z4|a/k:1.k4|22 o Z4|o/k2-k:4lz3 - Z4|a’k3.k4

where the last three factors related to z4 tend to |Z4|_"‘,k4']€4 as z4 — 00, but gtka-@

taken in the u chart, so it must be multiplied by factor |zy|*F+%s .

was

Relations between Inner Products

By acting on the left vector with a suitable antilinear operator, non-degenerate bilinear inner
products and Hermitian inner products can always be related to each other . Let’s look at an

example . From free field expectation values, using the fact that |0; k) maps to e X we have :
(0; k|0 1) = iCE (2m) 6% (k + 1) . (6.7.25)

Compare it with the inner product of X#*CFT ,
(0; k[0; 1) = (2m)%6%(1 — k) . (6.7.26)

They differ only by £ — —k and normalization :
(0; k| = iCZ (0; —K] . (6.7.27)

For more general operators, there is a natural notation for conjugation in CFT . In Euclidean
quantum mechanics, Hermitian conjugation reverses Euclidean time, so the natural operator for
Euclidean conjugation is conjugation x time reversal: Hermitian operators in Minkowski space
undergoing this composite operation are also Hermitian . We do the same definition in CFT,
but must simultaneously introduce time reversal on a conformal frame :

o (p) =o' (P (6.7.28)
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Here p and p’ are related through radial spacetime inversion 2z’ = z~!; primed operators are in
the u coordinate system, and unprimed ones are in the z coordinate system . To see how it
works, examine a holomorphic operator with weight h, whose Laurent expansion is :

[e.e]

@
R n
O(z) =i _E_ e (6.7.29)
Its adjoint operator :
t_ —h n
O@)'=i E_ - (6.7.30)

Then Euclidean adjoint is :

-—h —2\h = OIL -h = OT—n
O(z) =i (=77 Z Sn—h " Z onth

(6.7.31)

If an operator is Hermitian in Minkowski space, Oin = (O,, this operator is also Hermitian
under O . The Euclidean conjugation (6.7.28) conjugates all i that appear, but keeps z and z
unchanged . If the operator contains N, anticommuting fields, then a factor of (fl)j\fa(]\fa_l)/2
will be produced due to reversing the order of these fields .

This is the natural conformal invariant conjugation operation, so it must be :

(| = K (o (6.7.32)
where K is some constant . For a real illustration :

(il7) = (1] (00, 00)|j) = K (1].27 (00, 00)|5)
= K(1](0,0)[5) = K (j|«(0,0)1)*
= K(j|i)* = K(i|j) . (6.7.33)

Here (1| = K (1| is neither a definition nor an assumption about the proportionality coefficient;
it must hold because |1) is the unique SL(2, C) invariant state .

For the X CFT, we see KX = iC’ég . For ghost field CFT, the Laurent expansion of amplitude
(6.3.4) gives ((0]¢oco|0) = —C%,, where |0) = éc1|1) . The Hermitian inner product is defined
in (4.3.25) as (0[éoco|0) = i, so K& =iCg .

Besides the imaginary factor ¢ prohibited by unitary CFT, £ = 1 can be made by adding
an Euler number term to the action . Thus, in the Hermitian basis of operators, the two inner
products are equivalent, and differences between them can generally be ignored . However, note
that vertex operators with non-zero momentum cannot be Hermitian .

The above discussion can be fully generalized to open strings, where the sphere is replaced
by the disk .



Chapter 7

One-loop Amplitudes

After discussing several relevant surfaces, we will focus on the torus—considering first CFT
on the torus and then scattering amplitudes. Subsequently, we generalize to open and unori-
ented string theories. The most important topic is understanding how short-distance ultraviolet
divergences are forbidden.

7.1 Riemann Surfaces

There are four types of Riemann surfaces with zero Euler number.

Torus

The torus T2 discussed in section ?? is the unique oriented closed surface with zero Euler number.
We describe it as a complex plane with the metric ds? = dwdw and the equivalence relations

w=wA42n = w4277 . (7.1.1)

There are two moduli, the real and imaginary parts of 7 = 7 + 47, and two CKVs: translations.
In terms of real coordinates w = o' + io?, we have

(o1, 0%) = (o' + 27, 0%) = (6! + 277y, 02 + 2770) (7.1.2)

which allows us to view the torus as a cylinder with base circumference 27 and height 277, but
with the ends rotated by 277 and then glued together.
In coordinates z = exp(—iw), the equivalence w = w + 27 is automatic, while w = w + 277
becomes
z = zexp(—2miT) . (7.1.3)

The fundamental region is the annulus
1 <|z| < exp(27T2) . (7.1.4)

The torus is obtained by rotating the outer circle by 277 and then gluing it to the inner circle.
Unless otherwise stated, we will use w coordinates.

Cylinder (Annulus)
The cylinder Cs is defined by

0<Rew<m, w=w+2wit. (7.1.5)

This is a strip of width 7 and length 27¢, with the ends of the strip glued together. There is
only one modulus ¢ in the range 0 < ¢ < co. Unlike the torus, there is no modular group; the

155
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long cylinder limit ¢ — 0 is quite different from the long strip limit ¢ — oo. There is only one
CKYV: translation parallel to the boundary.

The cylinder can be obtained from a torus with 7 = it via the following involution equivalence
w = —w, (7.1.6)

which is a reflection about the imaginary axis. The lines o' = 0,7 are fixed by this reflection
and thus become boundaries. The other coordinate has periodic equivalence

(o1,0) = (o, 2nt) . (7.1.7)

Klein Bottle
The Klein bottle Ko can be viewed as the complex plane with the equivalences
w= w421 = —w + 27t (7.1.8)

or
(o1, 0%) = (! + 27, 0%) = (=o', 02 + 27) . (7.1.9)

This is a cylinder of circumference 2w and height 2xt, but with the ends glued via a parity
transformation €2. The single modulus ¢ spans 0 < t < oo, and there is no modular group.
Translation in the o direction is the unique CKV.

The Klein bottle can be obtained from a torus with 7 = 2it¢, subject to the equivalence

w' = —w + 2mit . (7.1.10)
The Klein bottle can also be viewed as a sphere with two crosscaps.

Mo6bius Strip

The Mobius strip Ms can be obtained from a long strip via §2

0 <Rew <, w= —w+ 7T+ 2mit . (7.1.11)

The modulus ¢ spans 0 < ¢t < oo, and the CKV is translation in ¢2. It can be obtained from a
torus with 7 = 2it through two involution equivalences

w=-w and W =w+7w(2it+1). (7.1.12)

The Mobius strip can be viewed as a disk with one crosscap.

7.2 CFT on the Torus

Scalar Correlators

As in the case of the sphere, we start from the Green function (6.2.7), which satisfies

%éaa’(w, B, @) = —2m82(w — w') + 47372 . (7.2.1)
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Remark. In (6.2.8), we now have g~/ =1 and 6?(o1 — 02) = 26%(w — w'), so

1
(27)27

/dQ,z a:% =1 = (271')27'233% =1 = 33(2) =

Then (6.2.8) becomes
1

2ma!

1

2000 . oS2¢, . )
VG = —26%(w w)+L§5,

and using V? = 400, we obtain (7.2.1).

The Green function is periodic in both directions of the torus. After removing the source
and background charge terms, it should be the sum of a holomorphic and an anti-holomorphic
function. These properties relate it to theta functions. We conjecture

(7.2.2)

As the variable of 91 approaches zero, it goes to zero linearly, providing the correct behavior
for w — w’. However, due to the quasi-periodicity (7.2.32b), it is not perfectly bi-periodic—it
changes under w — w + 277 by —a/[Im(w — w’) + 772]. Additionally, the background charge is
missing. Both points can be easily corrected:

9 <w —w
2

2 /
T) ’ 1 o/[hn(if — )P S+ k(T 7). (7.2.3)
TTY

/ N o
G(w,w,w,w)-—;ln

The function k(7,7) is determined by the orthogonality of Xg, but as with the sphere, it is
dropped due to spacetime momentum conservation.
Parallel to the previous result (6.2.13), the expectation value of vertex operators is

<H ””> = 07 (r) (2m) 6%, )
i=1 T2

o (wi _ (Imwi;)?
% H 8V191(0|7')191 < 2 ‘T) exp{ 477y

1<j
The factor 2w /0,4, arises from renormalization of self-contractions.

o' ki-k;j
(7.2.4)

Scalar Partition Function

The total normalization for the sphere was absorbed into the string coupling constant, but we
cannot do the same for the torus because it has a non-trivial 7 dependence. In fact, we will
see significant physics from amplitudes without vertex operators. Consider the path integral
without vertex operators (1)r2(;y = Z(7). We can view the torus with modulus 7 as a field
theory on a circle evolving for Euclidean time 2775, translated in the o' direction by 277, and
then identifying the ends. In the language of operators, this gives the trace

Z(t)="Tr {exp(27ri7'1P - 27TTQH)]
= (qq) ¥ Tr(qLOQiO) - (7.2.5)

Here ¢ = exp(2miT). The momentum P = Lo — Lo generates translations in o!, while the
Hamiltonian H = Lo + Lo — i(c + ¢) generates translations in 2. As in statistical mechanics,
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this trace weighted by the exponential of the Hamiltonian and other conserved quantities is
called the partition function.

This trace can be split into a sum over occupation numbers N, and ]\Nflm and an integral
over momentum k*. Z(7) becomes

ddk [e.9] 5
—\—d/24 /1.2 NNpun =nNun
Va(qq) ™ /(27r)d exp(—mra’k )Ml nl i EN 0q unghtten (7.2.6)
’ pns N pn=

The spacetime volume factor V; comes from the continuous normalization of momentum, where
>, becomes V;(27)~? [ d%k. The sum is a geometric series

N =1-¢m", (7.2.7)

N=0
yielding
Z(1) = iVaZx(7)?, (7.2.8)
where
Zx (1) = (4n%a/ ) V2 ()72 . (7.2.9)
Here .
n(r) =g [ —-q" (7.2.10)
n=1

is the Dedekind eta function. The factor of i comes from the rotation k° — ik?. Also, previously
Ca (1) = Zx (1)

(7.2.8) is clearly invariant under 7 — 7 + 1. The invariance of Zx under 7 — —1/7 is
given by (7.2.44), n(—1/7) = (—i7)"/?n(7). This generates the entire modular group. Similarly,
expectation values with vertex operators are modular covariant.

This calculation can be performed using holomorphy. The main idea is to obtain a differential
equation for 7. Consider a torus with modulus 7 and make a small change to the metric
O0guww = €. The new metric is

ds? = dwdw + €*dw? + edw?
=1+ € +e)dw+ e(w —w)|d[w + € (w — w)] + O(€?) . (7.2.11)
That is, this metric is Weyl equivalent to dw’dw’, where w' = w + €(w — w). It has periodicity
w 2w 4+ 21 2w’ + 2m(T — 2iTge) . (7.2.12)
The change in the metric is thus equivalent to a change in the modulus
0T = —2im€ . (7.2.13)

After changing the metric, the change in the path integral is
1
62(r) = 5= [ 4w [8gaa(Tun(w)) + 0gu(Taa(®))]
— 273 [ 07 (Tyu(0)) — 57 (T (0))] (7.2.14)

In the second line, we used translation invariance to perform the integration. To find the
expectation value of the energy-momentum tensor, we use the OPE

o'd

an'u('lU)anu(O) = _W

— /T (0) + O(w?) . (7.2.15)
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Now,

Z(T)71<8wXu(w)8wX,u(0)> = awaw’G/(wv w; w/’ QD/) |w’:0

O/d 19182 191 — 6w1918w191 O/d
= — w 2.1
2 2 + 8wy’ (7.2.16)

where all variables of the theta functions are (w/2m, 7). It indeed has a double pole at w = 0.
Carefully expanding the numerator and denominator to order w?, the w® term in (7.2.16) is

odo3Y,  dd

6 0.9, Brrs (7.2.17)
Then the OPE (7.2.15) gives
3
(Tww(0)) = GZ?Z&ESB - 8;;) Z(7), (7.2.18)
and the variation (7.2.14) gives the differential equation
a3 .
O-InZ(r) = TW 427(_12 . (7.2.19)
To go further, using
85191(2“; T> - ;87191(;;]7> . (7.2.20)
Rewrite (7.2.19) as
8y InZ(7) = —gaT In 991 (0]7) + 4272 . (7.2.21)

Together with the conjugate equation, this determines Z(7) up to a numerical coefficient as
Z(r) = |00 (0l7) |7 (7.2.22)

The numerical coefficient is determined by other methods. Using (7.2.43), we can see it matches
(7.2.8).

be CFT

For the ghost CF'T, the partition function is also determined by the trace of states. On both
the left and right sides, there are two sets of creation operators b_, and c_,, but they are
anticommutative. Thus, occupation numbers can only be 0 or 1. Therefore, an oscillator of
mode n contributes (1 + ¢"). Additionally, there are four ground states, which give

Tr|exp(2miTi P — 2w H)| = (q(j)lz)’/l2 Tr (qLO(ji‘))

=4(g" [ +q"*. (7.2.23)

n=1

However, for anticommutative fields, this trace corresponds to a path integral with anti-
periodic boundaries in the time direction. To calculate the Faddeev-Popov determinant, the
ghost fields must have the same periodicity as the original coordinate transformation, which is
periodic. Therefore, we need

Z(t)="Tr [(—1)F exp(2miT P — 27r72H)}
~0, (7.2.24)
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where (—1) anticommutes with all ghost fields. The trace is zero because the ghost numbers of
|[4)) and |11) are opposite to those of |1} and |}1) modulo 2. From the path integral viewpoint,
Z (1) is zero due to ghost zero modes arising from the moduli and CKVs. They must be saturated
by suitable insertions. The simplest non-zero amplitude is

<c(w1)b<w2)a(w3)5(w4)> . (7.2.25)

In the operator calculation, we write each field in its mode expansion. Only the n = 0 terms
contribute. Then (7.2.25) becomes

Tr [(—1)F cobodobo exp(2miTy P — 27TT2H)] . (7.2.26)

The operator cobocobo projects onto the ground state [171), so the result is
oo
(q@" [T 1= a"1* = In(m)I*. (7.2.27)
n=1

Note the sign change in the infinite product comes from (—1)% in the trace. Since the CKVs
and quadratic differentials on the torus are constant, (7.2.27) is independent of the position of
the ghost fields.

General CFT

For a general CF'T i
Z(r) =Y gy R (7.2.28)

where ¢ runs over all states of the CF'T, and F; is the worldsheet fermion number. Invariance
under 7 — 7+ 1 requires h; — h; — i(c —¢) to be an integer. Considering the identity operator,
this requires ¢ — ¢ to be a multiple of 24. For general operators, this then requires integer spin

hi—hi € Z . (7.2.29)

Incidentally, CFTs where ¢ — ¢ is not a multiple of 24 must also be interesting. They cannot be
modular invariant alone, but with suitable projections, they can be integrated into a modular
invariant theory.

Invariance under 7 — —1/7 imposes further restrictions on the spectrum. Consider the
partition function with 7 = i/, and let £ — 0; the convergence factor ¢ = exp(—2n¢) approaches
1. Thus, the partition function is determined by the density of the highest weight states.
Using modular invariance, this equals the partition function with 7 = /¢, where the latter’s
q = exp(—27/¢) approaches 0. Thus, the lowest weight state dominates the sum, which is the
identity state with Ly = Lo =0, yielding

Z(it) ‘2 exp {”(‘1:220)] . (7.2.30)

The density of highest weight states is thus determined by the central charge. This produces
the result for free bosons, where ¢ = ¢ = d counts the number of free bosons.

Theta Functions

The fundamental theta function is

(v, 1) = Z exp(min®t + 2minv) . (7.2.31)

n=—oo
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It has periodicities

dv+1,7)=9,T), (7.2.32a)
V(v +71,7) = exp(—miT — 2mwiv)d(v,T) , (7.2.32b)

and under modular transformations

dv,7+1) =9 v +1/2,7), (7.2.33a)
I /1, —1/7) = (—ir)"/? exp(wiu2/7')19(y, 7). (7.2.33b)

Aside from the periodicity (7.2.32), the theta function has only one zero at v = 3(1+ 7). It can
also be written as an infinite product

I, )= [[(1—a™A+2q" ) (A +271gm 1), (7.2.34)
m=1
where
q = exp(2mit), 2z = exp(2miv). (7.2.35)

We often need the asymptotic behavior of theta functions as ¢ = 0 or ¢ — 1. ¢ — 0 can
be read immediately from the product or sum. The behavior at ¢ — 1 is less obvious but
can be obtained from the modular transformation 7 — —1/7, which relates the two limits via
q — exp (4772 /1n q). It is often useful to define theta functions with characteristics

79[%] (v,7) = exp [m‘a% + 2mia(v + b)|9(v + aT + b, T)

o0

- Y e [m(n +a)?r 4 2mi(n + a)(v + b)} : (7.2.36)
Other common notations are
oo, 7) = V3(vl7) = [ (v, ) = Y "%, (7.2.37a)
Jor(v,7) = a(v|r) = 0[] (v, 7) = D (=1)"g™ /22", (7.2.37b)
D10(v,7) = Vav|7) = I[P (v,7) = Y VD212 (7.2.37¢)
i1 (v, m) = =01 (v]r) = O[] (1) = =i Y (~1)ngn YA (7.2.37d)
n=—oo

Product representations:
doo(v,7) = [J (1= g™ A+ 2¢™ )1+ 27 1gm 1), (7.2.38)

m=1
dor(v,7) = [ (1= g™ - 2¢™ V)1 — 27 g™, (7.2.38b)

m=1
Y10(v, 7) = 2exp(mit/4) cos v H (1—¢™)(1+2¢™ A+ 2", (7.2.38¢)

m=1

Y11(v, 7) = —2exp(mit/4) sin v H (1—¢™)(1—2¢™)(1 —2z"1g™). (7.2.38d)

m=1
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Modular transformations

ﬂoo(u, T+ 1) = 7901(1/, 7') R (7.2.39&)
Yo1 (V, T+ 1) = 7900(1/, T) R (7.2.39b)
Y10(v, 7+ 1) = exp(mi/4)010(v, T) , (7.2.39¢)
Y1(v, 7+ 1) = exp(mi/4)911 (v, 7) , (7.2.39d)
and
Boo(v /7, —1/7) = (—it)/? exp(miv® /)90 (v, T) | (7.2.40a)
o1 (v)7, —1/7) = (—it)/? exp(m’yz/T)??lo(V, T), (7.2.40b)
Vo(v/7, —1/7) = (—it)/? exp(7ri1/2/7')1901(1/, T), (7.2.40c¢)
v/, —1/7) = —i(—it)? exp(miv? /7)1 (v, T) . (7.2.40d)

We will encounter these functions more frequently in superstrings.
Theta functions satisfy Jacobi’s “abstruse identity”, which is a special case of the Riemann

quartic identity
950(0,7) — 95, (0,7) — 915(0,7) = 0. (7.2.41)

Also note
1911(0, 7') =0. (7.2.42)

Finally, the Dedekind eta function is

B = mn [0911(0,7)1?
Modular transformations
n(T+ 1) = exp(ir/12)n(7), (7.2.44a)
n(=1/7) = (=ir)*n(7). (7.2.44D)

7.3 Torus Amplitudes

We now apply the general result (??) to the torus: expressing string scattering amplitudes as
integrals with ghost and vertex operator insertions. Two CKVs require one vertex operator to
be fixed, so

St2(1;2;...5m)

1
2/ drdr <BBCC”//1 w1, W1 H/dwldwl“l/(wz,wz)> . (7.3.1)
Fo

T2

The fundamental region Fj is the same as discussed in section 77, and the % comes from w — —w.
As with complex field variables, drd7 = 2d7d7e, where 7 = 7 + i72. The ghost insertion for
dr is

1
/ d2w buww (w)a‘rgzﬁw
21w

_ ¢ 2
= I /d W by (W)
— 27 (0) - (7.3.2)

1
B=—(0,0) =
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We used (7.2.13). In the last line, we used the fact that the ghost path integral (7.2.27) is
position-independent.

The CKG is composed of translations of the torus. Since this group has a finite volume, we
do not need to fix it; we can rewrite the amplitude to integrate over all vertex operators and
then divide by the volume of the CKG. CKVs are constant, so the expectation value in (7.3.1)
is independent of the position of ¢: we can move ¢ away from w; and place them at some fixed
location. For vertex operators, translation invariance implies the amplitude is invariant under
w; — w; +w. Average over this translation:

dwdw
/ i (7.3.3)

where the denominator is the area of the torus, which is the volume of the CKG. Using (7.3.2)
and (7.3.3), the amplitude becomes

St2(1;2;...5n)
drdr - n B )
- [ <b(0)b(0)c(0)c(o)£[1 [ avan s ) (730

Now all vertex operators have equal status.

Remark. The factor (472)~ " in (7.3.4) comes from 1/2 in (7.3.1), (2r)~2 in (7.3.2), and
(2(27m)%m2) 7L in (7.3.3).

Without the intermediate step of fixing vertex operators, (7.3.4) can also be derived directly;
even without vertex operators, it holds:

Zs = /F drd7 (b(bO)0)(0)) - (7.3.5)

41 T2

This vacuum amplitude is quite interesting and will be our main goal of study. It not only
reveals that the UV behavior of string theory differs from field theory, but also has significant
physical meaning itself.

For 26 flat spacetime dimensions, the path integrals of matter and ghost fields in (7.3.5) were
calculated in the previous section, yielding

) drdr _ _
Zps = Vi [ LT (analra) ()| . (7.3.6)
Fy =72

This amplitude has an important property: modular invariance. According to (7.2.44), mo|n(7)[*
is modular invariant, and it is easy to verify that

drd7
= (7.3.7)
)

is also modular invariant. Note that the exponent —48 comes from 24 sets of left-moving and 24
sets of right-moving oscillators. Ghost contributions cancel two sets of oscillators, leaving only
the transverse mode contributions. By introducing vertex operators into the expectation value
(7.2.4) and integrating over position, we get the n-tachyon amplitude.

e According to (7.2.9), [Zx(7)]* = (47%a’my)~'3|n(7)| 72, and according to (7.2.27),
(cbéb) = |n(7)|*. Multiplying them gives (7.3.6).

e Regarding modular invariance, the invariance under 7 — 7 4 1 is trivial. Under
T — —1/7, we have o — 7»/|7|> and d7 — (—7~2)d7, which gives the modular
invariance of (7.3.7).
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For a general CFT, the path integral on the torus is expressed by the trace in (7.2.28). As
long as there are d > 2 non-compact flat dimensions, the ghost fields still cancel two sets of
bosonic operators, and the vacuum amplitude is

drd d9k
Zo2 —Vd/ T T/ exp —TToo k2 g q *1qh (7.3.8a)
r 472
0 it
drd7
:in/ Z L (4n%almy) 42 3T ghiighit (7.3.8b)
T2
Fo it

Here s+ is the closed string Hilbert space excluding ghosts, u = 0,1 oscillators, and non-
compact momentum. To understand the physics of these amplitudes, it is useful to compare them
with the corresponding quantities in field theory, summing over all paths with circle topology.
This is given by

d 00
Zs, (m?) = Vd/((;ﬂ];l/o (21—5 exp[f(k:2 +m2)l/2]

:in/ (215(2770 d/2 exp(—m2l/2) (7.3.9)
0

This can be derived through gauge-fixed point-particle path integrals. The result is intuitive:
l is the modulus of the circle, 2(k* + m?) is the Hamiltonian of the worldline, and 2! removes
redundant counting from translations and reversing worldline coordinates.

We now adopt the point-particle result for particles of mass m? and sum over the string
spectrum. As stated in Chapter 4, the physical spectrum corresponds one-to-one with 2=+,
where the relationship between mass and transverse weight is

m?= = (h+h—2) (7.3.10)

subject to the constraint h = h. This constraint can be written in integral form

T de , -
Op i = /_7T o, €XP [z(h - h)@} . (7.3.11)

In the above, we assume h — h is an integer. This is true in 26 flat dimensions; as discussed in
the previous section, modular invariance is generally important. Then

<dl [ df
Y Zs,(m?) =i — [ = @2rl)~?
i () Zvd/o 2l/_7r27r(7r)

€L
X Z exp |:—(hl + iLz — 2)[/0/ + ’L(hl — ill)91|

i€t
drdr
:in/ 47 T (4n%almy) =42 37 ghiighit (7.3.12)
R 572 €1
where 6 +il/o/ = 2r7. Integration region R:
1
R: m>0, |n|< 3 (7.3.13)

We now interpret this result. A single point-particle amplitude (7.3.9) diverges as I — 0. This
is the standard UV divergence of quantum field theory. Summing over the string spectrum as
in (7.3.12) only worsens the situation, as all string contributions have the same sign. However,
comparing (7.3.12) with the actual string amplitude (7.3.8), they are very similar with one
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significant difference. The integration regions differ: in string theory, it is the fundamental
domain

1
Fo: Jr|>1, |nf<5 m>0 (7.3.14)
The UV divergence region is bypassed. We can also see this from the momentum integral

(7.3.8a).
Another possible divergence comes from the limit 79 — oo, when the torus becomes very
long. In this region, the string amplitude in 26 dimensions has the expansion

oo
ngG/ (212 (4n%a/ ) ™13 [exp(47r7‘2) +24% -, (7.3.15)
The asymptotic behavior is controlled by the lightest string states. The first term in the series
diverges, and from the field theory perspective, the explanation is obvious: the series is arranged
in order of increasing mass squared. The first term comes from the tachyon, and the divergence
arises from the positive exponent in the path sum (7.3.9). This is a product of a theory containing
tachyons and does not affect more realistic theories. Incidentally, this path sum can be defined
by analytic continuation of positive mass squared, but problems remain—the continued energy
density is complex. This signifies instability, where the tachyon field rolls down its inverted
potential. For general CFT, (7.3.12) becomes

. 0 dm —d
sz/ 27 (4720’ 13) /QZexp(—ﬁo/m?Tg) . (7.3.16)

)

Since tachyons always appear in bosonic string theory, this is divergent; without tachyons, it
would be convergent.

The torus exemplifies a general principle that holds for all string amplitudes: there is no UV
region in moduli space giving rise to high-energy divergences. All limits are controlled by the
lightest string states, i.e., long-range physics. For the torus with vertex operators, the 7 integral
is still truncated as above. But more limits exist when vertex operators approach each other.
The same general principle applies to them, which we will discuss further in Chapter 77.

By truncating the [ integral, we can attempt to remove UV divergences in field theory.
Similarly, one can try to make similar corrections to string theory. For example, replacing the
usual fundamental domain Fy with |71 < %, 7o > 1. However, in either case, this would destroy
the consistency of the theory: non-physical negative-norm states will no longer decouple. We
saw in the general discussion of section 77 that the coupling of BRST-null states is proportional
to the total derivative on moduli space. For the fundamental domain Fjy, the boundaries I and
I', and II and II' are equivalent, so boundary terms cancel. Modifying the integration region
would introduce real boundaries, and surface terms on moduli space would no longer cancel.
Thus, there would be non-zero amplitudes for null states and an inconsistent quantum theory. If
we make a brute-force truncation to make a gravity theory finite, this is a direct analogy of the
consequence: it is extremely difficult to do so without destroying local spacetime symmetry and
making the theory inconsistent. String theory provides a subtle way that softens short-distance
behavior and eliminates divergences without losing spacetime gauge invariance.

Physics of the Vacuum Amplitude

Besides exemplifying the behavior of string amplitudes, the one-loop vacuum amplitude has an
interesting physical interpretation. In point-particle theory, "vacuum" paths consist of any n
non-intersecting circles. Permutation symmetry introduces a factor 1/n!, and summing over n
gives

Zoae(m2) = exp [ZSI (mZ)] . (7.3.17)
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Switching to canonical field theory,

Zyac(m?) = (0] exp(—iHT)|0)

= exp(—ipoVy) , (7.3.18)
where pg is the vacuum energy density:
i
po = stl(mz) . (7.3.19)
d

The [ integral in Zg, (m?) diverges as [ — 0. In renormalizable field theory, this is cancelled
by counterterms or supersymmetry. We truncate the integral [ > € and then take ¢ — 0, but
discard the divergent terms. Under this treatment,

~ 1
/ %eXp[—(kQ +m?)1/2] — -5 In(k* + m?) (7.3.20)
0
and y "
Z/O 2 /_OO 5 xp[—(K +m’)l/2] = =5, (7.3.21)

where wﬁ =k -k +m?. Using (7.3.21), the vacuum energy density becomes

di1k Wk
= | — — .3.22
PO /(27T)d1 9 (73 )

which is exactly the sum of the zero-point energies of each mode of the field. We encountered a
similar sum in section 1.3, though that was on the worldsheet.

Describing quantum field theory as a sum of particle paths may be less familiar than describ-
ing it as a sum over field histories, but they are equivalent. Specifically, the free path integral
of field theory can be found in modern field theory textbooks:

1
In Zvac(mQ) =3 Tr ln(—82 + m2)

_Va
2

d% | k* +m? 7.3.23
/(27r)dn( +m?) . (7.3.23)
Using (7.3.20), this is identical to the path sum result (7.3.9).

In older quantum field theory books, vacuum amplitudes like (7.3.18) were usually consid-
ered irrelevant. If the scattering amplitudes are considered in a fixed background and gravity is
ignored, this is correct. But vacuum energy density is significant in at least two cases. First, to
compare the energy densities of different states to determine which is the vacuum ground state.
For example, electroweak SU(2) x U (1) symmetry breaking is likely determined by quantum cor-
rections to vacuum energy density. This was the original motivation for the Coleman-Weinberg
formula (7.3.23). Extending to arbitrary spin,

1

POZVd

> (=1)FiZg, (m]) . (7.3.24)

i

The sum is taken over all physical particle states. Each polarization is counted separately, giving
a factor 2s; +1 for spin s; in 4 dimensions. Here F; is the spacetime fermion number, so fermions
contribute with the opposite sign.

The second case is consideration of coupling with gravity. Vacuum energy provides the source
term in the Einstein equations—the cosmological constant—and thus has observable effects. In
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fact, this cosmological constant is a major challenge. Because real spacetime is approximately
flat and static, its value must be very small:

lpo| < 107*GeV? . (7.3.25)

If only the vacuum energy contribution of known particles is considered (roughly below the
electroweak scale), the zero-point energy is already about

md, ~108GeV?, (7.3.26)

which is 52 orders of magnitude higher than reality. The potential energy of the Higgs field and
QCD vacuum energy are also too large. Finding a mechanism that cancels the net cosmological
constant with great precision has proven difficult. For example, in supersymmetric theories, the
contributions of degenerate bosons and fermions in the sum (7.3.24) cancel. But supersymmetry
has not yet been seen in nature, so it must be a broken symmetry. Then the cancellation is
imperfect, again leaving at least mZ_ as a remainder. The cosmological constant problem is
one of the most persistent difficulties. Thus, one of the best clues likely lies in finding a unified
theory containing gravity.

What about the cosmological constant problem in string theory? At the string tree level, we
have a consistent theory compatible with flat metrics, so the cosmological constant is zero. In
fact, when we chose 26 dimensions, we adjusted it manually. From the spacetime action (77), it
is evident that otherwise, there would be a tree potential proportional to D — 26. The one-loop
vacuum energy density in bosonic string amplitudes is non-zero and must be on the scale of
the string (ignoring tachyon divergence). In 4 dimensions, this corresponds to 1072GeV*, which
is still too large. In supersymmetric string theory, there will be some amount of cancellation,
but in a realistic theory with broken supersymmetry, a remainder of at least m2, can still be
expected.

The cosmological constant problem tells us that there is still something about the vacuum
we do not understand, both in field theory and in string theory.

7.4 Open and Unoriented One-loop Amplitudes

Cylinder

The results for the torus can be immediately extended to other surfaces with zero Euler number.
For example, the vacuum amplitude from the cylinder in oriented theory is

% q¢ o dt
Zc, :/ % Tt/ [exp(—2ntLo)] = in/ 5 (8m2a't) =2 Z exp[—2mt(h; — 1)]
0 0 i€
> dt
— iVhgn” / o7 (8m°at) " Fn(it) 7. (7.4.1)
0

This can be obtained either by writing the path integral in terms of ghost zero modes, as we did
for the torus, or by guessing it, summing the point-particle result over the open string spectrum.
In the first line, the trace is over the entire open string CFT, and the prime indicates ghost
zero modes are dropped. In the last line, the trace is over 26 flat dimensions and n Chan-Paton
degrees of freedom. Introducing tachyon vertex operators is straightforward.

The t — oo limit of the cylinder is very similar to the 79 — oo limit of the torus. The
cylinder looks like a long strip, and the leading order approximation is given by the lightest
open string states. As with closed strings, there are divergences, but only from the open string
tachyon.

The t — 0 limit is quite interesting. Unlike the torus, there is no modular group, and the
integration limits cannot be truncated, so UV divergences of field theory still manifest. However,
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Figure 7.4.1: (a) Cylinder in the small ¢ limit. (b) Amplitude decomposed into disk tadpole
amplitudes and a closed string propagator. (c) Analogous field theory Feynman diagram. Heavy
particles are analogous to tadpoles.

we will see that, like all divergences in string theory, this should actually be interpreted as a
long-range effect. In the ¢ — 0 limit, this cylinder is very long, as shown in Figure 7.4.1a.
It looks like a closed string emerging from vacuum, propagating a certain distance, and then
disappearing back into the vacuum. To make it more obvious, using the modular transformation
(7.2.44)

n(it) =t~ 2n(i/t) (7.4.2)

and changing the variable to s = 7/t, the result is

Vagn?

Z0; = '27r 8m2a/)13

/ dsn(is/m)~2*. (7.4.3)

Rescaling the metric by 1/¢, the cylinder has a closed string circumference 27, and the cylinder
length is s. Expanding

n(is/m) "2 = exp(2s) H [1 — exp(—2ns)]~2*
n=1
= exp(2s) + 24 + O(exp(—2s)) , (7.4.4)

this is exactly the expected asymptotic form for an expansion in the complete closed string basis.
In other words, if we consider o as worldsheet time and ¢! as worldsheet distance, Figure 7.4.1a
is a very short open string loop. If we swap their roles, it is a very long closed string worldline,
with both the beginning and end on the boundary circles. In Euclidean path integrals, both
descriptions are usable and useful in different limits of moduli space.

The leading order contribution to the vacuum amplitude comes from the closed string
tachyon. This is uninteresting and can be defined through analytic continuation,

- -1
/0 ds exp(fBs) = 5 (7.4.5)

The second term comes from massless closed string states, which even with continuation give
a divergence of the form 1/0. To see the origin of this divergence, dissociate the process as
in Figure 7.4.1b. As we saw in section 6.6, there is a non-zero amplitude for a closed string
vertex operator on a disk. The tadpole diagram corresponds to a closed string disappearing
or appearing in the vacuum. In momentum space, the massless propagator is proportional to
1/k%. Here, momentum conservation requires the momentum of the closed string emerging from
vacuum to be zero, so the propagator diverges.
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The same type of divergence exists in quantum field theory. Consider a massless scalar field
¢ with a linear term for ¢ in the Lagrangian. Then there will be a vertex connected to only
one propagator, and Figure 7.4.1c exists. This divergence is due to the intermediate propagator
being

! (7.4.6)

k2 |ju—o
Since propagator poles correspond to long propagation distances in spacetime, this is a long-
range (infrared) divergence. UV and IR divergences in quantum field theory have very different
origins. UV divergences usually signal theory failure, requiring new physics at some short scale.
IR divergences usually mean the question asked is wrong, or the method of expansion is wrong.
This is the case here too. In general perturbation theory, we expand around ¢(z) = 0 or some
other field configuration. For the action

1 1
—gz/ddaz <28M¢8“¢+9A¢) , (7.4.7)

the equation of motion
0%¢ = gA (7.4.8)

does not allow ¢(x) = 0 as a solution. We must expand around a solution of (7.4.8); any such
solution must be position-dependent. The corresponding amplitude has no divergence, even if
the right side is a perturbation (we introduced a suitable factor g to the disk), because it is a
singular perturbation. Specifically, the correct background breaks some Poincaré symmetries of
the zero-order solution.

The situation in string theory is the same. The disk tadpole is the source

—A / 4% (—-G)/2e™? (7.4.9)

which is a source for the dilaton and metric. Expanding around the solution of the corresponding
field equations (no longer constant) gives effective amplitudes. The details are somewhat complex
and will be further discussed in Chapter ??7. Incidentally, in superstring theory, if the tree-level
background is invariant under supersymmetry, it usually has no loop corrections.

The pole (7.4.6) is the same type of divergence we encountered in tree amplitudes, corre-
sponding to resonances propagating over long spacetime distances. If we add open string vertex
operators at each end of the cylinder so that it represents an open string one-loop amplitude,
the momentum k* flowing from one boundary to another is generally non-zero. Then the large
s limit (7.4.4) introduces the factor

exp(—a'k2s/2) , (7.4.10)

and the divergence becomes a momentum pole, representing an open string scattering into a
closed string intermediate state. Thus, as claimed in Chapter 3, open string theory must simul-
taneously incorporate closed strings. The mechanism for removing UV divergences is different
in open and closed strings. In closed strings, it is an effective truncation on modular integrals;
in open strings, in the form of long spacetime distances, it is reinterpreted as a dangerous limit
of moduli space.

In (7.4.1), we associated the path integral on the cylinder with the open string spectrum by
cutting the path integral with o2 as time. It can also be obtained through closed strings, where
ol is time. Let o2 have period 27 , with boundaries at o' = 0,s. The closed string emerges
in some state |B) at ¢! = 0, and then disappears in the same way at o' = s. Introducing a
measure insertion, the path integral is proportional to

<B|Cob0 exp —S(Lo + Eo) |B> . (7.4.11)
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The fact that 9; X*, ¢! and by are zero on the boundary determines the state | B). In Hamiltonian
form, they must annihilate |B); in terms of Laurent coefficients,

(ot 4+ @" )|B) = (¢p + ¢_p)|B) = (by —b_,)|B) =0, alln. (7.4.12)
This gives
|B) o (co + &) exp [— Y (o @ n A bonén +bonc ) |[0;0) . (7.4.13)
n=1

Using this in (7.4.11) yields (7.4.3), with the normalization of |B) yet to be determined. This
representation is very useful for analyzing the ¢ — 0 limit and closed string poles.

By comparing string calculations with field theory, we can determine the disk tadpole A,
but it will be more convenient to treat it as a special case of a more general result in the next
chapter.

Klein Bottle

The vacuum amplitude from the Klein bottle is

Zr, = /000 % Tr/C{Q exp [—27rt(Lo + [Nlo)} }

oo dt ~
=iV / E(zm?o/t)*d/? > exp[—27rt(hi+hi—2) : (7.4.14)
0 .
et

where the notation of the cylinder (7.4.1) is adopted. Compared with the torus of the oriented
theory, this has an extra factor of %, coming from the projection operator %(1 + Q). For the
same reason, the torus and cylinder amplitudes in unoriented theory both have an extra factor
of % This can also be seen as arising from the extra gauge invariance w — w. To calculate the
trace in 26 flat dimensions, note that the only diagonal elements of () are those states where
left-movers and right-movers are the same, and these states contribute (2 = +1. Thus, the trace
is actually taken only on one side, which is the same as the open string amplitude, except that

the weight is doubled because left and right contributions are identical. The result is

Zxc, — iVag / %(477%’75)—1377(2#)—24. (7.4.15)
0

; 2 A
(a) (b)

Figure 7.4.2: (a) In the small ¢ limit, the Klein bottle becomes a cylinder with crosscaps at
both ends. (b) Amplitude decomposed into RP» and D tadpole amplitudes and a closed string
propagator.

The modulus t has the same range 0 < ¢ < oo as for the cylinder, so the ¢ — 0 divergence
is the same. Similarly, the 1/0 pole can have a long-range explanation in the form of a closed
string pole. To see this, consider the regions

0<o'<2m, 0<o*<2nt, (7.4.16a)
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0<o'<m  0<o®<dnt. (7.4.16b)
Both are fundamental regions for the equivalence relation
w = w427 = —w + 2mit (7.4.17)

In (7.4.16a), the left and right edges are periodically equivalent, while the top and bottom edges
are equivalent after parity inversion, which explains the closed string loop with weight €. For
(7.4.16b), the equivalence relation (7.4.17) simultaneously implies

w = w + 4it, w+m = —(w+ )+ 2mit . (7.4.18)

It follows that the upper and lower edges of the region (7.4.16b) are periodically equivalent. After
translating half the length of the left edge, the inversion through that edge is equivalent to itself.
Similarly for the right edge: this is the definition of a crosscap. Thus we have the interpretation
of Figure 7.4.2a. Rescaling by 1/2t, the cylinder base length is 27, height s = 7/2t, and both
ends are connected to crosscaps. After modular transformation, the amplitude becomes

7 226‘/26 /OO d ( / )_24 (7 4 19)
=l S 18 . 4.
Ko 47r<87T2C¥/)13 0 g m

All discussions regarding divergences of the cylinder can be applied to the Klein bottle. The
difference is that the tadpole diagrams come from the projective plane rather than the disk.
Mobius Strip
For the Mobius strip,
. > dt 2 14\—d/2
Zuy =iVa | (87%t) > Qexpl-2nt(h; — 1)] (7.4.20)
0 .
ieHg-

It differs from the cylinder result only by €2 and the % of the projection operator. In 26 flat

dimensions, the effect of the operator €2 in the trace is: there is an extra —1 on even mass levels,
plus a proper count of Chan-Paton factors. Thus, the trace of oscillators is

[1 — (=1)"exp(—27mnt)] "2 = 900(0, 2it) 12n(2it) 712 . (7.4.21)

8

exp(27t)
1

n

For SO(n) theory, $n(n + 1) symmetric states have 0 = +1, while 2n(n — 1) antisymmetric
states have = —1, giving a net contribution of n. For Sp(k) theory, it is the opposite, giving
—n (in our notation n = 2k Chan-Paton states). Then the amplitude is

°o dt
Zar, = £inVag / o (8m2a/t) 131900 (0, 2it) " 2n(2it) 12 (7.4.22)
0
By the same construction as for the Klein bottle, the M&bius strip can also be represented
as a cylinder with a base, where only one end is a crosscap, as shown in Figure 7.4.3a. The
cylinder length is now s = 7/4t. Through modular transformation, the amplitude is

Zng, = 42in—2 V2 /Oo ds D00 (0, 2is/m) 12 (2is /m) 12 (7.4.23)

Mo 47 (872a/)13 J, 001+ g ' o
As with the cylinder, this can also be written as an operator expression, with one boundary
state in (7.4.11) replaced by a similar crosscap state |C). This is also a t — 0 divergence; it
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Figure 7.4.3: (a) In the small ¢ limit, the Mdbius strip becomes a cylinder with a crosscap at
one end. (b) Amplitude decomposed into Dy and RP, tadpole amplitudes and a closed string
propagator.

-_—— -

(@)

corresponds to the process in Figure 7.4.3a, with one end from the disk and the other from the
projective plane. In unoriented theory, the divergences of these three surfaces combine into

. 24‘/26 13 2 >

That is, the total tadpole is proportional to 2'3 Fn. For the gauge group SO(2'3) = SO(8192),
this is zero. The tadpole from the disk and the tadpole from the projective plane cancel each
other. In bosonic string theory, this might not have special meaning, but in superstrings, there
is indeed a similar cancellation for SO(32).



Chapter 8

Toroidal Compactification and
T-duality

The realistic compactification of string theory will be the subject of the final chapters of Volume
II, but let us first examine the simplest compactifications of string theory, where one or more
dimensions are periodically identified. We first examine the same compactifications in field
theory, which are encountered in the Kaluza-Klein unification of gauge interactions and gravity.
Then we extend this to string theory, where several new and intrinsic string phenomena arise:
winding states, enhanced gauge symmetry, T-duality, and D-branes. We will also examine
slightly more complex compactifications along this line, namely orbifolds and orientifolds.

8.1 Toroidal Compactification in Field Theory

In general relativity, the geometry of spacetime is dynamical. The three spatial dimensions we
see are extended, but they might have once been highly curled up. There is the logical possibility
that there are still extra dimensions that remain very small. In fact, this was proposed as early
as 1914 as a way to unify the electromagnetic and gravitational fields into components of a single
higher-dimensional field. Consider the 5-dimensional case, where z* is periodically identified:

a2t =gt 4 27R, (8.1.1)

while the other x* for 4 = 0,...,3 are non-compact. This is toroidal compactification, where
the 5-dimensional metric splits into G\, G4, and G44. From a 4-dimensional perspective, these
are a metric, a vector, and a scalar.

Let us examine this carefully: take the more general case of D = d+ 1 spacetime dimensions,

where z¢ is periodic. Parameterize the metric as:

ds? = G ydeMdz = G datda” + Gag(da? + A,dxt)? . (8.1.2)
Denote the metric of the entire D-dimensional spacetime as G]%N, and note that G, # va;
we use G, to raise and lower indices in the d-dimensional action. For now, only allow G, G4q
and A, to depend on z#. (8.1.2) is the most general form of the metric that is invariant under
translations of 2. This form still allows for d-dimensional reparameterizations 2/*(z") and:

' =24+ Nz (8.1.3)

Under this reparameterization:

Al = Ay~ O, (8.1.4)

so gauge transformations arise as part of the higher-dimensional coordinate group; this is the
Kaluza-Klein mechanism. To see the effect of the 2% dependence, consider a massless scalar ¢

173
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in D dimensions. For simplicity, take the metric in the compact dimension to be Ggg = 1. The
momentum in the periodic dimension is quantized, py = n/R. Expand the dependence of ¢ on

z% in a complete basis:

p(zM) = Z On(zh) exp(inacd/R>. (8.1.5)

n=-—00
The D-dimensional wave equation 9,0 ¢ = 0 becomes:

2
00" b () = %d)n(m“) . (8.1.6)

The modes ¢,, of the D-dimensional field thus become an infinite tower of d-dimensional fields.
For fields where pg is non-zero, the d-dimensional mass squared:

TL2

= (8.1.7)

is non-zero. When the energy is much smaller than R~!, only the 2% independence remains,
and the physics is d-dimensional. When the energy exceeds R~!, we see the Kaluza-Klein tower
of states. The charge corresponding to the Kaluza-Klein gauge invariance (8.1.3) is the py
momentum. In this simple example, all fields carrying Kaluza-Klein charge are massive. More
generally, if there are also higher-spin fields and a curved background, there are also massless
charged fields.

The effective action of massless fields is always an important topic. Define Ggq = €. The
Ricci scalar of the metric (8.1.2) is:

1
R=R;—2c77V?%" — ZeQ"FWF‘“’ : (8.1.8)

where R is constructed with GAD4 n» and Ry is constructed with G,,,. The graviton-dilaton action
(??) becomes:

1
S1=5 APz (~Gp)Y2e ?®(R + 4V ,0V"D)
0
TR d 1/2 —2®+0
= ?% d“z (—Gd) / (S +

1
X <Rd — 49,00V 0 + 40,90 P — 4e2UFWFW>

_ TR d,.(_ 1/2 —2®y
= K% d :L“( Gd) (S
1
X (Rd — 0,00"0 + 40,040/ Dy — 4e2"FWF’“’) : (8.1.9)

which gives the kinetic terms for all massless fields. Here Gy is the determinant of G, and
®y; = P — 0/2 is the effective d-dimensional dilaton. The sign error of the dilaton kinetic term
is fictitious, because the mixing of the graviton with the metric trace must also be considered.
The simplest way to achieve this is through the Weyl transformation in (77).

The field equations do not determine the radius of the compact dimension. For any values
of ® and o, the flat metric and constant dilaton are solutions. In other words, ® and ¢ have no
potential, so these fields must be massless, much like Goldstone bosons. Different values of ® and
o mark degenerate configurations (or states of the quantum theory), and if the field in the state
varies slowly, its energy comes only from the gradient. It differs from the Goldstone phenomenon
in that the degenerate states are not related to each other by any symmetry. In this bosonic
theory, the degeneracy is accidental, and the one-loop energy discussed in the previous section
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breaks this degeneracy. In supersymmetric theories, the existence of physically inequivalent but
degenerate vacua is quite common and plays a significant role in understanding dynamics. The
fields used to mark inequivalent vacua are called moduli. In nature, supersymmetry breaking
almost necessarily endows all moduli with mass; otherwise, they would transmit infinite long-
range forces of gravitational magnitude.

Defining A, = R;lu, the covariant derivative is:

Oy + ipaA, = 0, +inA, (8.1.10)

which makes the charge an integer. The definitions of d-dimensional gauge coupling and gravi-
tational coupling are as follows. The coefficient of FWF“V in the Lagrangian density is defined
as —1/ 49c2lv and the coefficient of Ry is defined as 1/ 2/43. In terms of gravitational coupling, the
gauge coupling is written as:

2= et 2 (8.1.11)
d ™ L R3e20 02 T
The relationship between d-dimensional and D-dimensional gravitational couplings is:
1 2mp

where 27p is the volume of the compact dimension.

Remark. ° 1/92 has a factor of R? contributed by the definition A, = RAM. Other
contributions come from (8.1.9), and combined with p = Re?, this gives (8.1.11).

e According to (8.1.9) and the definition, 1/2k23 = ”R‘;;Nd. The D-dimensional grav-
0

itational coupling is ﬁ = %, which yields (8.1.12).
0

By extending the Kaluza-Klein mechanism, antisymmetric tensors can also provide gauge
symmetry. Divide By into By, and A}, = Bg,. The gauge parameter (ys in (??) is divided
into the d-dimensional antisymmetric tensor transformation ¢, and the ordinary gauge invariant
Gq- The gauge field is Bg,, and the field strength is Hg,,. The antisymmetric tensor action
becomes:

1 _
52 — _24 5 /de (_GD)I/Qe QQHMNLHMNL
Ko
TR — ry a g% —20 v
= 12 /dd:p (—Gq)V/2e™2%4 (HWH“ A4 3e 20 Hy,, HY ) . (8.1.13)
We defined: 3
H,\ = (0,8 — AuHgyy) + cyclic permutations . (8.1.14)

The term proportional to the vector potential originates from the inverse metric GMY. It is
called a Chern-Simons term, which represents a gauge potential coupled to any number of field
strengths. Such terms frequently appear in supersymmetric theories and are connected with
interesting physical phenomena. Note that H uvA 18 gauge invariant because the variation of A,
in (8.1.4) is cancelled by the following variation:

B\, = B,y — AHyy» . (8.1.15)

Minimal coupling between Bj;n and other fields does not exist, so it is unlike the Kaluza-
Klein case. No field carries charge under antisymmetric tensor gauge symmetry; this is different
in string theory.
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Remark. The inverse metric is:

gMN = g —A¥
—AY gu,AFAY + &2

8.2 Toroidal Compactification in CFT

Now let us examine the conformal field theory of a single periodic scalar field:
X2 X+21R. (8.2.1)

To keep the equations clean, we drop the superscript d of X¢ and set Ggq = 1. The worldsheet
action is the same as in the non-compact theory, [ d?20X0X/2rd’, so the equations of motion,
operator products, and energy-momentum tensor remain unchanged. Periodicity has two effects.
First, string states must be single-valued under the equivalence relation (8.2.1). That is, the
operator translating the string exp(2mip) around the compact dimension once must leave the
state invariant, so the center-of-mass momentum is quantized:

nez. (8.2.2)

This is the same as in field theory.

~
~

(a)

(b)

Figure 8.2.1: (a) Oriented closed strings with winding numbers w = +1,0,—1. (b) Transition
of a w = 0 string into w = +1 and w = —1 strings.

The second effect is unique to string theory. Closed strings can now wind around the compact
dimension:

X(o+2m)=X(0)+21Rw, weZ. (8.2.3)

The integer w is the winding number. States with winding numbers +1,0, —1 are shown in Figure
8.2.1(a). From the viewpoint of worldsheet field theory, strings with non-zero winding number
are topological solitons, i.e., states with topologically non-trivial field configurations. Consistent
string theory must incorporate winding number states: through split-merge processes, w = 0
strings can become w = +1 and w = —1 strings, as shown in Figure 8.2.1(b). It is easy to see
that winding number is always conserved in this example. To determine the states of the closed
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string CFT, examine the Laurent expansion:

!/

1/2 o0 1/2 o0 ~
e O = _ e O

After winding once, the change in X is:

2 Rw = jq{(dz X +dz dX) = 2n(c//2)"?(ap — do) - (8.2.5)
The total Noether momentum is:
b= e f(dz 0X —dz (79X) = (2@’)_1/2<O¢0 + CNV()) . (8.2.6)

For non-compact dimensions, this gives ag = a9 = p(a’/ 2)1/ 2 as usual, but for periodic dimen-
sions we have:

wR

1/2 n
pL = (2/d) P ag = R T (8.2.7a)
1/2 ~ n wR
PR = (2/0/) / g = E — ? . (827b)
The Virasoro generators are:
apt &
Lo=—*F+ D anan, (8.2.8a)
n=1
B O/p2 o0
Ly=—"+ > G - (8.2.8b)
n=1
Partition Function
The partition function for X is:
(qq)~/** Tr (qL°q‘L°>
o
= ’1’,(7’)|_2 Z qa'p%/4qa/p%/4
n,W=—00
0 1,2 22
an w R )
= |n(1)| 72 Z exp [—WTQ <R2 + 0/> + 2m7‘1nw} . (8.2.9)
n,W=—00

The oscillators are the same as in the non-compact case, while the momentum integral is replaced
by a sum over n and w. Modular invariance is not obvious, but using the Poisson resummation

formula:
o0 o0

Z exp(—mm2 + 2m'bn) =q /2 Z exp [M] . (8.2.10)

a
n=-—00 m=—00

The partition function becomes:

oo 2. 2
2rRZx (1) Y exp(—W). (8.2.11)

Zx (1) is the modular invariant expression (7.2.9) for the non-compact theory; this sum is clearly
invariant under 7 — 7 + 1. Under 7 — —1/7, it is invariant under m — —w and w — m.
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Remark. Under 7 — —1/7:

|m — wr|? Im+w/7]? _ |m7 4+ w|?

To T2/ |7|? TS

(8.2.11) has a simple path integral interpretation. Summing over all genus 1 worldsheets in
periodic spacetime, each non-trivial closed curve on the worldsheet winds around the compact
direction:

X (o +2m,0%) = X(0!,0%) 4 2nwR, (8.2.12a)
X (ot + 27711, 0% 4 217m) = X (0}, 02) + 20mR . (8.2.12b)

That is, the path integral splits into topologically inequivalent sectors labeled by w and m. By
writing X as a classical solution satisfying periodicity:

X = oc'wR + o*(m — wr)R/m, (8.2.13)

plus a quantum part satisfying periodic boundary conditions. This Gaussian path integral can
be integrated out. The path integral for the quantum part is the same as in the non-compact
case, while the classical part appears as the exponential in (8.2.11). The effect of modular
transformations on periodicity is simplified to swapping the summation variables m and w.

Vertex Operators
To construct winding states with ag # &g, we need independent variables x; and xr satisfying:

[vL,pL] = [zr,pR] =1 . (8.2.14)

The field X splits into holomorphic and anti-holomorphic parts:

X(z,2) = Xp(2) + Xr(2), (8.2.15)
where:
o o\ & om
Xr(z) =z — i PL Inz+1 <2> m;oo el (8.2.16a)
m=£0
o o\ & Gm
Xgr(2) =2xRr — i PR Inz+1 <2> m:z_:oo e (8.2.16b)
m#0

If we restrict to states with k;, = kg and only use operators constructed from X, (z) + Xg(2),
this reduces to the CFT of non-compact dimensions.

We now discuss OPEs and vertex operators. The form of the vertex operator is easily
guessed, since the usual X X operator product —(a//2)1In(212212) can be split into holomorphic
and anti-holomorphic functions, thus:

/ /

[0 [0
XL(Zl)XL(Zg) ~ —Elnzlg, XR(El)XR(Zg) ~ —Eln Z19 , (8.2.17&)
XL(Zl)XR(EQ) ~0. (8.2.17b)

The operator corresponding to the state |0; kz,, kr) is:

ik X1 (2)+ikrXR(2)

Vipkp(2,2) =t : (8.2.18)
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The OPE is:

_ _ a'kpk /2 ak k' /2 _
Vipkn (21, 21) Vi w22, 22) ~ 235 e R ok (220 22) (8.2.19)

We will encounter branch points and cuts in various expressions; this is not surprising, as the
field X is no longer single-valued. However, it is important that the OPE of the entire vertex
operator must be single-valued: when z; winds around z3 once, the net phase is 1.

exp[mid/ (kpky, — krkr)] = exp[2mi(nw’ + wn')] = 1. (8.2.20)

This is exactly what is necessary for the string amplitude to be well-defined.

A Trick

The previous discussion is clearly correct, but we have been too casual about the handling of
branch points and cuts in the logarithms. If we swap z; and 29, and the momenta k and &/,
a problem arises in OPE (8.2.19). The left side is symmetric, but the right side will differ by
exp[mi(nw’ 4+ wn')]. Therefore, if nw’ 4+ wn' is odd, there will be a negative sign difference. We
can also see this problem in the following way. From the mode expansion, we can derive the
equal-time (|z1| = |22|) commutator:

Ny
™ sign(o! — o). (8.2.21)

[XL(21), Xp(22)] =

The CBH formula then tells us that if we define the operator through a creation-annihilation
order, then when nw' 4+ wn’ is odd, the operator %%, j,, anticommutes with 7/’% K The invisible
branch point/cut (8.2.20) becomes two visible ones. The correct oscillator expression for the
vertex operator is (with some ambiguity in the phase):

Vipkn(2,2) = exp|mi(ky — kg)(pr + pr)a’ /4] : eFL XL TRRXRE) (8.2.22)

where pr,pr are operators as usual, and k is a number (the momentum carried by the given
vertex operator). When ¥, 1, and %C/Lk% commute with each other, the extra factor is called
cocycles, which gives an extra phase:

exp{rmi| (ke = k) (K, + k) — (K7, = ki) ki, + k) o /4]
= exp[mi(nw’ —wn')], (8.2.23)

which removes the branch points and cuts. In most cases, this complexity can be ignored, and
the simpler expression from the previous paragraph can be used; cocycles only affect the relative
signs of specific amplitudes.

The general X* path integral (6.2.18) factors into holomorphic and anti-holomorphic parts
in an obvious way, allowing for the substitution:

H’z ’Ockkj _>H Olksz'LJ/2 ‘)‘kRzlfR]/2 (8224)

(3 I e
1<j 1<j

and we can also replace the 27§(> k) from the non-compact integral over xg with:

27TR52in¢,062iw¢,0 . (8225)

The exact expression (8.2.22) will yield some additional signs.
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DDF Operators

We have seen that exponential operators can be split into holomorphic and anti-holomorphic
parts, which has many applications. We now use this to discuss the DDF operators mentioned
at the end of Chapter 4.

We will work with light-cone coordinates X+ = 2~/ 2(XY + X1), whose holomorphic part
has the OPE (dropping the L subscript):

/

XT(2)X(0) ~ % Inz,  XT(2)XT(0) ~ X (2)X(0) ~0. (8.2.26)

Remark.

Xtz X (0)=27" (XO(Z) + X'(2)) (XO(O) - X'(0)) = 21 (02/ In 219 + 02/111212) = 02/111

From this, it follows that the operator:
Vi(nkg, z) = 0X*(z)e™ X" (2)(2/0/)1/2 (8.2.27)

is a (1,0) primary field, where i is a transverse index. The OPE is:

' . ij
V*(nko, 2)V7? (mkg,0) ~ _%el(?ﬂ-m)koX*(O)

- Maxﬂmeﬂwm)koﬁ@ . (8.2.28)
z
Define the DDF operator as:
. dz .
Al = 7{ ﬁ Vi(nko, z) . (8.2.29)

Unless n +m = 0, the 27! term in OPE (8.2.27) is a total derivative, so the DDF operators
satisfy the oscillator algebra:
o kop™

[AS, AT] = mé9 6, 5 (8.2.30)

Examine the action of this operator on a state with given momentum ¢. The vertex operator
for Vi(nkg,z) and this state will contain z~'mkod” /2 Thus, if we fix kg = 2/a’q, it will be
single-valued. Then the contour integral (8.2.28) defines a reasonable operator in this sector. The
DDF operator is the integral of a (1,0) tensor and thus commutes with the Virasoro generators,
transforming physical states into physical states. From this, we can build physical states by
acting on the oscillator ground state with DDF operators. The states obtained in this way
correspond one-to-one with light-cone states. DDF operators do not contain X ~, so these states
have no a_,, excitations. Thus, compared to the more general but less obvious construction in
(4.4.19), they actually yield the same states.

8.3 Closed Strings and 7T-duality

Since we are studying string theory, we take D = 26 and only assume X 25 is periodic. The mass
shell (Lo and Ly) is:

4
m? = —kPk, = (kP)? + J(N -1)
4

= (k%) + J(N —-1), (8.3.1)
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or:
2 2 P2
9 N w*R 2 ~
0=nw+N—-N. (8.3.2b)

There are four contributions to mass squared: compact momentum, winding string potential
energy, oscillators, and zero-point energy. The discussion of the physical spectrum in Chapter
4 applies to any compactification, so we obtain the correct counting of states just by examining
the transverse oscillators M = 2,...,25.

First, we reproduce the field theory result for the massless spectrum. At a general value of
R, states can only be massless when n =w =0 and N = N = 1. There are 242 identical states,
but it is useful to classify them based on whether the oscillators are in the spacetime direction
w or the internal direction 25:

ot a” 4105 k), (a/i1072—51 + 042510751”0; k),

(0&1&2—51 - 042—515&1”0; k), 02—51542—51’0; k). (8.3.3)

The first set further splits into the 25-dimensional graviton plus dilaton plus antisymmetric
tensor. The second is the graviton on spacetime and internal indices, which is the Kaluza-Klein
vector. The third is the vector from the antisymmetric tensor. The last state is a scalar, which
is the modulus of the radius in the compact direction; its vertex operator :0X2°0X25e’* X is a
perturbation of the metric G5 25. This is the same spectrum found when examining low-energy
field theory.

Examining the transformation of massive states under U(1) x U(1) symmetry is very bene-
ficial. Once again, Kaluza-Klein gauge symmetry comes from translations in the X2 direction,
so the corresponding charge is the compact momentum pos. For antisymmetric tensor gauge
symmetry, examine the zero-momentum vertex operator, which measures the transformation of
any state coupled to it. It is proportional to:

OXFIX® — 9X2PIXH = I(X?POXH) — O(XPOXH) . (8.3.4)

This is a total derivative, but on winding states, its integral is non-zero since X% is not single-
valued. So the B, 25 charge is the winding number. This is the first "stringy" physics we
encounter in this compactification: no state carries this charge in field theory.

We verify the gauge coupling from the string three-point coupling. The gauge boson vertex
operator is:

21/29.:,25 . A v 25 25 & vy nike X .

We set the 25-dimensional string coupling gc o5 = ge(2rR)~Y2. The factor (2rR)~/2 comes
from the normalization of the zero-mode wave function. For general compact momentum and
winding number, the tachyon vertex operator is:

oo ek XL (@) ik XR(Z), (8.3.6)

The three-point amplitude for one gauge boson and two tachyons, if the compact momentum
and winding number of the tachyons are non-zero, is similar to (6.6.14):

—27 2 ige 05(2m) 2007 (32, ki) ks (kT5s + Kipys)
=227 ge 95 (2) 6% (3, ki) Ky (K75 & k%) - (8.3.7)
In the second line, we take the gauge boson momentum k; — 0, which defines the gauge
coupling. Two gauge bosons couple to k:%% + k%% respectively, i.e., compact momentum and
winding number. This is exactly what we expect. Replacing the gauge boson with a graviton

and continuing to examine this amplitude, we reproduce the relationships between couplings in
(8.1.11) and (8.1.12), which are the same as those found in the effective action.
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Enhanced Gauge Symmetry

Thus far, everything is identical to field theory with one compact dimension. The 26-dimensional

graviton yields the 25-dimensional graviton plus vector plus modulus. The only string effect is
the winding state carrying the B, o5 charge.

Further and more magical effects come from special compact radii. We omitted the discussion

of the massless spectrum previously; states are only massless at special values of the radius R.

The most enriched case is R = a'/2, so k25 = (n & w)a/~'/2, and the condition for massless
states is: 7

(n+w)?> +4N = (n —w)> + 4N = 4. (8.3.8)

Besides the general solution n =w =0, N = N =1, we now have:
n=w=+1, N=0,N=1, n=-w==41, N=1, N=0, (8.3.9)

as well as: } )
n=42, w=N=N=0, w=4+2n=N=N=0. (8.3.10)

States in (8.3.9) introduce four gauge bosons, with vertex operators:
DX He* X exp [ﬂm’—lﬁxgﬂz, DX P X exp in‘a"WX%ﬂ: . (8.3.11)

The exact definition of the exponential operator is the same as in the previous section. These
states possess internal momentum and winding number, so they carry Kaluza-Klein charge and
antisymmetric tensor gauge charge. The only consistent theory for charged massless vectors is a
non-Abelian gauge theory, so the new gauge bosons must combine with the old gauge bosons to
form a non-Abelian theory. It is now convenient to treat the previous vectors using 0X29X*
and 0X*0X?. The first one couples to k%°; under this coupling, the first pair of states in
(8.3.11) carries charge 41, while the second pair is neutral. The second couples to k:lz%‘:’, and so
on. This indicates that the gauge group is SU(2) x SU(2); the three vectors containing 9 X*
constitute an SU(2). The other three constitute another SU(2). To present this SU(2) x SU(2),
define three (1,0) currents:

j'(2) =wcos[2a7 V2 X P (2)]: (8.3.12a)
72(2) =:sin[2a/ V2 XP(2)]:, (8.3.12b)
73(2) = i0X2(2) /a2 (8.3.12¢)

They can be normalized such that the OPE is:

51’]‘ ‘Eijk .
oz i §*(0) . (8.3.13)

7'(2)57(0) ~

For (0,1) currents 7, there are similar OPEs. The single-pole term implies the corresponding
charges form an SU(2) algebra. In fact, since these currents are holomorphic, there is an infinite-
dimensional algebra formed by Laurent coefficients:

y 5
i) =D i (8.3.14a)
m=—oo
AL ij | s ijk ik
s 0] = = 0m,—n0" +i€7"50 (8.3.14b)

2

which is called a current algebra, affine Lie algebra, or Kac-Moody algebra. We will encounter
such algebras frequently at the beginning of Chapter 11. It will be proven that the coefficient
of 272 is quantized, and the value in (8.3.13) is the minimum. So this is called a level 1 SU(2)
current algebra.
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This SU(2) x SU(2) symmetry shows for the first time that string theory perceives spacetime
geometry in a way that is completely different from what we use in field theory, where only U (1) x
U(1) symmetry is obvious at any radius. The origins of j2 and j1'? are completely different—they
are oscillator excitations and winding number-momentum excitations, respectively, and their
representations in terms of X2 are also completely different, but in their action on the string
spectrum, they are related to each other by symmetry. Since the energy of internal momentum
and winding number is cancelled by negative zero-point energy, the extra vectors are massless.
This situation occurs not only in tachyon theory, but also in other cases in Volume II.

Scale and Coupling
At the SU(2) x SU(2) radius, the relation (8.1.11) becomes: *

g5 = 2k3: /. (8.3.15)

If we compactify multiple dimensions, each dimension scales the same way. So, specifically, in 4
dimensions:
g3 =2k3/ . (8.3.16)

In nature, non-Abelian gauge couplings are of order 1, which implies that the string length a!/2
is not far from the gravitational length xy4.

We can also think of this in the following way. The 4-dimensional gauge coupling is di-
mensionless, but the 4-dimensional gravitational coupling has dimensions. Define an effective
dimensionless gravitational coupling, which depends on the energy scale E:

9&u(E) = KiE?, (8.3.17)

which grows with the square of energy. Obviously, the dimensionless gauge coupling runs with
energy, but this is slower than the dimensional scaling of gravitational coupling. Then by
(8.3.16), the string mass scale is where the gauge and gravitational couplings are roughly equal,
9%,4(E) ~ g3
It is also beneficial to examine the possibility of compactification to 4 dimensions, where
some compactification dimensions might be much larger than others. This is best analyzed by
starting from low energy and working up, where a dimensionless gauge coupling g7 exists at
low energy. At energy pgl, one compact dimension becomes a visible dimension, and physics
becomes 5-dimensional (for simplicity, we only examine this one dimension at this scale). The
effective 5-dimensional coupling is:
g5 = 27mpsgs . (8.3.18)

Similar to (8.1.12), this originates from the effective action. The coupling gg has dimen-
sions of length. That is, 5-dimensional Yang-Mills theory, like 4-dimensional gravity, is non-
renormalizable. Correspondingly, the effective dimensionless coupling is:

95 = g5E = 2mps Eg (8.3.19)

which grows linearly with energy. However, g7 is not much less than 1 in nature, so the coupling
becomes strong quickly at high energy; it is presumed that string theory is then required to
make the short-distance behavior reasonable. So this compactification scale must be close to the
gravitational scale. This analysis is modified in open string theory, where modern understandings
of strong-coupling string theory are taken into account. There is a very low probability that
string or Kaluza-Klein excitations are far below the Planck scale.

"More accurately, this is a coupling for an (n,w) = (1,0) state. Non-Abelian gauge bosons have (|n/|, |w|) =
(1,1), so their coupling is g%U(%% = 4r35/a’, which is the traditional quantum physics definition of SU(2)
coupling. We will see in Chapter 18 that this holds for all level 1 current algebras.
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Higgs Mechanism

Let R move away from the SU(2) x SU(2) radius. It is most instructive to examine what
happens. The extra gauge bosons now acquire mass:

m=-———=

|R? —o/| 2
Ro’ ")

R- 0/1/2‘ : (8.3.20)

where the approximation holds when the radius R is very close to the SU(2) x SU(2) radius
/Y2, Near this radius, the mass is much smaller than the string scale, and we should use
low-energy field theory to understand the physics.

There is only one way to endow gauge bosons with such mass: spontaneous symmetry
breaking, which is exactly what occurs. When R = a!/2, there are 10 massless scalars: the
dilaton, the modulus Gas 25, the four states in (8.3.9), and the four states in (8.3.10), the latter
nine generated by the vertex operators:

GU(2) P (2)eR X (=2), (8.3.21)

Index i is a vector under the left-moving SU(2), and index j is a vector under the right-moving
SU(2). That is, they transform according to the (3,3) representation under SU(2) x SU(2).
In particular, the modulus of the radius is j37%. Moving away from the SU(2) x SU(2) radius
gives this field an expectation value, so the gauge symmetry is broken down to the U(1) x U(1)
symmetry that preserves the z-axis. Indeed, this is exactly the gauge group at a general radius.
Near the SU(2) radius, the mass (8.3.20) is linear with respect to the modulus dimension |R —
o'V 2|, just like standard spontaneous breaking.

We denote the spacetime fields corresponding to these nine scalar fields as M;;. One variation
in the modulus is M33 # 0, but near the SU(2) x SU(2) point, it is very instructive to investigate
more general backgrounds. The interactions of these massless fields will be described by some
spacetime action, and this action will contain a potential U(M). These fields have no mass at
the symmetry point, so there is no M? term in U, but there may be (SU(2) x SU(2))-invariant
cubic terms:

U(M) oc €875 My Mjj My = det M . (8.3.22)

It is not difficult to prove from the three-point string amplitude that this term indeed exists. It
is a cubic term for bosons and is unbounded from below, but like the tachyon, this is an artifact
of bosonic string theory.

Ignoring the fact that this potential is unstable for small variations, it is meaningful to find
its static classical solutions. To have a static background solution, the field equations for the
graviton and dilaton require the potential to be zero, and the field equations for M;; require the

potential to be stable:

oU (M)
UM) =
00 ="

Diagonalizing M using SU(2) x SU(2) rotations, the condition (8.3.23) becomes:

=0. (8.3.23)

M1 Moo M3z = My Moo = My1 M3z = Mg Mz3 = 0. (8.3.24)

Therefore, only one diagonal component can be non-zero. By SU(2) x SU(2) rotations, we can
take this non-zero diagonal component to be Ms3. So we have not constructed any physically
new string background.

A continuous family of static background solutions is called a flat direction. There are nine
massless scalars here, which can be reduced to three diagonal fields by SU(2) x SU(2) rotations,
but there is only one flat direction (ignoring gauge equivalent directions). Of course, we only
calculated the cubic terms in the fields, but in general, the cubic terms can be zero, while higher-
order terms remain non-zero. To construct an exact flat direction, we need a more specialized
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discussion. That is, for any value of R, we can construct a free CF'T. Note that if we consider
417" or j27? as moduli, since they are sines and cosines of X2°, the worldsheet action would look
very complex, but since it is equivalent to the free theory obtained by varying R, the worldsheet
theory is solvable.

T-duality

From the mass formula: ) 22 o
mzz%—k%—&-g(l\f—i—ﬁ—ﬂ, (8.3.25)

we see that as R — oo, the mass of the winding states becomes infinite, while the compact mo-
mentum approaches a continuous spectrum, which is exactly what is expected for non-compact
dimensions. Examine the opposite limit R — 0. States with compact momentum acquire infinite
mass, but the spectrum of winding states now approaches a continuum—winding strings around
small circles does not cost too much energy. Thus, as the radius approaches zero, the spectrum
approaches a continuum once again, just as in non-compact dimensions. This is completely
different from field theory behavior, where there is only compact momentum n and no winding
number w, and at R — 0, no state becomes light.

In fact, the limits R — 0 and R — oo are physically equivalent. The spectrum (8.3.25) is
invariant under the following transformation:

/
o
R— R = 7 now. (8.3.26)
This equivalence simultaneously extends to interactions. Note that swapping n and w is equiv-
alent to:
Pe PP, pE = —ph . (8.3.27)

Examine this theory at radius R. Recall the decomposition X?°(z,2) = X?°(2) + X% (%), and
define:
X(2,2) = XP(2) — XP(2). (8.3.28)

The OPE and energy-momentum tensor of field X'?® are the same as those of X2%; negative
signs will always appear in pairs. The only change to the CFT caused by replacing X?° with
X% is that it causes the sign change (8.3.27), which will transform the spectrum of the theory
at radius R into the spectrum of the theory at radius R’. That is, they are the same theory,
just one written as X2° and the other as X’?®. This equivalence is called T-duality. That is,
the R — 0 limit and R — oo are physically completely equivalent, which is completely different
from the behavior of point particles, and this is another proof that the geometry of strings at
short distances is completely different. The space of inequivalent theories is the ray R > o/ 1/2,
We could also take the range to be 0 < R < o'/2, but taking the larger one is more natural: to
us, the momentum continuum is more familiar than the winding continuum. And in the picture
of larger R, the issue of locality will be clearer. Therefore, the smallest radius is the self-dual
radius:

Rseit-dual = Rsu(2)xsu(2) = o172 (8.3.29)

The smallest distance scale is of the order of the string length. This phenomenon will repeatedly
appear in string perturbation theory, but non-perturbatively, we will see structures at even
smaller scales.

Many applications of T-duality are reflected in its non-trivial effect on the string dilaton ®.
Examine the scattering amplitude of gravitons with neither winding nor compact momentum.
These states are invariant under 7T-duality, so the amplitude must be as well. The latter can be
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read from the low-energy action (8.1.9), so the 25-dimensional coupling k95 must be invariant

under duality. And for the 26-dimensional coupling k = (27Tp)1/ 2K9s5, the effect of duality is:

/ /2

s=2 =% k. (8.3.30)

p p

Since k o e®, this implies:
L ql/2
e = ——e?. (8.3.31)
p

T-duality is a symmetry that relates different states (backgrounds) in a single theory; in fact,
it is a gauge symmetry. We saw that the modulus 0R is the 33-component of the (3,3) field.
Rotating around the 1-axis of one of the SU(2)s by an angle 7 reflects the sign of the modulus,
so decreasing R from the SU(2) x SU(2) radius is gauge equivalent to increasing R. Therefore,
the Zy symmetry of duality is a small part of the SU(2) x SU(2) gauge symmetry. This further
implies that duality is not only a symmetry of string perturbation theory, but also a symmetry
of the exact theory. If we have massless gauge bosons in the leading approximation, even a small
explicit breaking of symmetry would lead to inconsistency (spontaneous symmetry breaking is
not a problem; at this point T-duality is already spontaneously broken, moving away from the
self-dual radius).

The final discussion exemplifies an important idea: the mutual mapping of discussions on
strings and spacetime. The appearance of enhanced symmetry is a pure string theory phe-
nomenon. We do not have a non-perturbative understanding of string theory. But we know a
lot about low-energy field theory, even non-perturbatively, and we can utilize this.

8.4 Compactification of Several Dimensions
Now extend the analysis to k periodic dimensions:
XM= X"+2rR, 26—k<m<25. (8.4.1)

Let d = 26 — k be the number of non-compact dimensions. Now spacetime is M x T*. Assume
for now that the coordinate periodicity (8.4.1) remains unchanged, but the actual geometry
of the k-torus actually depends on the internal metric G,,,. When the compact dimension
is greater than 1, the antisymmetric tensor also has scalar components By,,. This altogether
gives k? scalars. There are also Kaluza-Klein gauge bosons A}l and antisymmetric tensor gauge
bosons Byy,,. The low-energy effective action is:

(2w R)¥
2/@(2)

S = / A%z (—Gq)/%e 24| Ry + 40,8401,

1
— GGGy G + B Bug)

1 1 1
— (G F F™ — 2 G Hop HYY —

1 D P (8.4.2)

where &5 = & — %ln det G-

String Spectrum

The main new issue is the antisymmetric tensor background B,,,,. The contribution of this term
to the worldsheet Lagrangian density is proportional to:

Bn0a (g2 Xm0, X™) (8.4.3)
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which is a total derivative if By, is constant. It has no local effect, and the worldsheet theory
remains a CFT. But it changes the string spectrum. We will examine this using canonical
methods and path integrals.

In canonical methods, focus on the contribution of zero modes to the worldsheet action:

X"(o!,0%) = 2™(0?) + w™Ro | (8.4.4)
substituting it into the worldsheet action:

1 .
L= —Gun(d™i" + w™w"R?) — — Bpni™uw"R . (8.4.5)
2a/ o
The dot represents differentiation with respect to worldsheet time 2. The canonical momentum
is: oL )
where v = i2". Some less familiar notation appears because we used Euclidean time. Extended
to Minkowski time, v becomes the velocity dypx™. The periodicity of the wave function implies

the quantization of canonical momentum, p,, = n,,/R, thus:

I — o I W R . (8.4.7)
R
The zero-mode contribution to the worldsheet Hamiltonian is:
1 2
@Gmn(vmv" +wmw"R?), (8.4.8)
and the mass of the closed string is:
1 2 -
2= WGmn(v?vz +URvE) + J(N +N-2), (8.4.9a)
v p=v" tw"R. (8.4.9b)

Therefore, since v™ depends on By, the By, background shifts the mass of winding states.
The Lo — Lo constraint is:
0 = Gun (VF0F — 0P0%) + 40/ (N — N)
= 4a/(npw™ + N — N). (8.4.10)
On the other hand, consider the torus path integral for the partition function. The anti-

symmetric tensor term is locally a total derivative, so it only depends on the topology of the
configuration. Consider the configuration:

X™ = (wl'e! + wi'e®)R. (8.4.11)

The spatial direction on the torus winds w]® times around each periodic spacetime dimension,
while the temporal direction winds w3 times. The B,,, worldsheet action is:

27 ibmnwl Wy (8.4.12)

where by, = BmnR2 /a/. Tt can be proven through the Poisson resummation formula that
summing over path integral sectors with phase (8.4.12) is related to the partition function
with the shifted spectrum (8.4.9). In the previous description, the metric G,,, appears in the
worldsheet field action. For vertex operator calculations, it is more convenient to retain the
usual action. Write the metric in terms of the frame e,,":

Grn = €m en’ (8.4.13)
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where r,s,... are tangent space coordinates. The OPE of the coordinates X" = e,,"X™ is
standard. The vertex operator momentum is:

o’

ko = e, Il (8.4.14)

kL =er o

where e, is the inverse frame. The mass-shell conditions become:

1 2 -
m? = 5 (krkrr + krrker) + J(N + N -2), (8.4.15a)
0= (krpkrr — krrkrg) + 4(N — N) . (8.4.15b)

In the following, we will use coordinates X" in any discussion of vertex operators.

Narain Compactification

There is a very elegant description for general toroidal compactifications. Consider the winding
state vertex operator ek Xi+ikr- Xr  For any given compactification, the momentum spectrum
(krp, krr) forms a lattice in the 2k-dimensional momentum space R2¥. That is, the momentum
spectrum consists of all linear combinations of 2k mutually independent basis vectors with integer
coefficients. We now work with dimensionless momentum I;, g = Kz, r(a// 2)1/ 2 and we denote
the corresponding lattice as I'. The OPE of two vertex operators is:
-otkL-X1(2)+ikr-XR(2).. ok - X1 (0)+ikp-XR(0),

When one vertex operator winds around another vertex operator once, this product yields the
phase exp[27i(ly, - I} — lg - I'y)]. The single-valuedness of the operator product requires:

Ip -l —lg-lp=lol €, (8.4.17)

where [ and I’ belong to I'. We defined the inner product o, which has signature (k, k) in R2k,
The dual lattice T is defined as the set of points in R?** with integer-valued o inner products
with points in I". Then the single-valuedness condition is equivalent to:

I cr*. (8.4.18)

Modular invariance also constrains I'. It was proven in section 7.2 that invariance under
7T — 7+ 1 requires Ly — Lg to be an integer. Then:

lole2Z Vlel. (8.4.19)

Remark. Lo — Lo = & (k.pkrr — krrkrg) = 3 (Lolor — lrler) = 3101

(8.4.19) actually implies (8.4.17), which is given by the closure of the OPE:
20l =1+ o(I+1')=1lol—-1'0ol €27. (8.4.20)

Modular invariance under 7 — —1/7 requires more careful calculation. The partition function
of the compact dimension is:

Zr(r) = [n(r)[7?F > exp(mirl} — mitly) . (8.4.21)
lel’
To determine the transformation properties of Zr, use Poisson resummation. Use:

Do =1)y=Vi" Y exp(2mil”ol). (8.4.22)

el el
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Here, V1 is the volume of the unit cell of lattice I'. (8.4.22) is similar to a Fourier series: only
when [ € T" does the phase average not vanish, and normalization is given by integration over
the unit cell. Using (8.4.22), the sum (8.4.21) can be written as:

ZNT%:VF”U@N%;E:t/d%lwp@ﬂMQﬁ+wmﬂ%—ﬂh@9
l//el"*
=V (r7) ()72 Y exp(—mil ) + willf /7)
ll/er‘*
= Vi Zr(=1/7) (8.4.23)

where we used modular transformation (7.2.44) in the last line. Then the sufficient condition
for modular invariance is:

I=T*, (8.4.24)

Since Vp = VF_*I, if (8.4.24) holds, it equals 1. If modular invariance holds for all 7, it can further
be proven that this is a sufficient condition.

Consistency conditions can be summarized in two requirements: I' is an even self-dual lattice
with signature (k, k); even refers to property (8.4.19), and self-dual refers to (8.4.24).

All such lattices have been classified. Note that consistency conditions (8.4.19) and (8.4.24)
depend on momentum [ through the o product, which is invariant under Lorentz boosts in
2k-dimensional space, O(k, k, R) transformations. If ' is an even self-dual lattice, then:

I'=A (8.4.25)

is also an even self-dual lattice, where A is an O(k, k, R) transformation. Note that O(k, k,R)
is not a symmetry of the theory. The mass-shell condition and operator product also contain
individual dot products Iy, - I} and g - l5, thus they are only invariant under O(k,R) x O(k, R).
So, most O(k, k, R) transformations yield inequivalent theories. Examine the k = 1 case, where:

n mr
lpp=—+— 4.2
L,R r 9 (8 6)
r = R(2/a’)"/? is the dimensionless radius. This is indeed an even self-dual lattice. The
transformation:
7, =lpcosh\ +Igsinh A, [z =1y sinh A+ [ cosh A (8.4.27)

transforms the lattice into one with 7’ = re=.

Given the Lorentz signature, all even self-dual lattices can be obtained from one lattice
through O(k, k,R) transformations. Starting from a given solution, such as all compact dimen-
sions being mutually orthogonal and at the SU(2) radius with B,,, = 0. The corresponding
momentum lattice Ty is called kP, and yields the gauge group SU(2)?*. As discussed earlier, if
A € O(k,R) x O(k,R), then two O(k, k,R) transformations A and A’A yield equivalent string

theories; so, the space of inequivalent theories obtained in this way is:

O(k, k, R)
O(k,R) x O(k,R)

(8.4.28)

There are also some discrete equivalence relations, which we will discuss briefly later. This is
equivalent to the description using G, and B,,, made earlier. In particular, the number of
parameters in the coset (8.4.28) is:

2%(2k — 1)
2

which is the same as the number of components in G,,, and B,,,. Compared with one-
dimensional compactification, T-duality symmetry is greatly expanded. In this abstract de-
scription, O(k, k, R) has some discrete subgroups that transform the lattice I'y into itself. These

—k(k—1) =k, (8.4.29)
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subgroups are customarily denoted as O(k, k, Z). If A” belongs to this subgroup, then obviously
AT'g and AA"T are the same lattice. In summary, we have the following equivalence relations:

ATy = A'AN'T, (8.4.30a)
N € OKk,R) x O(k,R), A" €Ok, k7). (8.4.30b)
Then the space of inequivalent lattices and inequivalent backgrounds is:

Ok, k, R)
O(k,R) x O(k,R) x O(k,k,Z.)

(8.4.31)

Note that the continuous group in the denominator is a left action, while the discrete group is
a right action.

From the form of the background, the T-duality group O(k,k,Z) contains several trans-
formations. One is the R — o//R duality on a single axis. Another is the large coordinate
transformation reflecting periodicity:

2" =L a" (8.4.32)

where L™, are integers and det L = 1. This is the group SL(k,Z). The last is the shift in the
antisymmetric tensor background:

bin = bmn + Nimn (8.4.33)

where Np,,, are integers. From canonical results (8.4.7) or path integral phases (8.4.12), it can
be seen that these leave the spectrum invariant. These together generate the entire T-duality
group. For a general A, there are no Ay in the denominator group such that AjAA; = A,
so there is no T-duality that leaves points in the covering space fixed. At some special A,
solutions to A{AAs = A exist, and they are different points of the T-duality element As. In
the one-dimensional case, we can find such points, which are also the points of enhanced gauge
symmetry. In higher-dimensional cases, besides SU(2), larger gauge groups appear at different
points, which we will discuss further in Chapter 11.
When there is a moduli space parameterized by scalar fields ¢, the kinetic term:

1 . .
~59()0,0'0" (3:434)
defines a natural metric on the moduli space. More precisely, a definite definition requires
performing a Weyl transformation first, as in (??), to make the coefficient of the gravitational
action modulus-independent and eliminate the mixing between the modulus and the spacetime
metric. In low-energy action (8.4.2), the corresponding scalar kinetic term is proportional to:

%a@aw + GG (0yGrp0" Gpg + 0y Bmp0” Bpg) - (8.4.35)
The coset space (8.4.31) has a unique O(k, k, R)-invariant metric, which is exactly the second
term in (8.4.35). This O(k, k,R) is not a symmetry of the entire theory; only its discrete -
duality subgroup O(k,k,Z) is. The difference between the two is invisible at low energy—it
comes from the quantization of string zero modes, thus only affecting the massive spectrum.
Therefore, O(k, k,R) is only an accidental symmetry of the low-energy theory. In this example,
the moduli space is the product of the dilaton moduli space and the compactification moduli
space.
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Example

Two compactification dimensions are a good example. The four moduli G424, G24,25, G25 25,
and Bay 25 are usually combined into two complex fields 7 = 7 +im and p = p1 + ip2. Define:

R2
p =~ (Basas +idet!’? G )

.V
= baa2s + g (8.4.36)

where V' is the volume of the compact 2-torus. Parameterize the compact metric as:

o/ po
ds® =
R21y

’dX24 +rdx? (8.4.37)

‘2
Coordinate transformation (8.4.32) acts on the spacetime 2-torus just as the modular group
acts on the worldsheet 2-torus, generating PSL(2,7) on 7 while leaving p unchanged. The
antisymmetric tensor shift (8.4.33) is p — p + Nag 25 while 7 remains unchanged. Simultane-
ously using T-duality on X242 causes p — —1/p while 7 remains unchanged. The latter two
transformations generate PSL(2,7) on p. Additionally, T-duality on X2* yields (7, p) — (p,7),
and spacetime parity X2* — —X?* yields (1,p) — (=7, —p). The entire T-duality group is:

PSL(2,7Z) x PSL(2,7Z) x 73 . (8.4.38)

Further equivalence relations come from worldsheet parity (7, p) — (7, —p), which flips the sign
of the o product.

The moduli space is thus the product of two torus moduli spaces, plus some discrete equiv-
alence relations. The kinetic term is proportional to:

0T | 9updp

2 2
T3 P2

(8.4.39)

d?7 /73 is encountered in genus zero amplitudes. The continuous group PSL(2,R) transforms
7 from the upper half-plane to another point, while the U(1) subgroup leaves each 7 invariant.
Therefore, the upper half-plane can be regarded as PSL(2,R)/U(1), and the entire moduli space
is:

PSL(2,R) x PSL(2,R)
U(1) x U(1) x PSL(2,7Z) x PSL(2,7) x 73
This is the same as the previous result (8.4.31). In particular, just as SU(2) x SU(2) is locally
the same as O(4,R), PSL(2,R) x PSL(2,R) is locally the same as O(2,2,R).

(8.4.40)

8.5 Orbifolds

Now we examine an equivalence other than the periodic equivalence of X2, namely reflection
equivalence:
XB = _x» (8.5.1)

The current fundamental region is the ray X2° > 0, and the hyperplane X2° = 0 becomes a
boundary. This hyperplane is singled out because points on it are fixed under reflection (8.5.1).
More generally, we can examine the simultaneous inversion of k coordinates:

X™ X", 26—-k<m<25. (8.5.2)

Similarly, there still exists a space of fixed points, X26=% = ... = X2> = 0. When k > 2, this
space is singular. In particular, when k = 2, this is a conical singularity with a deficit angle of
.
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By combining reflection with periodic equivalence X2° =2 X?% 4 27 R, we can construct a
compact space; we call the former r and the latter . We can think of first forming a circle S!
through the ¢ equivalence, and then identifying points on the circle through . The corresponding
compact space is the segment 0 < X% < 7R. Both ends of the segment are fixed points; point
mR is fixed by tr. Altogether, the equivalence relations on the real line form a group:

tm: XP = X% 4 27Rm, (8.5.3a)
t"r: X 2 2rRm — X%, (8.5.3b)

where m is any integer. Similarly, reflection (8.5.2) can be imposed on the k-torus. In this case,
there are 2% different fixed points. Singular spaces obtained in this way are called orbifolds. The
space obtained in a non-compact space through equivalence relation (8.5.2) is R¥/Z,; if it is a
compact space k-torus, what is obtained is T* /2.

It is not obvious that string theory should be meaningful in such a singular space, but we will
see that string theory is indeed meaningful in such spaces. It is not completely inconsistent with
toroidal compactification, but it breaks more symmetries (including subsequent supersymmetry),
thus it is very valuable in building string models.

Equivalence relation (8.5.1) or (8.5.2) has two effects. First, wave functions must be invariant
under inversion and be the same at equivalent points. Second, there are new sectors in the closed
string spectrum, where:

XB(o! 2r) = —=X?(o1), (8.5.4)

because they are the same point in equivalent spacetime. Strings in this sector are called
twisted states. Similar to periodic equivalence. In this case, the invariance of the wave function
discretizes momentum, and closed strings that differ only by periodic equivalence (winding
strings) appear. By analogy with Figure 8.1, it can be proven that twisted strings can be
generated from untwisted strings. As we will see below, modular invariance requires these
strings to appear in the spectrum.

We will focus on the compact one-dimensional orbifold S!/Zs. First, verify the untwisted
sector; the spectrum of the periodic theory must project onto invariant states, which will reduce
it. The effect of r on a general state is:

IN, Ny k. n,w) — (=) Zm=1 NN | NNk —n, —w) (8.5.5)
In particular, the effect of r reverses compact winding and compact momentum. We must
construct linear combinations that are invariant under this transformation. For a general R,
massless states have n = w = 0, so the projection only requires the excitation number for the
25th dimension to be even. Thus, the spacetime graviton, antisymmetric tensor, dilaton, and
tachyon survive this projection. The modulus «?5a2%|0; k#,0,0) also still exists—since R can
take any value, this is expected. However, Kaluza-Klein gauge bosons no longer exist. Other
massless states at the self-dual point are quite interesting and will be discussed in detail below.
In the sector twisted by r, X2 is anti-periodic, thus it has a half-integer mode expansion:

o\ & 1 0‘25+1/2 5‘25+1/2

25 =\ _ m m

X*(2,2) = Z<2> Z m+1/2 <Zm+1/2 + Zm+1/2> : (8.5.6)
=—00

Anti-periodicity makes center-of-mass coordinates and momentum zero, so the string cannot
leave the fixed point X2® = 0: if string vibrations are small, then X?°(z, z) ~ 0. There are also
twisted strings around other fixed points:

XB(o! +2r1) = 27R — X®P(c!) . (8.5.7)

The field is changed by tr after winding around the compact dimension once. The mode expan-
sion differs from above only by an additional constant term wR. All other fixed points nmR are
images under ¢ transformations.
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According to the discussion of zero-point energy in section 2.9, the zero-point energy of X2
shifts from —2—14 for a periodic boson to ﬁ for an anti-periodic boson, a net increase of —1—%6. In
twisted states, the mass-shell condition is:

4 15 i
2—— _ — =
m’ = <N 16), N=N. (8.5.8)

Additionally, the contribution of the 25th-dimension oscillators to level NV is half-integer. The r-
projection once again requires the total number of excitations in the 25th dimension to be even,
which can also be derived from the level-matching condition N = N. In the twisted sector,
the ground states are |T7 2), where subscripts refer to the two fixed points. They are tachyons,
and their first excited state a351 /Qd%51 /2\T1,2> is also a tachyon. Massless twisted states do not
exist. The extension to the more general case (8.5.2) is straightforward. Although there are
singularities in spacetime, the quantization is completely consistent.

A difficulty brought by orbifolds is that twisted state vertex operators are not as simple
as winding states; there is no explicit formula like the free field exponential. For two twisted
strings and any number of untwisted strings, tree-level amplitudes can be written in the operator
form (T'|7u 7y ... |T), where only untwisted vertex operators are used. For four or more twisted
state vertex operators (for the path integral to be meaningful, there must be an even number
of twisted state vertex operators), there are two methods available. One is the stress tensor
method, which we used in section 7.2 to calculate the partition function. The other is to go
to the covering space where X2 is single-valued (if the sphere has 2g + 2 twisted state vertex
operators, the covering space is a surface of genus ¢), and then calculate the path integral.

Tree-level coupling of untwisted states yields a simple result. On the sphere, if all external
states are untwisted, twisting and projection do not enter the calculation at all, and the am-
plitude is the same as in the untwisted theory. For example, the low-energy effective action of
massless untwisted fields is the same as we obtained in toroidal compactification, differing only
in the absence of vector fields. This property is usually very useful in analyzing the physics of
orbifold theories; it is often called the inheritance principle. Now let us examine the partition
function of the X2 CFT. In the untwisted sector, we project onto states with r = +1:

(qq)"/** Try <1 ;quofii°> : (8.5.9)

The first term of the projection operator yields exactly half of the toroidal compactification
partition function (8.2.9). For the term with r, the diagonal elements of 7 must have n = w = 0.
And (—1)N25H\725 changes the oscillator sum to 1 —q +¢> —¢> +--- = (1 4+ ¢)~!. Thus, the
partition function for untwisted states is:

1 L —1/24 - m|—2
5 Zior (B 7) + 5(90) II1+am2. (8.5.10)

m=1

The contribution of the twisted sector comes from the sum of half-integer mode oscillators:
e (L2

> -2 = -2
=@ | ] ‘1 — qm_1/2‘ +1] ‘1 + qm_l/Q‘ ] , (8.5.11)
m=1 m=1

the number of twisted sectors gives a factor of 2, which exactly cancels with the % in the
projection operator. Combined, the partition function can be written as:

() n(7)
+ ‘1901(0, =1 ’1900(0, )

Zo(R,T) = %Ztor(R, T) + ‘ n(r) (8.5.12)

191()(0, 7')
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The first term is known to be modular invariant, and the sum of the last three terms is modular
invariant according to the modular transformation properties in section 7.2. In the form of path
integrals on the torus, Zio, (R, 7) is given by fields that are periodic under translation. ¥4, comes
from the path integral of:

XB(o! +2m,0%) = (-1)*"1XH (o1, 0?) (8.5.13a)
XB(o! 4 271, 0% 4 271) = (—=1)"TLX P (01, 02) (8.5.13b)

For example, the 19 term comes from the untwisted sector with r in the trace. That is, anti-
periodic in the temporal direction and periodic in the spatial direction. The 9¢; term is the term
with 1 in the trace within the twisted sector, which has opposite boundary conditions. They are
swapped under 7 — —1/7. Thus, the twisted sector must be modular invariant.

Twisting

Orbifold compactification and toroidal compactification are two examples of a construction called
twisting, which can be used to construct new string theories from old ones. In a given CFT, if
its symmetry contains a discrete group H, we can obtain a new CFT in two steps. First, add
twisted sectors, in which closed string worldsheet fields are periodic up to some h € H:

(ot +2m) = h- p(ct), (8.5.14)

where ¢ refers to general worldsheet fields. Second, restrict the spectrum to H-invariant states.
Although (8.5.14) is no longer periodic, the vertex operator is periodic due to the projection.
Since the product of H-invariant operators remains H-invariant, it is still closed.

In the partition function, we sum over the twisting h; and introduce a projection onto
invariant states:

Py = Z hs . (8.5.15)

order
h2 €eH

The operator hs in the trace makes the periodicity of the field in the temporal direction differ
by hg, so in the end, we sum over twisting in the temporal and spatial directions on the torus:

Z = Order Z Zny oy - (8.5.16)
hl,hQEH

The sum over boundary conditions is modular invariant after shifting the summation variables.
The modular transformation 7 — —1/7 takes (hi,hs) to (hg,hy'), while 7 — 7 + 1 takes
(h1,h2) to (hi,hihg). Therefore, if we project onto H-invariant states by summing over hg,
we also obtain the sum over twisted sectors. In more general cases, particularly in right-left
asymmetric theories, phase issues may destroy the natural modular invariance of the sum over
boundary conditions.

In the case of toroidal compactification, the original theory is a non-compact theory. H is
formed by t™ = exp(2wiRmp), where m is an integer. This exactly has infinite order, but we
can regularize it by putting the theory in a box. For orbifolds, we can think of starting from a
toroidal theory and then twisting it by 7.

If H is non-Abelian, for non-commuting hy and hs, the path integral boundary conditions
are inconsistent and the path integral is zero. This can also be derived from the exact expression
(8.5.15). If ¢ has spatial twisting hi, then:

¢'(c) = ha - ¢(o) (8.5.17)
has a different spatial twisting:

¢ (ot +2m) = hy - d (o)), (8.5.18)
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where:

Wy = hahihy? (8.5.19)

So the diagonal elements of hy are zero. We also see that sectors twisted by hi and h} are not
independent—they are related through projection onto hs-invariant states. Therefore, indepen-
dent twisted sectors correspond one-to-one with the conjugacy classes of H.

Twisting can be regarded as the gauging of the discrete group H, which is not obvious. Due
to discreteness, the gauge parameter must be constant. In particular, there is no corresponding
gauge field. The key point here is that on a worldsheet with non-trivial closed paths, only
gauge-invariant quantities need to be periodic. So the periodicity of the fields can differ by
an H transformation. Gauging a discrete symmetry adds new sectors to the path integral and
correspondingly projects onto invariant states. This is just the twisting construction. One can
also gauge continuous worldsheet symmetries to produce new CF'Ts, as we will discuss in Chapter
15.

For general twisting theories, the inheritance principle still holds.

c=1CFT

We discovered two types of compact ¢ = 1 CFTs. They are toroidal compactifications with
the radius restricted to R > o/'/2 and orbifold compactifications with the same range for R.
These two types of theories are related to each other. Starting from the SU(2) x SU(2) radius
R = /"2 further twist by:

e X 5 XP ppal? (8.5.20)

This gives a toroidal theory with R = o/'/2/2, which is equivalent to R = 2a’'/? via T-duality.

In terms of SU(2) currents (8.3.12), v’ flips the signs of j12 and 7“2, so it rotates by an angle of
7 around the 3-axis in each SU(2). Orbifold 7 flips the signs of j23 and 73, so it is a rotation
by angle m around the 1-axis in SU(2). However, clearly these rotations are equivalent under
SU(2) x SU(2), so the corresponding theories are equivalent: the torus at R = 2a//? and the
orbifold at R = o/'/2. The corresponding partition functions are equal:

Zorb(all/Qa T) = Ztor(QO/l/Q, T) (8521)

This is also proven by #-function identities.

This equivalence holds only at these radii. For example, for a general R, toroidal theory
only has U(1) x U(1) gauge symmetry, while the orbifold has no gauge symmetry. Therefore,
the relationship between the two moduli spaces is as shown in Figure 8.5.1. Moduli spaces with
different branches meet at special points; in supersymmetric theories, this structure has very
general and important features. Generally speaking, there will be different low-energy effective
theories in each branch, manifested here as low-energy gauge symmetry. More light fields exist
near special points. As we move away from special points along different branches, different
subsets of them become massive.

The low-energy physics near the intersection of the toroidal and orbifold branches is very
instructive. Describe it with the SU(2) theory twisted by 7’ in (8.5.20). The massless scalars
remaining under this twisting are j37% and j’7 for i,j € {1,2}. Since they are untwisted, the
potential is the same as before the twist, i.e., detM. Scalar field M;; can still be diagonalized
through U(1) x U(1) rotations, and the potential is flat only when one diagonal element is non-
zero. However, the modulus M3z cannot be rotated to Mj; or Mss now, so these directions
are physically different. Modulus Ms3 preserves U(1) x U(1) and corresponds to movement
along the toroidal branch. Modulus Mj; or Mas breaks the gauge symmetry and corresponds to
movement along the orbifold branch. Since this modulus is charged, its sign reversal is a gauge
transformation, so physically different orbifolds end at the intersection of branches. We cannot
transform two moduli simultaneously because their linear combination is not a flat direction.
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Figure 8.5.1: Moduli space of ¢ = 1 CFT. The horizontal axis is the toroidal branch, while the
vertical axis is the orbifold branch. The points marked in the figure are obtained by twisting
with a discrete subgroup of the SU(2) group, including three isolated points obtained from the
tetrahedral group, the octahedral group, and the icosahedral group. Other special radii, such as
the torus at R = (2«/)'/2, will appear later.

String theory on an orbifold is equivalent to string theory on a circle, which is quite remarkable.
This shows that strings perceive spacetime geometry in a way that is not completely identical
to ours.

Moving along the toroidal branch, there will be extra massless states at integer multiples of
the SU(2) radius R = ka’*/2. These states have (n,w) = (+2k,0). We can think of these points
as being obtained this way: under T-duality, R = o/ 1/2 /k, they are again obtained by twisting
SU(2) x SU(2) theory using Zj symmetry:

271'@/1/2

X 5 X% 4 p

(8.5.22)

This multiplies j! 4+ ij2 and 7' + ij? by exp(27i/k) , thus the surviving massless scalars are:
PN B L B AN A e A (8.5.23)

The first of these changes the radius of the torus, thus it is always a flat direction. However,
because the flatness condition (8.3.23) for the potential is not met in direction Mj; = Mag or
Mis = —Mos1, no other branches emerge from these points.

Offset (8.5.22) generates the Zj, subgroup of SU(2) x SU(2). Let us examine twisting with
other subgroups. Dihedral group Dy consists of offset (8.5.22) and reflection X?° — —X?25
which gives the orbifold at radius ka/ /2. The other three discrete subgroups are the tetrahedral
group, octahedral group, and icosahedral group. They remove all moduli from the CFT, so
twisting CFT is an isolated point, not a member of a continuous family. Unlike Zj and Dy
twisting, which can be defined at all radii, these discrete subgroups containing SU(2) elements
exist only at discrete radii, thus the radius cannot vary after twisting. String theory with such
a compactified space will only have one scalar—the dilaton.
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These are all known ¢ = 1 CF'Ts, and thus they give all known 25-dimensional bosonic string
backgrounds.

8.6 Open Strings

In toroidal compactification of open strings, there is a new feature: the possible existence of
non-trivial Wilson lines, flat backgrounds for gauge fields. First study some U(1) gauge theories
with charged fields, examining constant backgrounds:

6 1 OA 022
Ags(zM) = 5B —iA lﬁ, A(z) = exp<— 27rR> , (8.6.1)

where 6 is a constant. Locally, this is pure gauge, the field strength is zero, and field equations are
trivial. However, gauge parameter A does not satisfy spacetime periodicity, so the background
has physical effects. The gauge invariant measuring this effect is the Wilson line:

W, = exp <iq7{dx25 A25> = exp(—iqh) . (8.6.2)

First, consider a point particle with charge ¢; its gauge-fixed action is:

1 .., . 2 )
S:/dT <2XMXM+W;—iqAMXM> . (8.6.3)
The gauge action is —iq [ dzM Ajs, so a path once around the compact dimension will pick out
a phase equal to the Wilson line W,. Canonical momentum is:

OL o5 4

P25 = =55 =V T R (8.6.4)

where v = i X% as in (8.4.6). The wave function must be periodic in the compact dimension,
so pos = I/ R for integer [, and:

2l + qf
=—. 8.6.5
o= T (3.6.5)
The Hamiltonian that annihilates physical states is:
1
H = 3 (pup" + v3s +m?) (8.6.6)

since vg5 depends on 6, —p,pt is shifted. The same spectrum can be obtained in the field
description. Note that ves is exactly the gauge-invariant momentum —ids5 — gAos. We could
also perform the gauge transformation A~' to set Ags to zero; under this gauge, the charged
field is no longer periodic, picking out the phase exp(igf) under z? — x?® 4 27 R. Physical
quantities remain periodic. The canonical momentum is now shifted, so we have:

2wl + qf

8.6.7
2rR ( )

U25 = P25 =
the same result is obtained for gauge-invariant momentum wve5 as before.
Now we return to strings and introduce U(n) Chan-Paton factors. A general constant Ass
can be diagonalized by a gauge transformation:

1 .
Ags = R diag(6h, 02, ...,0n) . (8.6.8)



CHAPTER 8. TOROIDAL COMPACTIFICATION AND T-DUALITY 198

This gauge field lies in the diagonal group of U(n), i.e., U(1)". The coupling of the gauge field
with a general state’s Chan-Paton factor is [As, A], so strings in the Chan-Paton state |ij) have
charge +1 under U(1);, charge —1 under U(1);, and are neutral otherwise. Thus it has:

21l — 9j + 0;

Vo5 — W . (869)

Then the open string spectrum is:

m? — (27Tl—9j+91')2 1
412 R2 o

(N-1). (8.6.10)

Examine the gauge boson, which has [ =0 and N =1, so:

2 _ (93' - 91‘)2

m? = (8.6.11)

In a general background, all 8 are different, and only diagonal vectors with ¢ = j are massless.
In this case, the unbroken gauge group is U(1)"™. If r of the # are equal, the corresponding vector
r X 7 matrices are massless and carry U (r) gauge symmetry. Assigning n of the 6 values to sets
r;, the gauge symmetry is:

U(r) x...xU(rs), > ri=mn. (8.6.12)

As before, this has a low-energy interpretation. The gauge field Ags is a 25-dimensional scalar
in the adjoint representation of U(n), and its vacuum expectation value breaks symmetry down
to U(r1) X ... x U(rs).

Readers can fill in the details of the low-energy effective action. Note that if there are k
compact dimensions, the potential will contain:

Tr([Am,An]2> . (8.6.13)

which comes from the field strength in the 26-dimensional Yang-Mills action. This forces gauge
fields in different directions to commute in static solutions, allowing them to be simultaneously
diagonalized. There are kn moduli from gauge fields, and k% moduli from the metric and
antisymmetric tensor.

T-duality

Now examine the R — 0 limit of the open string spectrum. If open string boundaries are
Neumann boundaries, there is no quantum number analogous to w; they can always be untied
from compact dimensions. So, as R — 0, states with non-zero momentum acquire infinite
mass, but there are no new continuous states. This is consistent with field theory behavior:
corresponding states move in 25 spacetime dimensions.

We know that theories with open strings must have closed strings, which seems to cause a
contradiction. It makes closed strings move in 26 spacetime dimensions while open strings move
in 25 spacetime dimensions in the R — 0 limit. From this it can be inferred that: the interior of
an open string is identical to a closed string, composed of the same "matter", so it still vibrates
in 26 dimensions. What distinguishes open strings is exactly their endpoints, so they must be
restricted to a 25-dimensional hyperplane. Indeed, we can use new embedding coordinates to
describe the T-duality theory:

X(2,2) = XP(2) - XP(2). (8.6.14)
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Then:
O X2 = —i9, X", (8.6.15)

where n is the normal direction to the boundary, and ¢ is the tangent direction to the bound-
ary. Neumann boundaries in the original coordinates become Dirichlet boundaries in the dual
coordinates: the X'?° coordinate of each string endpoint is fixed.

Let us first examine compactification without Wilson lines. Then all endpoints are con-
strained to the same hyperplane. To see this, integrate:

X () — X"*(0) = / do! 91 X" = —i / do’ 9o X%
0 0

/
= 2madv*® = _ 2ol

= —2niR’ . (8.6.16)

The total change of X’ between two endpoints is an integer multiple of the dual dimension
period 2w R’, so the endpoints lie on the same hyperplane in the periodic T-dual space. For
two different open strings, exchanging a graviton between them yields a connected worldsheet.
We can apply the same argument as in (8.6.16) to this, so all string endpoints lie on the same
hyperplane, as seen in Figure 8.6.1. Endpoints move freely in the other 24 dimensions.
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Figure 8.6.1: Open strings with endpoints attached to a hyperplane. The planes marked with
dashed lines are periodically equivalent planes. Two strings are shown in the figure, with winding
numbers 1 and 0 respectively.

Now let us look at the effect of Wilson lines. Due to the shift in ves in (8.6.9), (8.6.16) is
replaced by:
AX"™? = X (1) — X'*(0) = —(2nl — 0; + ;)R . (8.6.17)

In other words, discarding an extra normalization, endpoints on state i are at:

X725 — HiR/ — 7271-0/1425’”. . (8.6.18)
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Thus, there are generally n different hyperplanes, as seen in Figure 8.6.2.
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Figure 8.6.2: n = 3 hyperplanes at different positions, with different strings attached. Ignoring
tachyons, the lightest strings with both ends on the same hyperplane are massless, while strings
connecting two non-coincident hyperplanes are massive due to tension. When two hyperplanes
coincide, the lightest strings connecting them become massless.

Let us examine the mode expansion for the Chan-Paton state |ij), assuming it winds [ times
around the compact dimension:

iR o 1/2 oo 25
X/25(Z, 2) = HZR/ _ g(2ﬂ'l — HJ + 91> ID(Z/E) =+ Z(z) mgoo Wm(zfm — Eim)
m=£0
ol = a2
=0;R + ?AX’25 — (2a")1/? Z ﬁ exp(—maQ) sinmo! . (8.6.19)
e
The spectrum (8.6.10) becomes:
AXN? 1
2 _ J— —
m? = < o > + oV - 1), (8.6.20)

where AX'? is given by (8.6.17). It is the shortest length of a string in a given sector.

Now examine how this picture generalizes if there are multiple compact dimensions. Let X™
be periodic dimensions, where p+1 < m < 25. We write periodic dimensions in the form of dual
coordinates. Neumann conditions on X" again become Dirichlet conditions on dual coordinates
X'™ so open string endpoints are restricted to n parallel (p+1)-dimensional subspaces. For each
subspace, Wilson lines in different directions become independent coordinates. Since translation
invariance is broken by open string boundary conditions, the dual background is quite strange.
This reflects the fact that: in the original open string theory, winding number is not conserved,
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and winding number T-duals to momentum. 7T-duality is just a different description of the
same theory. Furthermore, when the compactification radius is very small, the T-duality picture
should naturally be used.

8.7 D-branes

We now know that when an open string theory is compactified on a small torus, its physics can
be described as compactification on a large torus, but with open string endpoints constrained
to subspaces. In fact, these subspaces themselves are new dynamical objects. Consider the
spectrum of massless open strings in a general configuration, where all 8; are different, and for
simplicity, only one coordinate is dualized. Ignoring tachyons, mass (8.6.20) is only zero when
N =1 and AX’® = 0. That is, both endpoints are on the same hyperplane and the winding
number is zero. Thus we have massless states:

! ki), ¥V =i0 X", (8.7.1a)
o |ksit), V= i0, X% = 0, X" (8.7.1b)

They are obviously massless states in the original theory; T-duality just provides a different
view of the same spectrum. For general Wilson lines, the only massless open string states
will be n massless U(1) vectors. In (8.7.1), we classified them according to whether they are
tangent or normal to the hyperplane. The 25 states with tangential polarizations constitute a
gauge field on the hyperplane, which has a simple and important interpretation in the T-duality
theory: it is a set of coordinates for the shape of the hyperplane. This can be seen from the fact
that a constant gauge field (8.6.18) corresponds to a uniform translation of the hyperplane. A
background depending on z* can shift to a translation depending on x*, a curved hyperplane,
and the quantum of field A?f corresponds to a small oscillation of the hyperplane.

This is identical to phenomena occurring in spacetime. We start with strings in a flat back-
ground and discover that massless closed string states correspond to fluctuations in geometry.
Here, we first discover hyperplanes, and then discover that specific open string states correspond
to fluctuations of the hyperplanes. We should not be surprised that hyperplanes have dynamics.
String theory includes gravity. Gravitational waves passing through a hyperplane will perturb
spacetime itself, so it is difficult for hyperplanes to remain rigid. Thus, hyperplanes are indeed
dynamical objects; these are D-branes. Performing duality on 25 — p dimensions results in p-
dimensional branes, called Dp-branes. Using this terminology, the original U(n) open string
theory contains n D25-branes. D25-branes fill the space, so there are no constraints on string
endpoints: it just corresponds to general Chan-Paton factors. Since T-duality swaps Neumann
and Dirichlet boundary conditions, T-duality in a direction tangent to a Dp-brane reduces it to
a D(p—1)-brane, while T-duality in a normal direction reduces it to a D(p+1)-brane. Non-trivial
angle cases appear immediately.

We could have started by studying Dirichlet boundaries themselves. Here the route we took
was discovering them from 7T-duality, a method that better develops their properties. It can
also be proven that through a continuous process, we can move from "ordinary" states to states
containing D-branes. That is, taking the R — 0 limit of the ordinary theory, which results in n
D-branes in non-compact space. In superstrings, we will use this to argue that D-branes are an
important part of the non-perturbative definition of the theory. For bosonic strings, since there
is no strong evidence that it has a non-perturbative definition, we do not discuss this. Bosonic
string theory possibly exists only as a part of superstrings.

Let us look at U(n) symmetry breaking in the T-duality picture. When no D-branes coincide,
there are massless vectors only on each D-brane, yielding the gauge group U(1)™. If r D-branes
coincide, there will be extra massless states, with the length of the strings connecting these
branes being zero: when n = 0, if both i and j are in set r, AX’?> in mass formula (8.6.20) is
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zero. Thus, there are r? vectors, forming the adjoint representation of the U(r) gauge group.

This is the same as discovered in the dual Wilson line picture. However, surprisingly, there will
be r? massless scalars in directions normal to the D-branes. We will discuss its meaning below.

D-brane Action

On the worldvolume of a Dp-brane, the massless fields are U (1) vectors and 25—p worldvolume
scalars describing fluctuations. The low-energy effective action for this system is always worth
examining. We take the dual radius R’ to be infinite and only consider a single D-brane in
the corresponding 26-dimensional spacetime. Worldvolume fields interact with massless closed
string fields, and its action was discussed in section 3.7. Introduce coordinates £* on the brane,
where a = 0,...p. Fields on the brane are the embedding X*({) and the gauge field A,(£). We
declare the action to be:

S, =-T, / dPHLE e [~ det(Gap + Bap + 2ma’ Fy))Y/? (8.7.2)

where T}, is a constant to be determined. Here:

oOXH oXY oXH oX"Y
= TéaaigbG,uu(X(g))a Bab(f) = T@WBHV

are the induced metric and induced antisymmetric tensor on the brane. All features of (8.7.2)
can be understood based on general reasoning. First, considering only the spacetime metric and
embedding, the simplest coordinate-independent action with fewest derivatives is the integral of
(—det Ggp)'/?, i.e., the worldvolume. Note that this term has an implicit relationship to X*#(€)
via the induced fields (8.7.3). Expanding around a flat D-brane gives the action for fluctuations,
just as the Nambu-Goto action describes string fluctuations.

The dependence on the dilaton e~® oc ;! appears because this is an open string tree action.
Self-interactions of open string fields, and their coupling with closed string fields, originally come
from the disk.

The dependence on F,, can be understood through 7T-duality. Consider a D-brane spread
along X! and X? directions, with other directions unspecified, and let there be a constant gauge
field Fy5 on it. Go to the gauge Ay = X' Fj5. Now take T-duality along the X? direction. The
Neumann condition in this direction becomes a Dirichlet condition, so the D-brane loses one
dimension. However, the relationship between the potential and coordinates (8.6.18) implies
that the D-brane is tilted in the (1-2)-plane:

X"? = 2nd/ X' Fs. (8.7.4)

Gab(§) (X(6)) (8.7.3)

This tilt gives the action a geometric factor:
1/2
/Xm [1 + (81X’2)2]

For any D-brane, the action can be reduced to the product of factors (8.7.5) in each plane by
pushing it to align with the coordinate axes and rotating, equivalent to the F,; term in the
determinant. The determinant composed of gauge fields is called the Born-Infeld action, which
was originally intended to solve the short-range divergence problem of quantum electrodynamics.

Finally, the dependence on By, is given by the following discussion. In the worldsheet action
of strings, closed string field B,,, and open string field A" appear in the following form: 2

— /dX1 {1 + (2770/F12)2] 2 (8.7.5)

i

yr— /M d*o g"%e?0, X 0, X" By, + i /8 dX* A, . (8.7.6)

M

2For readers familiar with differential forms, this is:

! /B+i A.
2ma’ o oM

The subsequent equation can be translated in a similar way.
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Each of these fields is accompanied by a spacetime gauge invariance, which must be preserved
to be consistent with spacetime theory. The usual gauge transformation:

5A, = O\ (8.7.7)

is an invariance of action (8.7.6), where the boundary term differs by the integral of a total
derivative. The antisymmetric tensor variation:

5B/UJ = 8},LCV - auCu (878)

makes the "bulk" action differ by a total derivative, but on a worldsheet with boundaries, this
yields a surface term. To make it cancel, under tensor gauge symmetry, the open string field A,
must transform as:

§A, = —(yu/2ma’ . (8.7.9)

Now, only the combination:
B, + 2na'F, = 2770/9,“, (8.7.10)

is invariant under both symmetries, so it must be this combination that appears in the action.
Thus, the form of the action (8.7.2) is completely determined. As a check, since the same
combination appears in the worldsheet action under conformal gauge, it is natural that the
combination G, + B,,, should appear. The action (8.7.2) could also be determined by taking
low-energy limits of various open string and open-closed string amplitudes, but this would be
much more laborious.

For n discrete D-branes, the action is n copies of a single D-brane action. However, we have
seen that when D-branes coincide, there will be n? massless vectors and scalars on the brane
instead of n, and we will write the effective action for this case. Fields X#(&) and A, (§) will now
be n x n matrices. For gauge fields, the meaning is obvious—it becomes a non-Abelian U(n)
gauge field. However, for coordinates X*, the meaning is unclear: the embedding coordinate
set for n D-branes into spacetime extends into n X n matrices. Non-commutative geometry has
been proven to play an important role in the dynamics of D-branes, and here is a conjecture: it
is an important clue to the characteristics of spacetime.

We can obtain more enlightenment by examining the effective action. There are now non-
derivative terms in the action, which is the potential for the coordinates, and this can be inferred
from T-duality for constant A,, fields. For such vector potentials, the field strength is [A,,, Ay],
which becomes (27a’) ~2[X,,, X,,] in the T-duality picture. Expanding in the field strength, the
leading order of the action is approximately:

V o< Tr([Xoms Xp][X™, X)) . (8.7.11)

The second derivative of this potential at X™ = 0 is zero, making all kn? scalars massless; as
before k = 25—p is the dual dimension. However, the space of flat dimensions is smaller. The
potential is a sum of squares, so it is zero only when all [X", X™] are zero. We can go to the gauge
where X™ are all diagonal using U(n) symmetry. Thus there will be kn flat directions, exactly
the number of diagonal elements. In this way, the kn diagonal elements can be interpreted as
the coordinates for n Dp-branes. Thus (8.7.11) correctly intervenes in the physics of separating
D-branes and coinciding D-branes.
When X commute, the action should reduce to n separate D-branes, thus:

S, =T, / @1 Tr{e™ [~ det(Gay + Bay + 20 F)] >
+O([Xm,X”]2)}. (8.7.12)

The determinant is taken over worldvolume indices ab, and the trace is taken over n Chan-
Paton indices. The trace is a suitable U(n) invariant, which for diagonal matrices reduces to
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the sum over separate D-branes. The complete dependence on the commutator is much more
complex than the simple potential (8.7.11), involving couplings with other fields and higher-
order corrections to the commutator. However, the key property, the form of the flat directions,
is unaffected. By starting from the Born-Infeld action in the complete Neumann case and
performing T-duality, we can obtain the full dependence. Incidentally, higher-order derivative
terms containing field strength commutators cannot be determined just by T-duality.

D-brane Tension

Calculating the constant T}, is very meaningful, and for superstrings, its exact value is very
important. Before performing explicit calculation, note that the recurrence relation for 7, can
be obtained from T-duality. Note that in a constant dilaton background, the tension of a Dp-
brane is Tpe_‘b: this is the negative of the action per unit volume for a static Dp-brane. Now
examine such a Dp-brane where p directions tangent to the Dp-brane are periodically equivalent.
That is, the Dp-brane is wrapped on a p-torus in spacetime. Its mass is its tension multiplied
by the area of its torus:

p
Te [ (27R:). (8.7.13)
=1

Now, take T-duality along one of the periodic directions X?. This does not change the mass,
just a new description of the same state. Using the dilaton of the T-dual theory (8.3.31), the
mass (8.7.13) is:

p—1
2/ P Te® T (2nR:) - (8.7.14)
=1

[ Remark. Utilized vVo'e=® /R, = e 2.

However, in the dual theory, this corresponds to a D(p—1)-brane wrapped on a (p—1)-torus, so
its mass is:

p—1
T, [[(27R:) . (8.7.15)
=1
Combining (8.7.14) and (8.7.15) yields:
T, =Ty 1/2ma/Y? (8.7.16)

which completely determines 7T}, except for a total normalization.

To determine the actual value of D-brane tension, we need to calculate string amplitudes.
For example, we could infer it from the gravitational coupling of D-branes, which is given by
a disk with a graviton vertex operator. However, this involves an unknown ratio g./g2, since
closed string coupling comes from vertex operators and open string coupling from disks. We can
obtain the absolute normalization through another method. Consider two parallel Dp-branes at
X" = 0 and XJ" = y™ respectively. By exchanging closed strings, these two can sense each
other’s existence, as shown in Figure 8.7.1. The string amplitude is an annulus without vertex
operators, which can be calculated using the method from the previous chapter. Then the pole
given by exchanging gravitons and dilatons gives the coupling 7}, between closed string states
and D-branes.

In section 7.4, we calculated the annulus vacuum amplitude using an open string loop, but
discovered closed string poles from the ¢ — 0 limit of the modular integral. This is exactly the
pole we are interested in, but the simplest way to calculate the amplitude is to treat it as an open
string loop. In fact, with a slight change, the previous result (7.4.1) can be used. The number
of momentum integrals decreases from 26 to p+1, and similarly, Va6 becomes V)41 ; weights
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Figure 8.7.1: Exchanging a closed string between two D-branes. Equivalently, this is the vacuum
loop for an open string with endpoints attached to two D-branes.
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h; acquire an extra term y?/4m%a’ due to stretched open strings; the Chan-Paton weight n?
becomes 2 (since there are two directions for connecting the strings). Therefore we have:

o = ﬂ/;,ﬂ/ %(8790/15)_(5”“)/2 exp(—ty?/2ma’)n(it) "2
0

_ Z.‘/ilH*l > 21—p)/2 2 /
= (87720/)(?‘"1)/2/0 dt t( p)/ exp(—ty /271'06 )

X lexp(2m/t) +24 +---], (8.7.17)

where the asymptotic expansion is obtained by the method in section 7.4. The first term is
tachyon exchange, thus it is a bosonic artifact. Integrating the second term gives:

24 23 —
o = iV}wrl2@(47r2a’)11_p77(p_23)/21“ <2 p) lylP~>

- 241 9 11—
where Gy(y) is the Green function for a massless scalar in d dimensions, the inverse of —V?2,
We now want to compare this with the field theory calculation of the same amplitude. Since
antisymmetric tensors do not couple to D-branes, from the spacetime action (??), the relevant

terms are: . )
S=_— [dX (-G)V?(R-=V,0V'D ). 8.7.19
5z [ X (=) SV, Y (87.19)
The tildes denote the Einstein metric. Because this form of action decouples from the dilaton, it
is convenient. The dilaton with tildes has been shifted such that its vacuum expectation value

is zero. In terms of the same variable, the relevant term in the D-brane action (8.7.2) is:

S, =7, / drtie exp<p1211<i>> (— det Ggap)'/? . (8.7.20)
We defined 7, = Tpe_%; when the background value of the dilaton is ®g, this is the true physical
tension of the Dp-brane.

The field theory diagram analogous to Figure 8.5 is the exchange of dilatons or gravitons
between D-branes. To obtain the propagator, we expand the spacetime action up to second
order in hy, = CN;'W — Ny and ®. Additionally, for gravity calculation, we need to choose a
gauge. The simplest gauge for perturbative calculation is:

X 1 X
Fy = 0"y — 50,k =0, (8.7.21)

where the "hat" indicates using the flat metric n*¥ to raise and lower indices. Expanding the
action to second order and adding the gauge fixing term —F,F”/4x2, the spacetime action
becomes:
s=— 1 [ax (a0t — Lon7,0m0 + 20,500 8.7.22
__8? pltv _§uu >\+§u . ()
Observe the kinetic terms, yielding the momentum space propagator:

-~ (D — 2)ir?
PPy = —— F— 7.2
(DD) pTE , (8.7.23a)
2ir? 2
(hyuwhop) = e (nuan,,p + NupMvo — D_277anp> . (8.7.23b)
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For later reference, we gave general D. Expanding around a general flat configuration, the

D-brane action is: 11 1
_ [ (Pt 1 24
s, p/d c ( - 2hm> | (8.7.24)

Note that h,, here is traced only over directions tangent to the D-brane; we have taken & as
Cartesian coordinates with metric d,,. We can now read the Feynman diagram:

ik2 72 p—111% 1 1
_ T “20+1) = —(p+1)2
Y= Vp+1{6[ 1 } +2[(p+) DL )}

61’/{27}3

Remark. The above comes from (SpSp).

Comparison with (8.7.18) gives:

2 T 2 N11—
T = 562 (Area’) 7P (8.7.26)

This is consistent with the recurrence relation given by T-duality.

As an application, consider a state with n 25-branes, which is identical to the ordinary n-
valued Chan-Paton factor. Expanding the 25-brane action (8.7.12) to second order in the gauge
field yields:

25 (2mal)? Te(F, ™ 8.7.27
T( ma') (Fpuw ) - (8.7.27)

This relates the open string gauge coupling and closed string gravitational coupling. Using
(6.5.14), (6.5.16), (6.6.15), and (6.6.18), we can write this as a relationship between the vertex
operator normalizations g. and go:

£ _ 47'(—0/.982 — 2187_[_25/20/6 . (8728)
e K

It has the correct form, with the square of the open string coupling being proportional to the
closed string coupling, but now with a numerical coefficient. We decompose closed string poles
from the torus via unitarity, or see Exercise 7.9.

8.8 T-duality of Unoriented Theories

In unoriented string theory, the R — 0 limit also yields interesting new physics. First consider
the closed string theory. To form an unoriented theory, we impose 2 = +1 on the states.
Following the discussion in section 8.5, we can also think of this as gauging 2. In particular, the
transition functions used to construct the worldsheet now reverse directions, and this produces
an unoriented worldsheet.

The T-dual theory is obtained by replacing X™(z,2) = X['(2) + X3 (Z) with coordinates
X'"™(z,2) = X["(2) — X}#(2). In the original description, we gauge worldsheet parity 2, whose
action is:

Q: XM(2) < XM(2). (8.8.1)

In T-dual coordinates, this is:

Q: X"(2,2) < —X"™(3,2), (8.8.2a)
XH(z,2) « XH(Z, 2), (8.8.2b)
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() \ (b)

Figure 8.8.1: Gluing opposite sides gives (a) a torus and (b) a Klein bottle.

as before, m labels coordinates for which T-duality is taken, and p labels coordinates for which
T-duality is not taken. In the dual picture, symmetry (8.8.2) is thus the product of worldsheet
parity transformation and spacetime inversion. We see that gauging worldsheet parity only
produces an unoriented theory, while gauging inversion only produces an orbifold. The result of
the combined projection is called an orientifold.

An orientifold is very similar to an orbifold. Divide the string wave function into its interior
and its center-of-mass ™ dependent part, taking the interior wave function to be an eigenstate
of €. Then the projection onto 2 = +1 indicates that the string wave function at —x™ is
the same as at x™, differing only by a sign. For example, the components of the metric and
antisymmetric tensor satisfy:

Cou(@') = Gu(@), Buu(@!) = ~Bu(a) (8.8.3)
Gﬂn(x/) = Gun(x) ) Bun(x/) = Blm(x) ) <8~8-3b)
Gon(2") = Grn(2),  Bpn(2') = —Bpn(z) (8.8.3¢)

where (z#, ™) = (a#, —2™). There is one negative sign for each of m,n and another negative
sign for Bjsy; this is identical to an orbifold. In other words, the T-dual spacetime is the torus
T* modulo the Zs reflection in k compact dimensions, exactly the same as the construction of
an orbifold. For example, if there is only one periodicity, the dual spacetime is the segment
0 < 2?® < 7R, with orientifold fixed planes at the ends.

Note that when away from the orientifold fixed plane, the local physics is that of an oriented
string theory. Unlike the original unoriented theory, where projection locally removes half of
the states, here it relates the string wave function at any point to its value at the mirror point,
as in (8.8.3). One difference between orientifold and orbifold constructions is that the former
has no direct analogue of twisted states because the Klein bottle has no modular transformation
T — —1/7. Examine Figure 8.6, which shows the torus and the Klein bottle. On the torus, the
projection operator inserts a twist in the time-like direction in Figure 8.6a; rotating this figure
by 90°, this becomes a twist in the spatial direction, implying the existence of twisted states in
the spectrum. However, if the Klein bottle in Figure 8.6b is rotated by 90°, the time directions
on relative sides cannot match. So there is no intermediate state interpretation in this channel.
Thus it should be noted that the orientifold plane cannot be dynamical. Unlike the D-brane
case, no string modes are tethered to the orientifold plane to represent its shape fluctuations.
Our heuristic discussion—that gravitational waves force D-branes to oscillate here—does not
apply to orientifold planes. Ultimately, the equivalence relation (8.8.3) becomes a boundary
condition on fixed planes, causing incident waves to cancel with reflected waves. For D-branes,
the reflected wave is a higher-order quantity of the string coupling.

In drawing oriented strings, we use arrows to indicate directions. In unoriented theory, we
can either omit the arrows or take a linear combination of the two directions. The latter picture
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Figure 8.8.2: Orientifold planes are at 0 and 7R/, D-branes are at 6y R’ and s R’, and D-brane
images are at —01 R’ and —6,R’. The effect of the twisting operator £ on any string is a
combination of spacetime reversal and reversal of oriented arrows.

is more consistent with the idea of gauging discrete symmetries and is more widespread: in an
orientifold, parity operators must be accompanied by a spacetime transformation, so we cannot
simply forget the arrows.

Although we introduced orientifold construction through 7T-duality, one can also examine
orientifolds that are not T-duals of toroidal compactifications, combining worldsheet parity with
various spacetime symmetries to gauge a group.

Open Strings

In the case of open strings, the situation is similar. For simplicity, we only examine the case of
one compact dimension. As before, there are orientifold fixed planes at 0 and 7R’. Introduce
SO(n) Chan-Paton factors (symplectic symmetry is similar), and a general Wilson line can be
transformed into a diagonal form; when n is even, the eigenvalues appear in pairs:

W = diag (eiel,e_wl,ew?,e_wz, e ,ew"/Q,e_wn/Q) . (8.8.4)

Thus, in the dual picture, there are %n D-branes in the segment 0 < X’?® < 7R’, and another
%n at mirror points. Strings can open between D-branes and mirrors, as shown in Figure 8.8.2.
The general gauge group is U(l)”/ 2. Similar to oriented theory, if » D-branes coincide, then a
U(r) gauge group exists. If these r D-branes are also on one of the fixed planes, then strings
opening between one of these branes and its mirror brane are also massless. We would then have
the correct spectrum of extra states to fill SO(2r). If all branes are on an orientifold plane, the
maximum SO(n) is restored.

If n is odd, the last eigenvalue of W is 1, causing it to be fixed on one of the two orientifold
planes in the T-dual picture. Without mirrors, this is actually a half-D-brane. Additionally, if
we examine the n = 2 Wilson line diag(1, —1) (which is in O(2) instead of SO(2)), what appears
is not one D-brane and its image, but two half-D-branes.

As with D-branes, orientifold planes couple with the dilaton and metric. The amplitude is
the same as in the previous section, except for replacing the annulus with Klein bottles and
Mobius strips. In fact, we already performed relevant calculations in Chapter 7. There we found
the total dilaton coupling cancels for SO (213). In the T-dual picture, the total dilaton coupling
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of 22 D-branes cancels (images are not included in the count). If we compactify k = 25 — p
dimensions, there will be 2% fixed planes, whose coordinates are all combinations of 0 and mR],.
Thus the effective action of a single fixed plane is:

212=kT, / dPFLE e™®(— det Ggp) /2, (8.8.5)

where integration runs over fixed planes.

Although there is no direct analogue of twisted sectors in orientifolds, in some sense, twisted
states are open strings. Since this analogy is not complete, we do not tend to emphasize it:
gauging € itself does not introduce worldsheet boundaries. However, adding open strings to an
orientifold theory to cancel the dilaton tadpole has certain physical significance. This cancella-
tion will play an important role in superstrings.
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